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&gt;REFACE TO THE FOURTH EDITION 



the quarter of a century which has elapsed since the 
t edition of this book was published, Ptojecteve Geometry has 
ind new practical applications In particular, the uses of 
rtography in Air Surveying, as well as in Astronomy, involve 
principles and methods of projection , and it appears probable 
it, in both cases, the advantages of graphical constructions will 
increasingly appreciated Meanwhile the older applications to 
rtography, Geometrical Optics and Engineering Drawing have 
t nothing of their importance 

STo apology is therefore needed for the insistence on drawing- 
ird constructions, which was a feature of the earlier editions 
leed this has been emphasized, in the present edition, by the 
lition, at the end of all the later chapters dealing with the 
&gt;metry of the plane, of a set of drawing examples marked 5, 
ich had previously been restricted to the first seven chapters 
&gt;m the purely didactic standpoint, actual drawing is even more 
uable to clear up difficulties in the more advanced work than it 
n the elementary parts of the sub]ect 

t still remains true, however, that the chief interest of projective 
thods is for the pure mathematician, for whom they provide an 
trument of remarkable range and power 

The general scheme of the original edition has remained, save 
one important respect, substantially unaltered In particular 
ave not modified the lines on which the sub]ect is introduced m 
apter I, though I have tned^to remove certain obscurities and 
/e kept the graphical constructions concentrated towards the 
1 of the chapter, so that they may be omitted by those who 
ach no importance to such constructions I am aware that this 
1 not satisfy certain critics, but I could not have met their 
lections without abandoning a conception of the genesis of the 
)]ect which I still believe to be the right one 
Che chief alteration involving the geometry of the plane has 
n a rearrangement of order, which brings in Involution before 

PROPERTY OF 

CARNEGIE INSTITUTE OF TEC& OLQ Y 
LIBRARY 



VI PREFACE TO f S K&gt;UBTH EDITION 

instead of after, the discussion of foci and focal properties of the 
come 

This change was always desirable, for the introduction of foci 
by means of the focal spheres was never really the natural approach 
and h$&lt;J $te defect of masking the true significance of foci from 
tH projaojave poin^ of pew The b^n on tjxe eady introduction 
of Involution, which used to "be imposed by certain University 
syllabuses, has now been generally abandoned, and the treatment 
df the tfibofe subject gams thereby m clearness and eohermce 

The? above modification of plan has necessitated a good many 
$BS*fEentSal alterations Chapter VI now deals with ranges and 
l^bdfe of the second order and seK-caiT^sfonding elements, and 
tfe Ba%oraly leads to a discussion of Involution in Chapter VII, 
fi&gt;lbwe* by the focal properties of tite come in Chapter VIII 

I?p V& this point the whole tijeatraeaat, aWbough capable of 
ioteiyretataa in a wider sense, is t&gt;ased upon real el&lt;&ats and 
oonsfeuetions actually possible on the drawiBg-boartt, as 1 *** my view 
this is essential to give confidence to the beginner l 

Chapter IX then introduces imaginary elements and the circular 
points at infinity For this, appeal is made, as in the original 
edition, to algebraic considerations Although, in strictness, such 
considerations are outside pure geometry, they are found, in 
practice, sufficiently convincing to the student, they avoid the 

~n~ i,* ^inded arguments based upon a purely geometrical 
j vj. ^aginary elements, and it would seem pedantic, at this 
s-cage, not to use them For the same reason I have not hesitated 
to employ such considerations whenever they lead, as in the treat 
ment of homographic fields or the intersections of loci of various 
degrees, to general principles most obviously and directly But 
I have tried consistently to preserve a geometrical spirit throughout, 
so far as possible 

Chapters X and XI are devoted to a discussion of homography 
and reciprocation respectively, in relation to plane fields In 
Chapter XI an investigation of Inversion has been added , this 
is a new feature although Inversion is not really included under 
pro] active methods, it is closely allied to them and usually associated 
with them in University syllabuses It is also important to make 
the student aware of the fact that all one-one point transformations 
are not necessarily homographic 

Chapters XII-XIV follow the same lines as Chapters XT-XIII 
in the first edition The discussion of quadrios, originally limited 
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to one chapter, has appeared ^adequate, vm &fe tiba efeoiemtey 
stage, and has been expanded, so ih&t two chapter XV aatd XVI, 
have now been given to it 

Apart, however, from atterateas ol order, a large Dtumb& fi 
improvements and additions ha\e sijggestei tklv$5 
course of revision Among these may be mentioned a new 
ment of the circle of curvatojre IEI Chapter V, based 
perspective transformation, m Chapter III, of comes having 
point and four-point contact^ and some elementary results on 
curvature of twisted &lt;mrves and o quadncs in Gha?ptes XV and 
XVI, the harmonic envelope md loom of two eoBa&s &s w 
illustration of homographic mTdbriaont in C3pgt^ XII , ^l 
introduction to ijhe genial plane^ai^e aad quarter efetamed fowl 
pencils of comes in Chapter XIII t the focus and drrectax properly 
of the sphero-conic m Chapte? XIV , a threcr-diDcwiisional analogue 
to the complete quadrilateral and quadrangle, aaod fcrf d^setissio^ 
of (i) homographic spaces in itoee dmaimsioiis, (n) mpolar and cmt- 
polar quadncs, in Chapters XV d XVI 

Indeed, very few chapters have survived without drastic alteration, 
and many have been practically rewritten 

A number of new examples have been added , not only have 
new sets of drawing examples been inserted at the end of 
Chapters VII, IX-XIII, but a new departure has been to distribute 
many examples m the text of the chapters, where they serve as 
illustrations to the articles to which they are appended In this 
way the text provides a clue to the solution , conversely the 
examples help towards the immediate understanding and elaboration 
of the text It will be found that the loss of such examples from 
the sets at the end of the chapters has generally been more than 
made good, so that in fact the total number of examples in the book 
has been increased from 406 to 893 

Something may be said about the notation On the whole, 
experience shows that the notation employed in the earlier editions 
has proved workable Certain improvements in nomenclature, 
however, have been adopted in the present volume Thus elements 
not at infinity have been described shortly as " accessible " " Axis 
of collineation " has been discarded in favour of the now more 
usual " axis of perspective " The cumbrous terms " harmonically 
circumscribed to " and " harmonically inscribed m " have been 
replaced by " outpolar " and " inpolar " The notion of " field " 
has been used, in preference to that of " figure," in dealing with 
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gengial tsansfonnatioss Hie use of the term " base " has been 
ges&esafiy applied to those dements connected with a geometric 
form which remain constant , thus a flat pencil has two bases, its 
^rtes said its plane, and the word " cobasal " impkes that both 
Iteset "bases are the same In like manner the quadrangle to which 
ar psseil of oomcs are ciorcumscnbed is referred to as the base of the 
jedi I have retained the term " eqm-anharmomc " to signify 
foEta such that two corresponding sets of four elements have the 
same aa^s-rat-io , a modern school of thought uses this term to 
d-enote a set of four elements such that they are proactive with 
themselves, when any three of them are interchanged cyclically , 
bat a word 1$ required for equt-anharmomc in the old sense, apart 
feom " projective " or " homographic " which, although ultimately 
^paivafeait, proceed ongmally from a different concept 

It anwt be admitted that* in many respects, the accepted 
aome^lataee of the subject has not always been happy The 
word " sheaf," used in the older books for a set of lines and planes 
passing through a point, does not really convey to the mind a 
pietee of what is intended, and, indeed, would be more appro 
priately applied to what is known as a regulus I have adopted 
the word " star " instead of " sheaf," following a practice which is 
gradually being introduced The term " axial pencil " also seems 
to me unfortunate, and, in fact, in the geometry of the " star," 
whpTp flat and axial pencil correspond to range and flat pencil 
_ the plane, actually misleading A new word is 
----- u. x VJ . a form consisting of planes, eg some such word as 
" fold " , were " fold " used to describe an axial pencil, a " fold " 
of the second order would denote the set of tangent planes to a 
cone of the second order, a form for which there is at present no 
satisfactory short word , conical pencil must obviously denote a 
cone of lines and corresponds to a range of second order , the 
cone of planes corresponds to a pencil of second order, but the 
word " pencil " cannot be used again Another advantage of the 
introduction of the word " fold " would be that (leaving systems 
of comes out of account), a range would always consist of points, 
a pencil always of straight lines, and a " fold " always of planes 
" Axial pencil " is, however, so well entrenched in current practice 
that I have not ventured to displace it, and I have introduced the 
word " wrap " to describe, when necessary, the set of tangent planes 
to a cone 

The term " self-polar," when applied to quadrangles and quadn- 
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laterals, has been changed to " polar " , the nomenclature of the 
earlier editions appeared un^tesfaotosy, since such quadrangles 
and quadrilaterals are not polar figures of themselves Corre 
sponding changes have been nuade when dealing with the star and 
with three-dimensional geometry , also, following Reye, a duster 
tion has been drawn between "polar" d "conjugate" to^ 
with respect to a quadric , in the previous editions the two temis 
had been used as synonymous 

I have retained the words " pencil of c$mes (or g^cbics) * and 
" range of comes (or quadrics)," although the latter hardly satisies 
me as a descnption These terms are by now well-established, and 
the alternatives would be either to introduce entirely new words, ! 

such as " loop " for " pencil " (suggesting a number of paths i 

through fixed points), and " shde " for " range " (suggesting a f 

def ormable curve shdmg on fixed guides) , or to employ the words * 

" net " and " web," which I have used for linear systems of any ^ 

grade, to mean, when not accompanied by any qualification, the 
net and web of the first grade, instead of, as now, those of the 
second grade On the whole, however, it seemed that continual 
changes of notation were to be deprecated It will be noticed 
that the word " web " is still used to denote a tangential system, 
and is correlative to " net " I have not followed a practice some- 
tunes adopted, of using " web " to denote a net of the third grade 

The use of Q to denote a quadric has been discontinued, so that 
the rule that an italic capital always stands for a point, a small 
italic for a straight line or curve, and a small Greek letter for a 
plane, surface, or plane field, has now been made universal, with 
the exception of (i) the circular points at infinity in the plane, 
which are invariably denoted by 2, G , (11) the circle at infinity, 
for which the notation O has been introduced With the exception 
(i) ]ust noted, Greek capitals are used to denote three-dimensional 
aggregates or fields, when such enter into consideration 

My thanks are due to the authorities of the University of 
London and of University College, London, and also to the Syndics 
of the Cambridge University Press, for permission to include in 
the examples a number of questions taken from London and 
Cambridge examination papers 

I owe a specially heavy debt of gratitude to my friend and 
colleague, Mr T L Wren, Reader in Geometry in the University 
of London, University College, for his invaluable help and sugges 
tions throughout Mr Wren very kindly undertook the laborious 
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new ones, It is &ot too much, to aay that, but for to devoted 
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the b&lt;5&r m the very touted tame *t my topoaal M^tny of 1fc 
c&aajtges ja noia^clakixe are based on his suggestions 

Fmafiy, I have to express my tteofcs to Ife F P Bum and to 
the staff of Messrs Edward Arnold & Go for their routem courtesy 
and assiffteee and for tibe are tiuiy have t&ken m the preparation 
^E i&e test? and diagrams of ifa& present edition 
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PWE PERSPECTIVE 



SPACE 



1 Plane figures in space perspective Let there be a ^ 
af straight lines or rays* all passang through a point F ? tfeese 
lines are not limited to lie jn a plane Ih$y form wliat js known 
as a star of lines, of which 7 is said to be the centre ox vertex. 

If we now cut such a star by two planes, a^ &% {Fig l) 9 no 
PI, Qi, eto 9 are the ontersecti^QS of the rays with &lt; 
Btc , are the intersections 
of the same rays wrth r r 

x 2 , we obtain two sets of 
points which form corre 
sponding figures in the two 
planes &gt; 

Two such figures are said 
bo be in space perspective 
If we place the eye at 7, 
the two figures appear to 
cover one another, since the 
lines joining corresponding 
points pass through 7 
The process by which we 
pass from one figure to the 
other is termed projection, 
and 7 is spoken of as the 
vertex of projection , the 
figure in o^ is said to be 
projected from 7 upon a 2 into the figure in that plane, and the 
second figure is said to be the projection from 7 of the figure 
in (x-i The plane upon which we project is referred to as the 
plane of projection 

It should be noted that the two planes a l? a^ need not be, as shown 
in Fig 1, on the same side of the vertex 7 If a photograph of a 
plane diagram, or an air-photograph of flat ground, be taken, it 
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3$ known from the laws of geometrical optics that the lines joining 
any point of the object to the corresponding point of the photograph 
all pass through a pcmt known a$ the oentre of the object-glass 
Such a photograph is therefore a projection of the object upon the 
photographic plate 

It wffi be convenient, in what follows, when it IB desired to 
disOTmosate between the figure projected and its projection, to 
refer to tjie fost as the Held and to the second as the picture An 
element of the field may then be described as an object, and its 
projected element as its image 

It must be remembered, however, that this distinction is artificial, 
and mtroduced merely for convenience of description, for geo- 
pietncaly the relation between field and picture is interchangeable 
and either figure may be regarded as the projection of the other 

Profe^tve Geometry studies the relations of &gt;rr iwr&lt;ii i! 
figures obtained by this process It will be found that certain 
important properties are transmitted unaltered, so that theorems 
involving only such properties hold of both the original and the 
projected figure 

Although the subject will here be treated from the point of view 

of theoretical geometry, the reader should bear in mind that it has 

manv important applications in practice to engineering drawing, 

pretation of photographs, cartography and astronomical 

Dgraphy 

2 Notation The study of this subject is greatly facilitated by 
the use of the following systematic notation, which will be adhered 
to throughout 

The points, straight lines and planes which enter into the con 
struction of a geometrical figure will be spoken of as its elements 
The use of this general term will often enable us to state results 
which hold equally of certain sets of points, or straight lines, or 
planes, without specifying explicitly the particular type of element 
considered 

Points will be denoted by italic capitals A,B,C, 

Straight lines, and also curves, will be denoted by small italic 
letters a, &, c, , planes, and also other surfaces, by small On ek 
letters a, /?, y, 

Two elements are said to be incident if one lies in or passes 
through the other 

Thus if A lies on a, then a, A are incident 

If a contains a, then a, a are incident 
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When two symbols are combined in the form of a poduot, the 
joint symbol denotes that element which is incident with iike 
original two 

Thus AB denotes the straight kae passing through the points 

A, B , Aa denotes the plane determmed by the point A and the J 

line a , aj8 denotes the line of intersection of the planes a, j8 , 4 

aj3y is the point of intersection of the three pknes a, j8, j 

Such a joint symbol is not always interpretable Thus db l&as&gt; 1 

no meaning if a, 6 are lines in space which do not intersect If, f 

however, a, 6 intersect, there are two possible meanings for ab, 
namely, the point of intersection of a and 6, or the plane determined 
by a and 6 When dealing with problems in a plane, the first 
interpretation will always be adopted In other cases the ambiguity 
will be removed by the use of the word " point " or " plane " before 
the symbol db 

The straight line joining two points will be described briefly 
as their join, the intersection of two straight lines or pknes 
as their meet 

In dealing with corresponding figures, corresponding elements 
will invariably be lettered alike, the figures to which they belong 
being indicated by suffixes or by accents Thus AI corresponds 
to AS, 0,1 to a 2 and so on The student should be very careful to 
adhere rigidly to this practice, as random lettering obscures the 
correspondence of elements, which is their significant property 
and should be brought into prominence by every possible means 

The student is supposed familiar with the notion of a segment on 
a straight line as having sense, as well as magnitude In this 
connection it should be noted that the sense of a segment will be 
indicated by the order of naming the letters 

Thus AB = -BA, 

and, whatever be the order of the points A, B } C on the line 

AB+BC=AC 

When it is desired to consider merely the length of a segment 
AB, this will be written length AB 01 more shortly \AB\ 

When the symbol AB is used it will in general be evident from the 
context whether the infinite straight line AB is meant, or only the 
segment AB 

The intersection of a straight hue or a plane with a given plane 
will sometimes be referred to as the trace of that line or plane 
on the given plane 



S Corresponding Bnes and eurves m projection Collmea- 

Ketonung now to the irom figures m space |mrsf&gt;e&ttT0 
1), let PI trace put a straight line p l in the field , then its 
usage P 2 Witt trace out a straight ta& m the picture * * 

Tdtr fihe ray FPi sweeps out the j&a,m it determined fey 7 and p x , 
since the points P 2 ^ e 01 * tlie ra J s ^Pi, they all he in TT, f&gt;nd 
therefore on the medfc of TT and the picture plane, which 13 a straight 
hne j?2 &gt; !?2 1S *^ e projection, or image, of pi 

^Toifcee that, if PI hes on pi, then P 2 hes on p 2 , thus propetrties 
of wmdwee re preserved m projection 

g&mkrly Pj may descnfce any earn ^ in the field , P 2 then 
de^rdbes tke corresponding curve % m the picture, and $1, 5 2 are 
secti!a& ci tie same cone, who$e vertex is F, by the field and 
pjrfare-plan^s, teq&gt;ectively , si^h a cone, of course, is not restricted 
to be right circular 

If PX, Q l Bre two object-points, fa, the line joining them, then, 
bf^liat has aheady been stated^ JP 2 md fe bottL iie &lt;* ?2 Thus 
joins of corresponding pairs of points are corresponding lines 
Sumlarly meets of corresponding pairs of lines are corresponding 
points 

If Qi moves up to PI along the curve s x , Q 2 moves up to 
P 2 along the curve $ 2 , p^ p% then approach the tangents to 
s lt $ 2 at PI $ P 2 respectively, while still remaining corresponding 



a tangent and its point of contact in the field project into 
a tangent and its point of contact in the picture, so that properties 
of tangency are preserved in projection 

It should also be noted that the correspondence is not limited 
to such points or luxes of the figures as are actually present in the 
diagram, or under immediate consideration, but involves potentially 
all possible points and lines of either plane Any clement whatever 
in the field plane may be selected and its corresponding element 
in the picture constructed , and conversely 

We shall frequently have occasion to refer to figures (either in 
the same or in different planes), whose points correspond in such 
a manner that the points of a straight line ID either figure correspond 
to the points of a straight line in the other Two such corresponding 
figures will be referred to briefly as being in collmeation, or as 
forming a collmeation It is clear from the above that a 
figure and its projection on any plane are a particular case of a 
collmeation 
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4 Elements at infinity. Let a plane a (Fig 2} be mm drawn 

through the vertex of projection V paorallel to 0$. It wil maofe ifae 
plane a x in a line ^ which is parallel to oc 2 Also if J^ as any pdbife 
of *i, 7/i is parallel to a 2 * 

Similarly, if the plane r be drawn through V par&Uel to && 
to meet 02 m a line j 2 , which is parallel to &lt;x l3 and J$ i3 any point 
of J2&gt; 7J 2 is parallel to a x ^ 

\ n &gt; i ts to the language of Euohdean (Geometry, the line VI^ 
does not meet 02, and 7J 2 does not meet a x , so that 7^ ^i &lt;^sm^ 
be found in this case, nor can the lines i$&gt;ji be consternated* 

In order to av$d the compkcaitions which would eontenmlly 
result from the necessity of considering such cases of exception, 
we introduce, by a convention, a set of new ideal elements, points, 
lines and plane, which are called the elements at infinity By 
means of these elements the cases of exception are removed, and 
theorems caix be stated in a more general manner 

We shall say that a given direction in space determines one point 
at infinity, through which all straight lines parallel to this direction 
are supposed to pass 

This gives a construction for the line joining P to a given point 
at infinity, viz draw the parallel through P to the direction defining 
that point at infinity 

Further, all planes parallel to a given plane are to be regarded 
as intersecting in one straight line, which will be called the line at 
infinity in that plane 

Any line lying in a plane has its point at infinity on the line 
at infinity in that plane 

From these definitions it follows that the \ _ , . of all points 
at infinity is met by any straight line in one point, and by any 
plane in one straight line It possesses therefore the essential 
characteristics of a plane, and will be spoken of as the plane at 
infinity 

The student should note carefully that on any line there- is one 
point at infinity only, not two For if there were two points at 
infinity, a parallel to the line would pass through both of them, 
and two straight lines would intersect in more than one point, which 
would violate a fundamental postulate 

He may convince himself of the identity of the two opposite 
infinities on a line by imagining a ray through a point outside 
the line and meeting the line at P to rotate continuously about 
P travels continuously along the line until the rotating ray passes 
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through: the position of parallelism, when P suddenly passes from 
e exkewfcy of the hue to th$ other, showing that these opposite 
Bifin^aes aie $ot separated 

To c&tl attention to the fagt that an element lies at infinity, 
the symbol o&gt; will be used as an index, thus A&lt;, a 00 , etc 

We shaft therefore, from now OB, draw no distinction between 
ym& of hnes &gt; or planes, which intersect at a finite distance, and 
paars which are parallel In every case, a point or Ime of inter 
section will be assumed, but, if the elements are parallel, their 
intersection ^all be at infinity 

Ifr will* iowerver, sometimes be convenient, for the sake of brevity, 




FIG 2 

to use a single word to specify that an element does not lie wholly 
at infinity Such an element will be said to be accessible 

5 Vanishing points and lines We are now able to complete 
our correspondence between the field and the picture 

For if on any line p 2 (Fig 2) of the picture plane a 2 we take 
the point 7 2 at infinity, F/ a 1S parallel to ^ and thereforc to 
a 2 ^ It thus lies in the plane a and meets a x at a point of i l9 namely 
/i, which corresponds to If&gt; Accordingly all the points at infinity 
of a 2 correspond to points of i l Conversely, if I I is a point of ^ l) 
F/! is parallel to oc 2 and meets oc 2 at a point at infinity There is 
thus a complete correspondence between the points of i l and the 
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points at infinity of the glane og, which justifies the statement 
of Art 4 titek ti^ e points at infinity of a plane are to be regarded as 
lying on a straight line Th$ fime &t infinity of cc 2&gt; wjuolt corre 
sponds to ^ will be denoted by ^ apd j$ detanmned $s the meet 
of oc a wife F&i, that is, wrfh, a 

Sijnilarly if e/^ 00 is the point at infinity on any toe pi in a l9 Us 
corresponding point &lt;7 2 lies on tike Ime 3% of Fig 2, &ad V/^ is 
parallel to pi The points at infinity of ocj lie on tbe strait 
line^j 00 which is the meet of T and oq 

The line ^ of a l9 which corresponds to ti^e line at infinity of o^, 
is termed the vanishing line of aj Similarly j 2 is tiie vanishing 
line of oc 2 

In like manner a point Ii of p l} which hes on t 1} and therefore 
corresponds to the point at infinity /2 f P& ^ termed the vanishing 
point of pi, and the point J 2) where j? 2 nieets j 2 , and which corre 
sponds to /i 00 on pi, is termed the vanishing point of p% 

An important result follows immediately 

Since VIi is parallel to j? 2 , the line] oimng^the vertex of projection to 
the vanishing point of any line is parallel to the corresponding line 

Hence the angle subtended at V by the vanishing points of two 
lines (say, pi, qi) is equal to the angle between the corresponding 
lines P& q% 

6 Axis of perspective We have seen that, if p l9 p% are two 
corresponding lines in any two figures in space perspective, they 
are sections by the field plane a x and the picture plane oc 2 of the 
same plane TT through the vertex of projection They are therefore 
coplanar lines and must intersect at a point X (Fig 1) This 
point X is common to o^ and a 2 and therefore lies on the inter 
section x of these two planes 

Thus corresponding lines intersect on this line x 9 which is called 
the axis of perspective 

In particular the vanishing line * 1? and the line ^ 2 GO at infinity in 
a 2 , meet on #, or x and ^ meet at infinity, that is, are parallel 

Similarly ? 2 and x are parallel 

Hence both vanishing lines are parallel to the axis of perspective, 
which is otherwise evident from consideration of Fig 2 

&gt; \AMPLES 

1 Prove that if two figuns aic m spue puspeetive, points on the ixis 
of perspective arc self corresponding 

2 Show that lines parallel to the axis of perspective correspond to lines 
parallel to the same dnection 




?, *a tiff roj4ftyt*on, there are ttfo fomts in the ie34 
, at eit&ar pomt projects into an equal a&gt;agle m tiw& pa^tqrt 
tke two points in Ex 3 subtencfa right angle at tie vertex 



, figures m space perspective, thete are two 

paralei to the axis of perspective, fl&ck tha* aay segment 
to an eqiial segment on the other 
lines ui Ex. 5 are symmetrical to the axis of per- 
o tftdishing toes. 



proposition on intersecting lines. We now 

ion if a set ol lines in space are such 

every oth^r, the Ime^ must either pass 

^ 

a point, or lie in a plane 

^ tlie P mt a& &gt; w tte P larie a ^ 
e Ijae^ of the set de nofc lie m 77, let G be a line which, 

m TT Then the only point where it can meet both. o&gt; 
J&gt; *s Fj ^nd thearefcre c passes through 7 

Let $ be any other line of the set It must meet a, 6 and c 
If meets them at points A, B, C other than F, then, since J.BO 
is a straight hue, VA, VB 9 FC&gt; that is a, &, c t must he in a plane, 
$ v Hes in , which we have assumed not to be the case Hence 
& must pass through F, and therefore^ every line of the set passes 
through F 

Thus all the lines of the set either he in TT, or pass through F, 
which proves the proposition 

8 Intersection of corresponding lines a sufficient condition 
for space perspective* If now we are given two corresponding 
figures in different planes a ls oc 2 , which are m collmeation (Art 3), 
and which have the property that any two corresponding lines 
intersect (which necessarily happens on the meet x of a ls a 2 ), then 
the figures aie in space perspective 

For let PI, Qi be any two points of the figure in cq , P 2 , Q 2 
the corresponding points of the figure m oc 2 I\Qi, P 2 Qz arc 
corresponding lines , by hypothesis they intersect uid the four 
points PI, Q l} P 2 , Q 2 I IG m a pl^e Hence the lines P } P 29 Q\Qi&gt; 
which ]oin corresponding points, lie in a pi me, and therefore 
intersect 

It follows that every join of corresponding points intersects 
every other such join, hence by Art 7 these joins uth&lt;r all piss 
through a point F, or lie in a plane rr But they cannot do the 
latter, for m this case TT would contain, all the points of both figures, 
and the planes a b a 2 would coincide 
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He&ce PiP 2 QiQs&gt; ete &gt; && P^s through a verteac F and He 
figures are in space perspective 

9 Rabatment Figures in plafte perspective The field and 
its picture can best be competed, and, if drawing-"board cctoistroeS&is 
are required, must be compared, by bringing them into tike satae 
plane ^ 

The method of doing this which us the mogt convenient is to torn 
the plane of the field about the axis of peesp^daV^ carrying its 
figure with it, until it comes into the picture plane Alfc&&aiiWy 
the picture can be rotated about the axis of p^dspeetm inlo Hi 
field plane 

This procedure of rotating one plane figure into another plane 
about the line of intersection of the planes is termed rabatment, aad 
we are said to rabat one figure into the plane of the other 

Suppose now we start with two figures fa, fa in space perspective, 
and we rabat fa upon the plane of fa, so that it becomes a figure fa, 
fa and &lt;/&gt;& are, of course, congruent or superposable, but are in 
different positions and will be considered distinct figures 

The rotation, however, has not affected the axis of perspective, 
and, after rabatment, the corresponding lines of fa and fa still 
meet on x 

fa and fa are now corresponding figures in the same plane which 
have the property that corresponding lines meet on a fixed line x 
of the plane 

Conversely any two corresponding figures fa, fa in collmeation, 
which lie in a plane and are such that corresponding lines meet on 
a fixed line x, may be obtained by rabatment from two figures in 
space perspective 

For rotate fa about x out of the plane into a new position fa, 
then by Art 8, fa and &lt; 3 are in space perspective, and fa is 
obtained from fa by rabatment 

Two such figures are said to be m plane perspective, or in 
homology or homological The axis x is sometimes called the 
axis of homology , we shall continue to use the term axis of 
perspective 

As the figures are in the same plane, a new consideration now 
arises, to which the reader must, from now on, pay very careful 
attention, namely, that the same point or line of the plane may 
have an entirely difterent significance, as we treat it as 

belonging to one figure or to the other This we shall indicate by 

-nninf nr lin^ hxr n rliftawvnf loffai- -m +ln& 4- t\ no 



GEOMETRY 

example, the line at infinity in the plane may be denoted 
by either ^ or .72 according as we regard it as line of fa or of fa 
lot iheikst ease its corresponding luxe in fa is the vanishing hne * 2 , 
W&& }& typ rabatment of % , in the second case its &lt; T r &gt;&lt;.IK ii jr 
j^esa fa&fae vajiishHig line fa 

"Ve see tfcat there are two vanishing lines in the plane, one for 
ea$h figrae Note that the vanishing line of fa, say ^ l , if treated 
aa a line, say $& of fa, has no special significance 

Jole of perspective Let fa, fa be two figures in plane 
p^speetive in a plane a, and let 2 be their axis of perspective (Fig 3) 




FIG 3 

Through x draw any plane /?, and take any point 7 m space, not 
lying in a or j3 

Project fa from U on to j8 This gives j. figure &lt; } m space 
perspective with fa, x being again the axis of perspective 

fa and &lt; 3 are then corresponding figures in different planes, a 
and /?, such that corresponding lines intersect Hence by Art 8 
they must be in space perspective Let V be the vertex of pro 
jection for fa and fa Join VV meeting a at 

Now if PI, P 2 &gt; PS are an y set of corresponding points in the three 
figures, PiU and P 2 7 meet at P 3 and arc therefore copLmar lints 
Therefore the four points U, V, P l9 P 2 lie m one p] me, nnrl VV 
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meets P X P 2 But since P X P 2 lies in a, and VV does not (for V 
was taken outside a), P X P 2 can only meet UV at tite point of 
Z77 which lies in a Hence PjP 2 passes through 0, which is a pi 
independent of the choice of the points P l9 P 2 , since 17, F cfo nofc 
depend on P l5 P 2 Thus we amve at the result that the joins 
of corresponding points of two figures in plane perspective pass 
through a fixed point of the plane, which is called the pole 01 
perspective 

EXAMPLES 

1 Prove that two figures in plane perspective can always be derived as 
projections of the same figure from two different vertices 

2 Show that, in a plane perspective, points on the axis and tones through 
the pole of perspective are self corresponding 

3 Two curves are in plane perspective Show that the axis of perspective 
must he one of their common chords, and the pole of perspective must be 
one of the intersections of then: common tangents 

4 Show that the property of Art 6, Ex 3 holds equally of figures in plane 
perspective 

5 Show that the properties of Art 6, Exs 5 and 6 hold equally of figures 
in pkne perspective 

6 Prove that if, in a plane perspective, a curve passes through the pole 
of perspective, it touches its corresponding curve at 

11 Desargues 5 perspective triangle theorem Let there be 
in a plane two corresponding triangles A^Ci, -4 2 J? 2 &lt;7 2 (Fig 4), 
and let B l C l =a l3 5 2 C 2 =a 2 , etc 

If the triangles are such that a 1 a 2 , & 1 6 2 , C 1 c 2 , which we will 
denote shortly by X 9 Y, Z respectively, are collinear, then it 
follows at once from Arts 9 and 10 that the triangles are in plane 
perspective, and therefore A^A^ 5 1 jB 2 , CiC 2 pass through a 
point 

The converse of this is an important theorem, namely, that, if 
AiA%, -Bi-B 2 , CiCz are concurrent, then a^, 6^, c^ are collinear 

Join XY and denote it by x Let c x meet x at Z Join ZA% 
and, if it do not coincide with c 2 , let Z^ 2 =c 2 , meeting a 2 at J5 2 
(Fig 4) Then the triangles AiBfli, A^B^C^ are such that the 
meets of coirespondmg sides a^a 2 , &i^, Cif/, IB X 9 Y 9 Z } are 
collmeai Thutfore, by the theoum just proved A^A^ BiBS, 
C } C* no concunentj and B\B 2 passes thiough the meet of 
A } A 2 , CiCj l* 11 ^ wc tllc given tluit B\H&gt; also passes through 
Hence BiB 2 and B } B 2 coincide Thus B&gt; md B 2 coincide, since 
each is the meet of the same two lines a 2 and OB l Hence ^4 2 # 2) 
that is c 2 , passes through Z, and a^a^ b^b^ c x &lt;? 2 are collinear 
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we have two figures &, fa in $ plme, w]wh form a 
possess the property tot ail joms of corr^ 
pass through a fb&d pole 0, then all meets of 
lie oa $ 



1% wy vuW corresponding toes oj, &lt;?g such ^^ 
TDJ &&amp;gt; sot pass through a pojxri The triangles formed by 
afaci, a^ez have the joins of corresponding vertices p&ssmg 
through 0, and therefore c^ (or Z) Im on XY But c x is arbitrary, 
except tta.t it must not pass through $$1 




If now ^ is a line through #i&i, it is always possible to form a 
triangle with di and either & 1? c t or a 1? c x Applying aqim Desargues 
theorem d^ 2 lies on YZ (or XZ), that is, on x Thus ill pairs of 
corresponding lines meet on x without exception, &lt;m&lt;l th&lt; property 
of the pole of perspective is a sufficient, as well is i mnssiry, 
condition that two figures in collmeation are in pi me p&lt; ispcctivc 

EXAMPLE 

Prove directly, without quoting the results of Arts 8-10 that it A L J^C lf 
A^B^Pz are two triangles in a plane and A^A^ B^B^ C L C 2 arc concurrent, 
then a^a, &i& 2 C i c 2 are collinear , and conversely 
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12 Cylindrical projection Rabatment as a projection. If 

the vertex of projection is at infinity, as 7, the hues PiJ?& $A* 
etc , joining corresponding points of the field and pctnre, all pass 
through 7^, and are parallel The projeetem i3 said to t*0 
cylindrical, two corresponding curves being sections of a sy&wfear j 
whereas, in. the case where the vertex is accessible, caErespondiHg 
curves, as explained in Art 8, a#e seoti^ns of a cone ? and tins fand 
of projection is sometimes termed conical 

In cylindrical projection 7j 1 00 is the plane at infinity $$A 
meets the picture plane in the line at infinity of ti&t plane, whidb 
is accordingly ,72 Thm lines at infinity correspond, and i&e 
vanishing lines are themselves at infinity Hence two parallel lines 
in the field, which meet at a point Ji, correspond to two lines 
which also meet at a point J^, ^& 1S &gt; "k "k parallel hnes in 
the picture 

If 7 is in the direction perpendicular to the picture plane, so 
that all josns P\Pz are perpendicular to that plane, we have the 
special case of cylindrical projection known as orthogonal pro 
jection The picture is then said to be the orthogonal projection 
of the field 

We will now show that rabatment, as defined in Art 9, is 
equivalent to a cylindrical projection 

Let &lt; 3 , a figure in a plane j8, be rabatted upon a plane a into a 
figure &lt; 2 If -?3 is any point of &lt; 3 , and P$N is drawn perpendicular 
to x, where #=a/J, then, during rabatment, P 3 describes a circular 
arc P^PZ with N as centre, in a plane perpendicular to &lt;xj3 

Then P 3 P 2 is perpendicular to the plane y which bisects the 
dihedral angle between a, j8, through which the rotation takes place 
The figures &lt;j6 3 , &lt;j6 2 are therefore in space perspective from the point 
7 at infinity in the direction perpendicular to y, that is, &lt; 2 ^ 
derived from &lt; 3 by a cylindrical projection 

Consider no^v a third figure &lt;/&gt; l9 lying in a, and in plane perspective 
with &lt;^ 2? with x as axis of perspective 

Since corresponding lines of &lt; ls &lt;^ 2J ^3 meet x &gt; &lt;l&gt;i an( l ^3 are 
in space perspective fiom some vertex 7 (Art 8) To find 7 take 
for the plane of the paper m Fig 5 the plane perpendicular to x 
passing through the pole of perspective for &lt;j&gt;^ fa This plane 
contains P 

Let Fig 5 represent an elevation in this plane, so that all 
points of x appear as a single point X , in a similar manner, if 
the vanishing lines ^ 1 , ? 2 , ^ 3 meet this plane at /!, J 2 , J 3 , 



I 
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these hnes x being parallel to x, are shown in the figure by their 



- - ^ M.f A O 

By the property of the pole of perspective, I^ is at infinity on 
Oli~ U^I^ is the line at infinity in the plane of the paper and 
meets* j8 at /3, the point at mfimty in the trace of /? on the diagram 
7 rf 19 therefore parallel to this trace 

f 2 corresponds to /j 00 on OJ 2 , and XJ 3 ^XJ 2&gt; by 




Hence 
Adding 



Trace of a. 



Thus J^e/! 00 is^parallel to the trace of a t/ 3 e/ 1 u and 
^at 7 Also by Art 10, 17&lt;*&gt;7 meets the trace of a at 
LliVJ& OVJ$J 2 are [ ir llt^^r nn 

1 ~ 3 = 2 (1) 



Thus the distance of a vanishing line from the ms ol JM rsjx 

is equal to the distance of the pole of persp&lt; rtive from tin &lt;&gt;th&lt; r 

vanishing line, both distances being measured with proper sign 

But further, XJ 2 =XJ^ by rabatmcnt , md \ / , = J } y, | )f m ^ 
opposite sides of a parallelogram 

Hence I } 0^f } V ( j) 

also I } V is parallel to /? 

If, then, one of two figures m pi UK p&lt; is,, ( &lt; t, V( ] ){ J0 tat((l 
about the axis of perspective, tlu voik\ ol pioj^tion of tlu 
resulting figures in space perspective close nix s i ( m lo obtained 
by rotating the pole of perspective &lt;ibout the v unslnn^ h, lc O f the 
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figure which remains fixed and the angle of feofct rotation^ j$ the 
same 

Conversely, if two figures are in apace perspective from $ vertex: 
V, and are brought into the same plane by rabatgacgal, tibe poi$ 
of perspective after rabatmeat is obtained by rabattang F about &e 
vanishing Irne of the figtire which jerpamg fixed, a construction wfeicfc 
will be found useful in drawing examples 

IS Particular cases of figures in plane or space perspective, 

Several cases of figures in plane perspective will be already familiar 
to the reader acquainted with elementary Geometry, tiros 

(i) Similar and similarly situated figures in a plane. Hare 
all corresponding bnes are parallel, and meet on the line at infinity, 
which is accordmglv tht axis of perspective, # Since this corre 
sponds to itself , both vamslung lines coincide with it The theorem 
of Art 10 then shows that joins of corresponding points pass 
through a pole of perspective, which is the usual centre of 
similitude 

(n) Directly congruent figures similarly situated in a plane 
This is a special ease of the preceding Here again, the axis of 
perspective is at infinity If corresponding segments are drawn 
in the same sense, the ]0ins of corresponding points are parallel, 
and the pole of perspective is at infinity But if corresponding 
segments are drawn in opposite senses, the pole of perspective is 
at a finite distance 

(m) Symmetrically congruent figures These can be obtained 
by turning one figure over about a lone x of the plane, through two 
right angles This gives figures symmetrical about the line x 
and the process may also be briefly described as reflexion m the 
line x 

In this case corresponding lines meet on x, and the lines joining 
corresponding points are perpendicular to x The figures are in 
plane perspective, x being the axis of perspective, and the pole of 
perspective being the point at infinity in the direction perpendicular 
to x 

(iv) Figures superposable by rotation about a line in their 
planes We have already seen that two congruent figures, derived 
one from the other by a rotation about the intersection of their 
planes, are in space perspective 

(v) Two similar (including congruent) and similarly situated 
figures in parallel planes are in space perspective For corre 
sponding lines, being parallel, intersect at infinity on the meet of 



ft* two pfafi^ wh*eh is ihe IIM at Hifimty of both The resttlt 

e& follows from Art 8 

(vi) Twa figures m a plane derived &lt;me from the other by a 
HntfotBl *te*h gW a palr&cfela* case of ptattfc perspective 
A s&$te& id defined as follows * if %&gt; y be two fixed co-ordinate &xm 
ikUte pl&ae (not necessarily *fe Bght angles), the pomt P l5 whos^ 
co-ardmates ajce fa, yi), corresponds to tiie point P 2 , whose eo- 

a constant 



turned the streteh-rato The transformation thus consists in 
stretching the ordmate P^ (Rig 6) in the ratio k , hence the name 
a&gt; is termed the axis of sfeetc!^ ^ the direction of stretch 

first prove that the two figures &lt;/&gt;i, fa affe in colhneation, 
& s^aight fane locus m &lt;/&gt;i corresponds to a straight line 
To do thaB, t^ke any line ^ passing through P l and meeting 




a; at X Let Q x be any other point of pi Join XP 2 , meeting the 
ordmate QiM at Q% Then by the properties of similar figures 
Q 2 M Q 1 M=P 2 N P^^k Hence Q% is the point c orrespondmg 
to Q 1} and the locus of points Q 2 is XP 2 , which we call p* 

Moreover, the ]oms of corresponding points P\Py pass through a 
fixed point, namely, the point at infinity on //, md the HUM ts X 
of corresponding lines p, p^ lie on a fixed lino, name ly, j Accord 
ingly ^i and &lt;j6 2 are in plane perspective 

EXAMPLE s 

1 Prove that a stretch, is equivalent to the rabatnicnt of a ( yhmliKal 
projection 

2 A triangle A%B 2 C Z is given as the orthogonal projc ction of a right angled 
isosceles triangle A^C^ the angle at C l being a right angle \i C 2 I 2 = 3 
inches, C^B 2 4: inches, and the angle ^aG^T^bO , and if the axis of per 
spective passes through C 2 and makes with (\ 4 2 ^ 2 li z angle H oi l r &gt; and 45 
respectively, construct the rabatted triangle \ iB L C L 
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14 Projective figures The proofs of projection may &lt; 

be repeated any number of times Thus a figure ^ in a plane d| 
may be projected from some vertex into fa an a plane og 
then be projected from a second vertex into ^ m a pkae oc 3 , 
So on The final figure $ n+3? obtamed fmra ^ affc&r # peofe^teis, 
hes in a plane a tt+1 which may, or may not, be identical wrfh tie 
original plane o^ 

Two suck figures ^ ls ^ +1&gt; wimk are derivable ^ae &m tiie 
othea: by a finite number of projections, are said to be protective* 
Figures in space perspective are clearly projective, being derivable 
by a single projection Figttres in plane pescspedave ar$ also 
projective, being denvable by two projections (qf 4xt 12} But, 
in general, projective figures are not either in space or in plane 
perspective 

The projective property is what mathemat^sians tenn tr&lt;wmfoe 9 
that is, if fa is projective with &lt;j&gt; 2 , and &lt;f&gt;% with &lt;f&gt;& then ^ is pro*- 
jective with &lt; 3 

For let 27j be the set of projections which transform fa into &lt;j&gt; 2 
and 27 2 the set which transform &lt;f&gt; 2 into &lt; 3 , then 27 X and 27 2 applied 
in succession form a finite set of projections which transform fa 
into ^ 3 

15 Particular cases of projective figures The following are 
cases of projective figures 

(i) Figures in plane or space perspective This has already 
been explained in the last article 

(11) Coplanar figures superposaWe by rotation about a point 
of this plane To prove this, take a figure fa in the plane, and 
two lines x, y through 0, also in the plane Let fa be the reflection 
of fa in x and fa the reflection of fa in y fa and fa are oppositely 
congruent , so are fa and fa Hence fa, fa are directly congruent 
figures The point is clearly unaltered by the transformation 
Hence fa is derivable from fa by a rotation about But the line 
x of fa corresponds to itself in &lt;f&gt; 29 and the line x of fa is turned over 
about y, that is, it becomes a line # 3 which makes with x twice the 
angle between x and y By taking this last angle (which is at our 
disposal) equal to half the given rotation, we have fa, fa connected 
in the required manner 

Since fa, fa are in plane perspective (Art 13 (m)), they are pro 
jective So also are fa, fa Therefore fa, cf&gt; 3 are projective 

(in) Any two congruent figures fa, fa Let them be in 
different planes a 1? a 2 By rabattmg fa about oq*^ into a 2 , we 
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ojbtati tw congruent figures fa, fa m the same plane These can 
always be made dvreetly congruent by rabatting in a suitable sense 
TWs process is equivalent to a projection (Art 12), so that fa 
3, are projective 

vr-Hxfeate &lt;g abonit any point of its plane until corresponding 
. are parallel Let fa be the resulting figure Then by (u) 
above fa and fa are projective 

fam&fa are now directly &lt; onprrucnt and similarly placed Hence 
ifeey ^e- in plane perspective by Art 13, so that fa and fa are 



Cfcaateang the above results we see that fa and fa are projective 
1$ the figures ^, ^ are in the same plane, they may be directly, 
& oppositely, congruent If the former, we proceed as from the 
fa in the previous case If the latter, reflect fa in a line x 
wjadfc bsects the angle between any pair of corresponding lines 
ffee sew figure is now congruent and similarly situated to fa, 
and we have fa projective with fa as before 
t (iv) Any two similar figures fa, fa Proceeding as in the 
previous case, we transform fa by a senes of projective operations 
into a figure similar to fa and similarly situated A projective 
transformation (see Art 13) then transforms the last obtained 
figure into fa 

16 Construction of figures in plane perspective from given 
data A plane perspective relation is entirely determined when 
certain elements are given, and we may then construct, point by 
point, or line by line, the figure fa which is in plane perspective with 
a given figure fa 

Let the pole and axis x of perspective be given, and, m addition, 
either a pair of corresponding points A l9 A 2 (whose join must pass 
through 0), or a pair of corresponding lines a 1? a z (whose meet 
must lie on x) 

One pair of these additional data are immediately derived from 
the other pair For if Y is any point on x (Fig 7), Y is self- 
corresponding, by the property of the axis of perspective Hence, 
if AI, A% be given, YAi, YA 2 are corresponding Inns, which may 
be taken as a l9 a 2 Conversely, if a i5 a 2 be gwn, my iay through 
meets them at corresponding points A^ A&gt; 

If now P l is any point of fa, join A l l\ nu eting u &lt;t t \ Tlun 
XA 2 corresponds to XA i} and meets OL\ at P 2 

Again, if p i is any line of fa, meeting x at A and a { it l ls join 
OA l meeting a 2 at A% Then XA =p z 
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Alternatively, instead of A l9 A^ or %, a% 9 we may be given the 
vanishing line of one figure, say ^l If then Zi is any point of 
&!, J 2 is the point at infinity on OZj, and ^ is the hne at mfimty 
in the plane These provide a pair of corresponding points aad a, 
pair of corresponding lines 

The previous constructions then become 

Join I : PI meeting x at X XI^ is the parallel through X 
to 01 \ and meets OP l at P 2 

Let pi meet x at X 
and ^l at 7 X Then the 
parallel through X to 
01 1 is p 2 

From the last result " 
we see that the line corre 
sponding to pi is parallel 
to the join of to the 
vanishing point of pi 
Thus the angle between " 
the lines p 2) q% is equal 
to the angle subtended 
at the pole of perspective 
by the vanishing points 
f Pi&gt; ?i This mil be 
found to be an important 
property in constructions 
connected with such 
figures The reader should compare the corresponding result for 
figures in space perspective at the end of Art 5 

EXAMPLES 

1 Prove that, when a vanishing line and the pole and axis of perspective 
are given, the construction given m Art 16 for the line corresponding to a 
given line p x fails when p^ is parallel to the axis, and give an appropriate 
construction in this case 

2 Show that, if P 19 P 2 be any two corresponding points, and if PiP 2 
meet the vanishing line i l at / x and the axis of perspective at X 
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OP t OP* 

3 Prove (without using the property of the pole of perspective) that 
the correspondence between two figures in plane perspective is entirely given 
by the axis of perspective and two pairs of corresponding points Deduce 
a construction for the point corresponding to a given point with the above 




Gferosa a wr of corr^ponding Imes and the two vanishing lines of two 
perspective, construct (a) the pole of perspective, (6) the 
_lmg to any given point 
one vanishing line, the axis of perspective, and a pair of 

_ f ents&gt; copstoict the pole of perspective. 

Breathe pole and axis of perspective and a pw of oorresponding points, 
c?HstrTict tfee two vanishing lines 

tK Drefffeg of projections If it be required to draw on 
paper the projection upon a plane ft of any given figure in a plane 
a from a given vertex 7, or, what is the same thing, the section 
fey p of a cone whose vertex is 7 and base the given figure, the 
mftthod adopted in practice is to rabat the figure to be drawn 
fte plane a about aj8 From the data of the problem aj8 
_/fcnowii. Also drawing through 7 a plane parallel to ]8, this 
jlme cats a in the \am*hmg line %i of the given figure The pole 
"BEIj j jg ^ en obtained by rabattmg 7 about ^ in the 



dfffie sense that the pro] ection is rabatted about a/? We have now 
the pole of perspective, the axis of perspective and one vanishing 
toe The ^batted projection, which is of course in plane per 
spective with the original figure, may now be drawn by the rules 
given in Art 16 If at any stage the construction becomes awkward, 
so that hues or points employed in the construction come off the 
paper, two suitable corresponding points (or lines) may be found 
/a +T, rt i/vtra-nf ^iistructions used 

a be cylindrical, the construction by the vanishing 

w 9 _ jy Art 12, both vanishing lines are then at infinity 

Thus to a point /j 00 at infinity corresponds a point / 2 a 80 a&lt; k 
infinity , and Jj 00 , / 2 are in general distinct, since the axis of 
perspective is not here at infinity Their join 7 1 co / 2 00 is therefore 
the line at infinity , and 0, which is on this line, is a point at 
infinity Its position is then to be found by constructing, in 
any manner, some one pair of corresponding points A l A 2 
is then the point at infinity on AiA 2 The construction for corre 
sponding points which is given first in Art 1G may then be used, 
remembering that, where a line is stated to be driwn " through " 
in that construction, it should m the present case be drawn parallel 
to AiA% 

If we do this, we find that in Fig 7 A } A 2 md P\P% &lt;ire parill( 1, 
so that, if these lines meet x at A and N respectively, 
P^N PiN=A 2 K AiK = constant Hence such a cylindrical 
projection, when rabatted into the plane of the oiiginal figure, 
is obtainable from it bv a stretch (cf Art 13 Ex 1) 
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18 Practical example A circle of radius 4 inuts axtd ceiaia^e 
lies in a horusontal plane oc 7 is ^ poxat 3 imrte ^^icdttjiiJbo??e 
a point ^! of the cxrole S\ is ^ pomt ol lie oiroie 9^ 
feoin 4x T^^ Circle is projected from F &lt;m to a plan^ j8 ; 
a luae # in & wluoh biseote CJJ?! i^t right 




plane /? is inclined at 60 to the horizontal plane There are two 
such planes /? To define /? completely we suppose that it is the 
one whose upper half is further from AI 

Consider the plane y which passes through V and is perpendicular 
to x We shall need, for the practical construction, two figures 
/TPm R\ nnp in ** w"hip&gt; WP Q&gt;ipll nil tVip plpvation fierurp and one 
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m & which we shall call the plan figure In the elevation figure 
&lt;fee- planes a, jff appear as straight hnes, viz the lines in which they 
trafc y ; these are the traces of the planes on y Similarly in the 
d&a figure y appears as its trace on a It is convenient to place 
^ite figores one above the other, the two lines which represent ay 
m lie two figures being parallel, the points which represent the 
same points being on the same perpendiculars to ay 

Mark m the elevation figure the point AI and the point X where 
x meets ay Through X draw a hne making 60 with ay This 
is the feace of Jff 7 is 3 units above AI in the elevation figure 
Through V draw VIi parallel to the trace of /? to meet ay at ^ 
I t is thus a point on the vanishing line of the original figure 
Bota&fc F about /i counterclockwise into a position on ay is 
$ie pole of perspective when the figure in plane /? is rabatted 
about x counterclockwise Let the original figure and its rabatted 
projection be denoted by fa, fa respectively Then in the plan 
figure x is the axis of perspective, is the pole of perspective, the 
parallel %i to x through Ii is the vanishing hne of fa 

To construct the figure corresponding to the circle we have the 

following method Let LI be a fixed point on ^l Take a variable 

point Y on x Through Y draw a parallel y 2 t OLi Join 

Ir[7-yi, meeting the circle at P l9 Q l OP l3 OQi meet y 2 at the 

orresponding to P 1? Q\ By taking a number of 

obtain a number of points on the projection of the 

A projection is shown by the curve in Fig 8 

The hnes corresponding to the tangents at the points J l9 K l 
where $1 meets the circle are important These tangents at infinity 
or asymptotes (see later, Art 34) are immediately constructed 
by drawing through the points T, U where the tangents to the circle 
at Ji, KI meet x, parallels to CV l5 OKi 

19 Problems in projection It as often useful to be able to 
construct a projection so that the projected figure shall satisfy 
certain coneiitions We will consider three of these 

I To project a figure fa so that a given line ?i is prexjecteel to 
infinity Thus ^ l is to be the vanishing line Hence , the vortex 
7 being arbitrarily selected, the plane of projectiem is my plane 
parallel to Vii 

II To project a figure fa so that a given line i { is pre&gt;je cte d to 
infinity and the angle between two given lines a,, b } is pre&gt;jeeteel 
into a given angle a 



SPAOB 



IWSEPOTIVE 



satisfying the required ctfnditton Let AI, B l be the pomts where 
ai, #1 respectively meet %i On A^B describe a segment of a 
circle oontauang an angle a The pole of perspective O hes on itas 
segment Take for any such pomt and for acsas x any 
parallel to tj This defines a plane pCTSpeefa^e rlaiaon 
the given conditions Now rotate aboiit ^l throo^i aay 
6 mto a position 7, and at tie sa&)& ta^e H&gt;tate tJie plane 




x 
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original figure about # through the same angle 6 into a position jS 
A projection fiom 7 on to j8 effects what is required 

III To project a figure &lt;f&gt;i so that a simple quadrilateral 
AiBiCiD l (Fig 9) becomes a square of given size As in II we 
will solve the problem first for plane perspective 

Let EI, FI be the intersections of opposite sides (^i-Bi, Ci-Di), 
ly BiG\) respectively , let GI be the intersection of the diagonals 
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as vE^ishisg bne %i , then J? 2 , -^2 w at infinity, and 
a pasaJWograjn 

at 2 (the angle between tike nw diagonals) is a 
fe-^N, * paaralfelogram A^G 2 D 2 is a rhombus If 
m j ** &lt;ft aagfess afc 4 2 , 5 2 , 0* Z&gt; 2 B a right angle, 



__ #!-?! a semicircle , if he on this semicircle the 
at AI&gt; BI, Ci, D l9 which stand on E^i, project into right 

if AiCi meet E-^Fi at HI and B^D\ meet EiFi at Ji, 
tes oai a semicircle on JiHi It is therefore the intersection of 
ttese two semicircles 

, Uow the jade A 2 B 2 must be parallel to OE l9 for E l is the vanishing 
Also A 2 lies on OA l9 B 2 lies on OBi Place between 
OJ? ly parallel to OEi, a length ^2-^2 equal to the side of the 
square this will be the line corresponding to A^ It 
meets AI$I at a point X on the axis of perspective Through X 
tow a parallel to the vanishing line EI FI , this is the axis x of 
perspective * 

To obtain the required result by direct projection, rotate 
about E^i through any angle into a position F, and project from 
V on to a plane through x parallel to VEiF l 

EXAMPLES IA 

1 Prove that the figures in plane perspective with a given figure, when 
the vamshing line of that figure and the pole of perspective are given, but 
the axis of perspective is varied, are similar and similarly situated 

2 Two figures fa, &lt;j&gt; 2 are in plane or in space perspective Lines p l q l 
of fa are parallel to fixed directions and are such that the angle between 
them, measured by the rotation in a prescribed sense which brings y; x into 
coincidence with q l9 corresponds to a constant angle in &lt; 2 Show that the 
intersection of p 2 and q 2 describes a circle 

3 Show that, given any two triangles in a plane a third triangle which 
is in plane perspective with each of them may be constiuctcd m an infinite 
number of ways 

4 If a figure fa is in plane perspective with &lt;/ 2 and &lt; 2 "i piano perspective 
with &lt;^ 3 , 19 0$ being the poles of perspective and x i J $ UK a\cs of per 
spective in the two cases show that 1 3 x l o* 3 foim a HI If &lt; orKspomlm^ 
triangle in fa, fa What happens when O l 6&gt; 3 x^ are cdhneai ? 

5 Given any two triangles in space, prove that a third tnanglo ean always 
be found which is in space perspective with each of the original two 

6 Prove that a rotation of a figure in its own piano TT about a point () 
of that plane through a given angle 6 can be effected by Unco piojutions, 
as follows 

Take a "Diane a through -nPTTiPnrhpnlflr tn thi rnvrn -nlnnr* tr nrnirvt 
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from TT on to a with any vertex Z7 Estate a, U about the perpendwolaa: to 
ir through 9 the angle of rotator besng & Let this bring a to ft and 17 
to 7 Project from a upoa wijfek vertex IT TOSL tfe$ dise 
to the plane bisecting the, dihedral angle befcwe^a gc, 
from jS upon ?r with vertex V 

7 Two sets of four points 
plane, are such that 
Show that, in general, the ftg^es 
perspective, and that the necessary 
should be so js that " 




8 Prove that anothe^ 

four points in Ex 7 shaS be, in rfaife perspecffev^is 

spondmg intersections saci as &&&gt; &%&]) a^ {&lt;&%&& @J&2} s^alj l&gt;e in 
a hne through 0, and *t Eat, w&en tfe coixdition is sat^fiedj, all pomts and 
lines derived from 13ie oiagmal Sets of four by takmg eorreBpondmg joms 
and meets form two %ures m plane pca^eo^ve, 

M * * * 

9 If in, a jdane perspecpv^ Delation it*s givea that the pqje f pearspeo^ive 

and the axis of perspective are at mfimty, show that the pejr$p9$fcw relation 
must be eqwvalent to a translation without rotation in the plane. 

10 Show !how to project a gjven line to infinity and at the same tm$e 
any two given angles into angles of given magnitude Is this problem 
capable of solution in all cases ? 

11 Show how to project a given line to infinity and a given triangle into 
a triangle congruent with a given triangle 

12 Show how to project a simple quadrilateral into a parallelogram 
congruent with a given parallelogram 

13 A triangle ABC has its sides AB 9 AC cut at D and E by a parallel 
to the base Show how to construct an equilateral triangle of given side 
which shall be in plane perspective with ABC, DE being taken as the vanishing 
line 

14 In Problem III of Art 19 show that there are two possible positions 
of and two possible positions of x and that these may be combined in 
pairs in four ways, so that there are four perspective relations giving a solution 
of the problem 

15 Prove that, if A l9 J5 1? C lt D l are any four given points (no three of 
which are collmear) of a plane figure &lt;f&gt; lt and A 2 B 2 &lt;7 2 , D 2 are any four 
given points (no three of which are collmear) of a plane figure &lt; 2 (not 
necessarily in the same plane as ^i), then it is, in general, possible to obtain 
a series oi projections which transform A 1 B 1 C 1 D 1 into 



16 Show that if two figures are similar (but not necessarily similarly 
situated) the vanishing lines are at infinity 

17 Three coplanar triangles aie two by two in perspective and have a 
common axis of perspective Show that the poles of perspective are colhnear 

18 Three coplanar triangles are two by t\\o in peispective and have a 
common pole of perspective Show that the axes of perspective are con 
current 
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axes of co ordinance are rectangular throughout ] 

1 Two figures in plane perspective have x^O far axis of perspective 
Jl 2 =&gt;(25,25), ^=(3,0), J? 2 =(l, 1) are pairs of corresponding 
smg the property of the pole of perspective, construct 
to Pj-ft 3) , t -&lt;5, -4) , I? at infinity on y_0 , 
+y-0 Verify that ^^,, *A&gt; P^ C^, /^ 
f a pass through a pomt 

The pale of perspective b&ng the origin, the axis of perspective the 
toe ar+ 2= and the vanishing line of the figure fa being z= 8, construct the 
points of fo corresponding to (-J, 4), (-1, -1), (1, -2), (2, 3), construct 
also the points of fa corresponding to the same points. 

1 &, Given the pole of perspective (3, 0), the axis of perspective x=Q and the 
^asrof &lt;50fres|)ondmg bnes a^ (y-x) and a 2 (2y=o?) construct by tangents the 
c$pe &lt;xp$sjondmg to the circle 3*+# a =4 of the figure fa 
* &lt;* ABCD is a square of 3 inches side. S, F 9 G are points of AD, AB 
and .BO respectively such that AF=DECG=l inch , SB and #JP meet 
80 &+ Af 9 ]y are the mid pomts of OA, OD respectively, and B 9 Q are the 
fd&iB of imsecteon (nearest to 0) of OB and 00 respectively Construct 
t&apole and axis of perspective which transform A, B, C, D into A , B 9 , D 9 
and verify (i) that this axis is parallel to AD and B0 9 (11) that the diagonals 
AC 9 BD of the square meet the corresponding diagonals A C 9 B D of the 
quadnkteral upon the axis 

5 AB is a diameter of a horizontal circle of radius 2 inches An oblique 
cone is formed by projecting this circle from a point F vertically above A, 
the distance VA being 2 niches Draw the section of this cone by the plane 
through A at right angles to VB 

s cc^ cc a cut one another at an angle of 60 On the plane 
j.c aiigle of 120 between them a vertex V is taken distant 4 inches 
line of intersection 

j e m a t is projected from V on to a 2 construct the vanishing bnes 
_ ___ O u:e in a x and the rabatted projection If the axis of perspective 
be taken for axis of y and the foot of the perpendicular from F upon it as 
origin and if the positive half of the axis ot x be the one nearer to F, find 
the points in a a corresponding to (2, 0), (5, 0), (3, 4) in a t 

1 A pyramid 80 feet high stands on a square base of side 100 feet, the 
sides of the base running N and S , E and W Draw tho section of th is 
pyramid by a plane at 30 to the horizontal passing through a lino running 
from WN W to E S E through the S W corner of the pyramid, the plane 
rising as one moves N 

8 ABCD is a horizontal square, of side 2 inches , E is a point of BC 
such that BE =3 EC , a point S is taken, outside the squaic on tho per 
pendicular from D to AE, so that DS=\AC V is tho point vertically 
above jfif, such that VS=DS Construct the projection of tho square A BOD 
from the point F on to the vertical plane through B parallel to A K 

9 A right circular cone of semi vertical angle 60 is cut by a pi ino making 
an angle of 30 with its axis and cutting that axis at a clistam o of 3 inches 
from the vertex Draw the curve of section 

10 A horizontal square ABCD of 2" side is projected fiom a v&lt; rtcx 17 
above the corner A Draw its projections upon tho two piano through the 

f\ nrmol 7?D rr&gt;l nor? of AK +n +k Wlnr^ /vf U rt 



f\ 



SPACE AND PLANE PERSPECTIVE 2T 

11 A convex quadrilateral ABCD i* such that JjB=4", ^D=5% CD-2", 
OJ5= 3", AC5" 3Tmd a pole and axis of perspective which wjll transform 
ABCD into a square of side 1" and draw this sq uare, 

12 The axis of x being taken as vanishing line, construct an equilateral 
triangle of side 2 units which is in plane perspective with the triangle whose 
vertices are (1, 2), (2 5, 25), (3, 1) , and construct the pole and axis of per 
spective for this case. 

13 A circular cylinder of radius 2* is cut by a plane making an angle 
of 37 with its axis. Draw the section. 

14 A horizontal circle is projected on to a vertical ptoe through its 
centre from & point at infinity on & lay inclined at 45 to ijbe vecfaeal sad 
such that the vertical plane through it is mctoed at 60 to tike plane of 
projection Draw the projection. 

15 The entrance of a skew tunnel is in ihe shape of a circular arch , the 
horizontal pro}ection of the axis of the tqnmel makes an angle of 15 with the 
normal to the plane of ti&gt;e arch and tfee axis itself slopes upwards at 30 
Draw the section of this tunnel by a hoofcontal plane. 



CHAPTER II 
, PROJECTIVB RANGES AND PENCILS 

vt 4&lt;E&gt;**atoo Let AI, BI, Oi, DI (Iig 10), be four points 
tibj sfea^gbt line ^ Let them be projected from any vertex V 
^o pointy A%&gt; 5 2 , Oa, JD, upon another straight line w 2 




FIG 10 

We require to find a relation between the mutual disUnc t s of the 
points -4 b J5 1? d, DI, which will not be altered by })rojeeti()ii 
Consider first the ratio of two segments 

A& A 1 D 1 ^^A 1 7S 1 AA^D, 

= VA l VB l sin A l VB l VA^ VI) l sin 1, K/J, 
^F^sin^iF^ y^sm IjK/Jj 
Note carefully th&lt;it the above equation holds wh itc v 1 1 1 IK re lative 
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positions of AI, 5 ls Dj (the signs of the segments being taken into 
accotint as explained in Art 2), provided we introduce i&e follow 
ing conventions as to sign On each ray through V a positiv 
is arbitrarily assigned, which fix&s the signs to be attached to 
segment^ VAi, FB^ etc Also a positive sense of rotation rowid F 
is arbitrarily selected The tagle A{VBi us tito defined as 
magnitude (positive or negative) of i^ie rotation ^ t 
required to bring the positive direction on TfAi into coincidence 
with the positive direction on FJB^ This rotation js jofea^ly 
unique save for the addition or subfera&lt;^bi6n of a number of complete 
turns, which does not aSect the values ol i&e sines 
In like manner 



The right hand side of the above equation i& independent of the 
points AI, A% It depends only on the bounding rays VB^B^ 
FZ^DS We may therefore replace AI by GI, A% by 2 , without 
altering the value of the left hand side We have then 



or 



The expression * * /^p 1 1S termed the cross-ratio or the 

anharmomc ratio of the four points A l9 B iy C l5 D l taken in the 
given order and is denoted by the symbol {AiBiGiD^ To 
remember it, note that the numerator is obtained by writing down 
the four points in the given order and the denominator is obtained 
from the numerator by interchanging the second and fourth 
elements We have, then, from the last written equation the 
theorem 

The cross-ratio of any four collmear points is unaltered by 
projection 

We shall often have to deal with a cross-ratio {A BCD} when 
one of the four points, say A, is at infinity This we shall interpret 
as the limit of the cross-ratio, when A moves away indefinitely on the 
straight line 

In this case the factor = 1 + Since DB is here constant 
A.D A.D 



GEOMETRY 

and AD iacreases numencally without limit, -^ tends to zero, and 

teads^ to unity Hence {ABOD} approaches as its Limit the 
$& 

otfeggc factor ^?, and this wdl be the caross-ratio {A&lt;*&gt;BCD} 



*&gt; 
*To save needless repetition, a ratio such as 4jB A*&gt;C will in 

fatoe be equated to 1, and a ratio such as EG ^J)tozero 

21 Different eross-ratoos of four points If we take the 
points AI, BI, GI, DI in a difierent order, we obtain in general a 
different cross-ratio Since four letters may be written down in 
24 different orders, we should expect 24 different cross-ratios It 
will now he shown that only six of these are distinct 

First? we shall prove that the cross-ratio of four points is unaltered 
rf any two points be interchanged, provided the remaining two be 
also interchanged Since under these circumstances the first point 
At toust necessarily be interchanged with some other, the three cases 
to be considered are therefore those where A l is interchanged with 
BI, GI and DI respectively We have to prove that 



or, writing out the cross-ratios, 

A&C&i _ J A DA OiJi ^iBi IWiBiA i 
^B! OA "" JSA DI^I " CA A& i)^ B l C l 

equahties which are obviously true 

It follows that distinct cross-ratios can bo derived only from 
those permutations in which AI stands first For, if we have any 
permutation in which AI does not stand first, it may be converted 
into a permutation in which AI does stand first by permuting 
AI with the leading element and interchanging the remaining two 
elements, and this without altering the cross-ratio 

We have then only six distinct cross-ratios, namely those in 
which AI stands first, the remaining thn c K \ , ( \ , DI be ing pc rmutcd 
in all possible ways 

To find the relations among these ratios, piojut t\ 1&lt;&gt; infinity, 
that is, cut the four rays through V by a straight lm&lt; // { (]&lt; ig 10) 
parallel to VA l We have by Art 20 



-{^3^36^3} - ^ =A, siy (1) 

L ^ 
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Intercliange even letters D and B Then 





Interchange middle letters 5 and (7, 



Interchange in (2) the middle letters, 

/ A /"Y T) 7? X_1 f A\ 

\ "L IL 1. IL) " \ = \ 1*7 

Interchange second and fourth letters in (3), 

1 
{4 1 D 1 J5 1 C 1 } = r , (5) 

Interchange second and fourth letters in (4), 

A 



These give the six distinct cross-ratios of four points 

EXAMPLES 

1 Show that the six cross ratios of four points may be expressed in the 
form sin 2 8, cos 2 8, cosec 2 6, sec 2 8, -tan 2 8, -cot 2 8 

2 If A, B, C, D, are four collinear points, and {ACBD} = m, (4.CBE}=7i, 
prove that {ADCE}=(n- l)/(m- 1) 

3 If A, B, C, D are four collinear points, prove that 

Hence express the six cross ratios of four points in terms of {ABCD} 

22 Cross-ratio of four rays From Art 20 it follows that 
all transversals, that is, all straight lines which cut a set of four 
lays or lines through a point, meet the four rays in sets of four 
points which have the same cross-ratio This cross-ratio is therefore 
a property of the set of four rays and is called the cross-ratio of the 
four rays 
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The amlytical expreswa for the cross-ratio of four such rays 1$ 
down For 




tie signs of tlie angles following the convention of Art 20 
Smce four concurrent rays project into four concurrent rays 

and transversals into transversals, it follows from the permanence 

o cross-ratio of four points in projection that the cross-ratio of 

foor rays is likewise unaltered by projection 
Tie cross-ratio of four rays abed will be denoted by {o&cd} 

If lie rays be OA, OB, 00, OD, it will also be denoted by 0{ABCD} 

23 Bafiges and pencils A range is a set of points on a 
straight line A flat pencil, or shortly a pencil, is a set of rays 
lying in a plane and passing through a point which is the vertex 
nr ppnfre of the pencil 

pencils are called one-dimensional elementary 

3 The component points or rays are spoken of as 

f the form The straight line containing the points 

* icwigc 10 i/ermed the base of the range Similarly the vertex 

ui a flat pencil is a base of the pencil, and, so long as we deal with 

pencils in one plane, this is the only base which need be considered 

More generally, however, a flat pencil has two bases, its vertex and 

its plane 

Where only a limited number of elements of a form arc con 
sidered, the form may be denoted by enclosing the set of ek monts in 
round brackets, thus (ABCD) denotes a ringe coriHistmg of four 
points -4, 5, (7, D Similarly O(ABCD) denotes &lt;t pi noil consisting 
of the four rays OA, OB, 00, OD Care should bo exercised to 
use round brackets in this connection, so &lt;is to ivoid ( onfusion with 
{ABCD}, which denotes a cross-ratio 

More frequently a form will be denoted by taking a typical 
element and enclosing it in square brackets Thus \P\ is &lt;i range 
of which the point P, which is then considered v&lt;in&lt;ihlo, is the 
typical element [p] is a pencil of which p is the typical ray, or 
is a -oencil with vertex of which OP is the typical ray 



24 Projeetive ranges and peneils GCle elements of two 
forms may be made to correspond, e&A to eaok Wfcen tike I cms 
are of the same type, that is, when both are ranges or botik peacais, 
thsy are Said to be projective mtk o&e anotfeear wigai ib& #&lt;se- 
spoitdesw can be established by means of a finite number of profee* 
tive operations It follows from the defimtsojor tfe&t, if twodfes&as $s^$ 
projective with a third form, ttey aa?e jprojeoti. w& OPP& arotfek 
For the series of protective operations wh^db teansfom the first 
form into the third, combined with the scries iribch transforms the 
second into the third, apphed m t!he reverse o^der, fara^sfoims tt& 
first into the second (O/ Ait M ) 

It follows further from Arts 2G y t2 l&at ^ojeciave ranges and 
pencils are also eqm-anharmoiu&lt;i&gt; th^ ^5, aay feir etem^sfe of (^e 
form have the s&me cros^-i^fei^ $& th& four corresponding elements 
of any other form projective wiife -Hie first. 

As, important particidar case o pa?ojecfcive ran^s and pencils is 
when the t\v-o ranges are section^ of tiie same pencil by two different 
transversals, or when the two pencils are obtained by joining up 
the points of the same range to two different vertices In the first 
case the joins of corresponding points of the two ranges pass 
through a fixed point in the second case the meets of corresponding 
rays of the two pencils lie on a fixed line Two such ranges and 
pencils are said to be perspective they are clearly particular 
cases of figures in plane or in space perspective, and are therefore 
projective 

If two ranges be perspective the point where their bases intersect 
is self-corresponding, and if two coplanar pencils be perspective 
the ray joining the two vertices is self-corresponding 

Similar ranges are corresponding ranges in which corresponding 
segments are proportional 

Equal ranges or pencils are ranges and pencils which can be 
superposed so that corresponding elements coincide 

Equal pencils in one plane are said to be directly, or oppositely, 
equal according as they can, or cannot, be superposed without 
being turned over 

Since it has been shown (Art 15) that congruent and similar 
figures are particular cases of projective figures, it follows that 
similar ranges are projective and also that equal ranges and equal 
pencils are projective 

In two similar ranges the points at infinity correspond For 
since A l B l A 2 B 2 =a, finite ratio A, if A l B l is infinite, so must 
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I* rnfimte Hence if A l9 A 2 be accessible points aoid ^ a 

jmb at infinity, B 2 is at infinity 

Conversely projective ranges in which the points at infinity 
^ocEesroaad are similar Let ^iSiCj^i 00 ? A^B^^I^ be corre- 
spadmg groups of four points of two such ranges, then, since 
ih& cEQSS-ratix) is unaltered, 



l 2 

and remembering (Art 20) that 2~7~oo = * an&lt; * ^ T 06 ^ we 



asd fiiereface the ranges are similar 

Fr^ectir ranges may be eollmear, that is, a projective 
^orrespo-ndence can be established between points of the same 
tee , m this case a particular point of the base has a different 
s&gnrfieaince, according as we consider it to belong to one range 
orts&gt; tie other Similarly protective pencils may be concentric 
(thaft is, they have a common vertex) as well as coplanar They 
then consist of the same rays, but each ray has a different signifi 
cance, according as we assign it to one pencil or to the other Two 
such ranges or two such pencils will be termed cobasal ranges or 
pencils 

Sections of two projective pencils [pj, [p a ] by transversals v, w 
are projective 

For in the set of projections which transform [p^ to [p 2 ] let a 
line HI not belonging to \p{\ transform into u 2 

The range %[pi] is proactive with u 2 [y 2 ] 

But v[pi] is perspective and projective \\itli MJ|/&gt;I|, and 
w \$z\ 1S perspective and projective with ^[Pil 

Hence v[pi] is projective with w\p 2 ] 

Similarly if [P{\, [P 2 ]l)e two projective ranges, 0, A &lt;iny t\\o 
vertices, the pencils 0[Pj], S[P 2 ] are projective 

For in the set of projections which transform [P } ] to \P 2 \ let 
a point U l not belonging to [Pj] transform into U 2 

The pencil UrfP^ is projective with tho ])&lt; noil "lJJ[^2\ 

But 0[P X ] is perspective and projects with ^]|/ ,| ind 
/S[P 2 ] is perspective and piojectivc with U^P 2 \ 

Hence 0[PJ is projective with S[P 2 \ 

To abridge proofs the words " is projective with will in future 
(except in enunciations) be denoted by the symbol A" Thus 
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[Pi] A"[P 2 ] is to be read tike range described by PI 
with, "the range described by P 2 v 

Two unlike corresponding forms will be called incident if each 
element of o&e is incident with the corospon&aig element of 
other, provided the co3*^p0Bctece m wwfm. Slras a :Eaa^g$ 
a pe&cil are incident if e&eh ray of Ae kiter passes firoBgli 
corresponding pomt of the fcrae^r Tins relation is incteefed by 
Eeye tinder tlie name perspective, bnt, since it does not ccsoae 
under oiir definition oi perspective figures, -this irof^Kti feall to attoe 
confusion The use of tihe term perspective wiS thecefore be 
restricted as explained earlier m tte present article 

25 Two eobasal projective forms are identical if they have 
three elements self-corresponding 

Consider two ranges Let A, B G be the self-corresponding 
points, PX, P 2 any two corresponding points 

Then {ABOP^ ={ABCP, 

ASCP l ABCP 2 
AP 1 CB~AP 2 CB 
CP l CP 2 



CA+AP l 
AP l ~ 
CAAP 2 =CAAP l 

CA is not zero, since by hypothesis the points A, B, C are 
distinct, AP l =AP 2 or P 1? P 2 are coincident Hence every 
point is self-corresponding and the ranges are identical 

Consider now two concentric pencils They determine on any 
line two collmear proactive ranges If three rays of the pencils 
are self-corresponding, three points of the ranges are self-corre 
sponding Therefore every point of the ranges is self-corresponding 
and in consequence every ray of the pencils is self-corresponding 

It follows that two distinct eobasal proactive forms cannot have 
more than two self corresponding elements 

26 Construction of projective ranges and pencils from 
corresponding triads 

I EANGES We need only consider the problem of establishing 
a projective correspondence between two ranges on difterent 
lines but m the same plane , for, if the ranges ire in different 
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the same straight fane, we may first of all project 






()) ^ tlie iweB of 

tjiree S 17 ^ P *^ of f p i3 corresponding t6 
OB A^ 2 take arbitrarily two vertices X, Y 
2 at 5 3 , ZOi meeting ZCg at C 3 Denote 
meet ^x4 2 at A% 
&lt;* &lt;$he& A& B& (7 3 are in persp^3tive with AI, BI, Ci from X, and 



Prom X project fP 2 ] into [P 3 ] on %, and from Y project [P 3 ] 1 
*&lt; 



Itr 




FIG 11 (a) 



Then 



F M ls K ^&lt;" ])n&gt;j&lt;(hve 



into [P 2 ; ] on w 2 
with [P 2 ], hence 

These last are cobasal ranges But charly J/, 7^ , (V arc, 
by the construction described, identical \\itli / 2 /^, CS Hcnco 
[P 2 ], [P 2 ] have three self-corresponding pomls ui&lt;l IK id&lt;nti( il 
by Art 25 Thus the projections from A ind ) in su&lt; &lt; ( ssion ( n ible 
us to derive the range [P 2 ] from tho rang&lt; f /^ | 

II PENCILS First of all, if tho t\v&lt;&gt; p&lt;n&lt;ils arc not ilrridy 
coplanar and non-concentric, project on&lt; of 1h&lt;m into i ])cri(il 
coplanar and non-concentric with the othn \V( sin 1 1 tin n c onsidtr 
thf* two -npnnls to bp of tlim tvno 
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i, U z ffig 11 (&}} be $fee viedaees of two sadt peeesfe fyrJ 
[p 2 ] 1^ #1* ^V &lt;^ be three gmsa rays of 
a 2 , 63, &lt;?2 of Jjp 2 ] Tlirongh. aj^ (denoted by A] draw two 
rays, x 9 meetmg 



Tlien the rays 
witt 0$, & 2 , c 2 

l^t ^ meet the 
tins range to Z7 3 , 
and therefore projee&ve 




FIG 11 (b) 

[P 2 ] Join the points of [P 2 ] to 7 2 &gt; forming the pencil [p 2 ] 
Then [^2 / ]" 7r lj ) 3] 7r [Pi] an( i [Pi] 1S g iven projective with [p 2 ] Thus 
[p 2 ]7:[p 2 ] But it is clear that a 2 , 6 2 ? C 2 r are identical with 
a 2 , 6 2 , c 2 Hence, by Art 25 [p 2 ] and [p 2 f ] are identical, and the 
given construction enables us to derive [p 2 ] f rom [Pi] 

It follows from the above constructions 

(a) That the relation between two projective forms is entirely 
determined as soon as three corresponding pairs of elements are 
given 

(6) That a proactive relation between two like forms can always 
be established in which three arbitrary elements of one shall 
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j arbitrary elements of the other, which is some- 
r saying that groups of three elements are always 

jfO|ectiTO 

(o&gt; J&at a pcojective relation between two like forms can always 
be-^si&bjisi&d in which any four elements of the one correspond to 
4&lt;OTr fefemeiats ef the other having the same cross-ratio 

* let AI BI, GI , DI , A% 9 B%, C%, D% be two sets of four points 
m steught lines u^ y u% and such that {^iBiCiDi} 
^^^2-^2} !**&gt; ^ e P r ] ective relation which transforms A l3 B l9 
&i$xxto A* BZ, C 2 iaransform D l into D 2 7 Then 



Therefore {^ 2 B 2 C 2 D 2 }={^ 2 5 2 C f 2 D 2 / }, whence it follows as in 
Art 25 that D 2 = D 2 A corresponding proof holds for pencils 

The above constructions) fail if either AI or A% =UiU% 9 but is not 
sett-corresponding , or if either aj or a 2 - Ui U& but is not self- 
eoa^esponding It is to be noted, however, that this cannot possibly 
oe&lt;w for all three pans of corresponding elements, for if A l = 
B 2 may also be u^^ but then neither Oj nor C 2 can be 
The pair of elements which do not include w x w 2 (or U\U) can 
always be taken as A it A% (or a ly a 2 ) m the above constructions, 
which are then always possible 

If, however, both AI and A 2 coincide with u^ in Fig 11 (a), or 

both &i and # 2 coincide with Z7 X Z7 2 in Fig 11 (6), the two given forms 

have one element self-corresponding The line XY then passes 

igh UiU 2 , but is otherwise indeterminate , or the point xy 

lies on UiU%, but is otherwise indeterminate 

A simpler construction can then be given For let B\Bz meet 
CiC 2 at U, then ABiCi and AB^C^, are perspective from U 
Similarly if the ]oin of b^, c^ be u, abiC l3 ab^ are perspective, 
corresponding rays meeting on u The two given ranges or pencils 
are then perspective and we have the important result 

If two projective ranges or flat pencils, which are coplanar, 
but not eobasal, have a self-corresponding element, they are 
perspective 

EXAMPLES 

1 Give a geometrical construction connecting the points of two proj( ctive 
ranges when the vanishing points of the ranges and a pair of concsponding 
points are given 

2 Two colhnear projective ranges are given by two coi responding triads 
AiBjC 19 A^B^Cz Give completely a geometrical construction to find tho 
point P 2 of the second range correspond mcr to a inv( n ixmit P of the fust 
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Two concentric projective pencils are given by two corresponding triads 
Ci 9 a a &2 c 2 G lve completely a geometrical construction to find the ray j&gt; 2 
of the second pencil corresponding to a given ray p^ of the first. 

4 Two sumlar coplanar ranges have a self corresponding point Show that 
the lines joining their corresponding points are all parallel. 

5 If two similar ranges lie on parallel lines, the joins of coaresponsdiBg 
points pass through a fixed point 

27 Harmonic forms Since any three collrnear points may be 
projected into any three other points, three points A, B, C on a 




FIG 12 

line c (Fig 12) may be projected into the same points with two of 
them, say A and C, interchanged 

To effect this, draw any line a! through B and from any vertex S 
in the plane aY project A, B, C upon a! as A , J5, C Let (A C, 
AC )=T Then if we project A , B, C from T upon c , they 
project into (7, jB, A The double operation has therefore inter 
changed A and C 

The two triads ABC, CBA define two projective collmear 
ranges on c These two ranges have already i self-corresponding 



aj D or c **A, the definition of Art 27 apparently leads to an 

indeterminate result Let us agree that the equation 

ABCD+ADCB-0 
shall hold in all cases If we now put D=B,vre have 



Hence eiiier -4J3=0 or CB^Q, that is, either A ox coincides 
with B and D That the same result holds for pencils is easily seen 
on cutting by a transversal 

EXAMPLES 

2* I JlndaiLthe cross ratios of four harmonic points 

j % Erove that the necessary and sufficient condition that four colhnear 

? pomts -4, J?, C, D can be paired so as to form a harmonic range is that 

{ABOD} has one of the values (- 1, 2, }) 

3 S&ow how to draw through a given point a line which cuts the sides of a 
given triangle at three points which, taken m a prescribed order with the 
^veaar point, form a harmonic range 

4. If A 9 B are harmonically conjugate with regard to &lt;7, D, and is the 
naddfe point of AB, prove that 

(i) OD BD AD OB 

03^03 = AC = OC&gt; 
(11) ACBD=CDOB 

29 Harmonic properties of the complete quadrilateral and 
quadrangle A complete quadrilateral is the figure formed by four 
straight lines a, 6, c, d, called its sides It has six vertices db, ac, 
ad, Ic, Id, cd formed by taking meets of sides in pairs The three 
pairs of vertices db, cd, ac, Id , ad, Ic such that the two in each pair 
do not he on a common side are termed pairs of opposite vertices , 
the three lines joining them are called the diagonals of the quadri 
lateral" The triangle formed by them is the diagonal triangle of the 
quadrilateral 

A complete quadrangle is the figure formed by four pomts A, 
B, C, D caUed its vertices It has six sides AB, AC, AD, BO, 
BD, OD formed by taking ]oms of vertices m pairs The three 
parrs of sides AB, CD , AC, BD , AD, BC such that the two m 
each pair do not pass through a common vertex are termed pairs 
of opposite sides Their three meets are called the diagonal pomts 
of the The triangle formed by them is the diagonal 

triangle 

The harmonic properties of the complete quadrilateral and 
quadrangle are as follows 

I The two vertices of a complete quadrilateral on any diagonal 
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are harmonically conjugate with, regard to the two vertices of the 
diagonal triangle on that diagonal 

II The two sides of a complete quadrangle through a diagonal 
point are harmonically &lt; oiijugai c with regard to the two sides of the 
diagonal triangle through ih&lt; di.i/or &lt;il point 

To prove these results, refer to Fig 12 Here AA f , A C, 0(7, 
Q A are the four sides of a complete quadrilateral, of which A*Cf, 
AC, ST are the three diagonals The diagonal AC is divided 
harmonically at B and D (Art 27) But B and D are the pomts 
where AC is met by the other two diagonals The result for tfee 
other diagonals follows by symmetry 

Again A, C , C, A are the four vertices of a complete quadrangle, 
of which S, B, T are the three diagonal points The two sides 
through 8 9 SA and SC, are harmonically conjugate with regard to 
SB and SD (since A, C are harmonically conjugate with regard 
to B, D) But SB, SD are the two sides of the diagonal triangle 
through S 

From the above properties we obtain the following constructions 
for the element harmonically conjugate to a given element with 
regard to two other given elements 

I Through the point B, to which a conjugate is required with 
regard to A and C, draw any line and on it take any two points A , 
C (Fig 12) Join AA , CC meeting at S } AC , A C meeting at T 
TS meets the original line in the point D required 

II On the ray SB=b, to which a conjugate is required with 
regard to SA=a, SC=c, take any point B, and through it draw 
any two lines a , c Let $= join of aa , cc r , =join of ac , a c 
The join of to ( = T) to the vertex S gives the ray d required 

In the above cases it is often said that D is a fourth harmonic 
to A, B, C and d a fourth harmonic to a, &, c, respectively 

EXAMPLES 

1 If EFG be the diagonal triangle of a complete quadrangle ABGD and 
the sides of EFG also meet the sides of the quadrangle HI six other pomts /, 
J, K, L, M, N, show that /, J, K, L, M, N are the six vertices of a complete 
quadrilateral having EFG for its diagonal triangle 

2 If efg be the diagonal triangle of a complete quadrilateral abed and the 
vertices of efg be also joined to the vertices of the quadrilateral by six other 
lines i, j, L, I, M, n, show that *, j, k I, in, n aie the six sides of a complete 
quadrangle having efg for its diagonal triangle 

3 Show that the centres of the inscribed and esciibed cncles of an&gt; given 
triangle form a complete quadrangle, of which the triangle is the diagonal 
triangle 



4 ABG * a triangle 0$ MO two points U, V are taken, harmonically 
conjugate with regard to B, If P IB any point of AB, and FP, tfP meet 
40 at #, /Sf, prove that VB, US meet on AB at a point Q harmonically 
eoiaijTigaie t& P with regard to A and B 

3& Gross-axis and cross-centre of eoplanar projectave ranges 
and peueals If in consiamctoon I of Art 26 J be taken at A 2 
$&$. T at AI we obtain tie ease shown by Fag 13 (a) 

ekxBSidej: tie paints whxck eoirespond to the point of intersection 
-of UfrUz* Let this point considered as a point of w x be called Z7 X&gt; 
an4 (Considered as a point of % be called 7$ 

meets w 3 at C7 3 , and A 2 V l is itself u 2 Therefore J7 S = 




FIG 13 (a) 

But the ranges u 2) u% are perspective, so that u 2 u^ is self-corre 
sponding hence u 2 u B == Z7 2 I n ^ e nianner F! =^^3 Now the 
projective relation between the ranges being given, U 2 , F x are fixed 
points and therefore u% = U 2 Vi is a fixed line, independently of the 
choice of AiBiCi, AJB^fl^ which may be any corresponding triads 
whatever of the given ranges 

It follows that if AiA 2 , B 1 B 2 be any two pairs of corresponding 
points of two projective ranges the meet of cross-joins (A^B^ 
A^B^ lies on a fixed straight line This straight line may bt termed 
the cross-axis of the two projective ranges 

Similarly if in construction II of Art 26 x be taken coincident with 
a 2 and y with a 1? we obtain the case shown in Fig 13 (6) If we 



now consider UiU 2 and treat it as a ray Ui of the pesieal [pj] it 
meets a 2 at Z7 2 , U z U 2 =u 3 But the pencils [p 3 ], [p 2 ] being 
perspective, J7 3 Z7 2 ^ self-corresponding, hence (7 3 U^ = & 2 Smmtely 
if U l U 2 =v 2 , UiU^-Vi Hence Z7 3 is the intersection of tfee 
two rays corresponding to U\U 2 , U$ is therefore a fixed point, 
independently of the choice of the triads fl^&iC^ a^b^ Heae rf 
ajag, 6162 b any two pairs of corresponding rays of two prof^crkTe 
pencils the join of cross-meets (a&gt;{bz, a^i) passes through a fixed 




FIG 13(6) 

point This fixed point will be termed the cross-centre of the 
two proactive pencils 

If the ranges (or pencils) in the above theorems be perspective 
the reasoning employed fails, for then u l u 2 (Fig 13 (a)) and Uflz 
(Fig 13 (6)) are self-corresponding Therefore Z7 2 , Vi (Fig 13 (a)) 
and u 2 , v l (Fig 13 (&)) are coincident, and all we have proved is 
that w 3 passes through one fixed point, viz the intersection of the 
ranges, and that U 3 lies on one fixed line, viz the ]om of the vertices 
of the pencils 

In the case of perspective ranges and pencils, however, a direct 



r en as 



follows 

J FOB EANGES Let be the pole of perspective, S the inter- 
Ae ranges, A 1 A* B& two corresponding pairs Then 
are vertices of a complete &lt;ji T r,,r ir 1 of which 0, , 

i* JBi) are diagonal points Hence, by the harmonic 
property of the complete qiudunjrlo SO and the line joining 8 
to iAiB& AJBi) are harmonically conjugate with regard to the 
bases of the two ranges But SO and these bases are fixed lines 
Benee the line joining S to (Aft* AJBi) is a fixed line Therefore 
(AiB 2 , AJ&i) hes on a fixed line, which is the cross-axis 

II FOB PENCILS Let x be the axis of perspective, s the join 
of the vertices, o^, &i& 2 two corresponding pairs Then a^a^i 
are sidea of a complete quadrilateral of which (aj&gt;i 9 2 & 2 ), ( a i a 2&gt; 
l&), (afa oj&i), ^e s,x and (ajb* a&), are the diagonals There 
fore UiU% i& harmonically divided by x and (a{b^ a 2^i) ^U-t x 
n^et3 P!^ at a fixed point, and Z7 1? ?7 2 are themselves fixed 
Hence tiie fourth harmonic is also fixed so that (a 1 6 2J #2&i) passes 
tiiroT^h a fixed point on s This is the cross-centre 

"We will close the present chapter with the following two 
theorems on the triangle, which are of importance 

31 The ratio of segments round a triangle The idea of 
cross-ratio, as introduced in Art 20, may be generalised as follows 

If AiBiCi, A 2 B 2 C 2 be two triangles in space perspective from 
a vertex 7 and any points of section P l9 Q iy RI be taken arbitrarily 
upon the sides BiC\ 9 CiAi, A{Bi of the first triangle respectively, 
these will project into points P 2 , 62? -^2 on ^Q sides B^C 29 C 2 A 2 , 
A 2 B 2 of the second triangle 

As in Art 20 we can show that 



and similarly 



Multiply these three sets of equal ratios togc tlu r vnd we h ivo 

P, C,Q&gt; i, 
C 2 Q,A&gt; A^ 

that is the ratio p-^ ^-^ -^5 of the segments of the sides of a, 



triangle taken m order is unaltered by projection We 
to it for brevity as the triangle ratio 

Note carefully tliat in the above the segments have to be taken 
with proper sign The positive sense on each side of the tnangle 
may be arbitrarily selected It is usual to take it so that, if we go 
round the triangle keeping the area on our left, we are moving in 
the positive sense throughout 

EXAMPLE 

Through the vertices A, B, G of a triangle three lines AP, B$ 9 GE are 
drawn Show that the continued product 

smBAP 



is unaltered by projection. 



srnABQ aw. BOB 



32 Ceva s and Menelaus* Theorems It m the above, w4 
choose the vertex 7 and the plane AJS 2 C^ so that the line joining 
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FIG 15 



two of the points of section, say Q l9 R it is projected to infinity, 
then 



and the triangle ratio reduces to -B 2 P 2 P^2 

Now, if A^, BiQi, C& meet at a point O l9 then 2 is the 
intersection of 2 R 2 CD and B 2 Q^ (Fig 14) A 2 C 2 Z B Z is then a 

5 



parallelogram Its diagonals bisect ea^h other and P 2 is the middle 
point of 5 2 a 2 Therefore-B 2 P 2 P 2 &lt;7 2 = +1 and 

B l P l Cii AiRi 

PiOi Qi^i RI^I ~ 
Tins is tnown as Ceva s Theorem 

* It OB the other hand, PI, &, #1 are collmear, that is, if they 
are the three points at which any straight line meets the sides of 
-fte towogle A+B&, then in the projected figure (Fig 15), P 2 is 
at infinity on BC and -B 2 P 2 P^0 2 = - 1, so that 



= -1 



Pfii QiAi hi&i 
This is known as the theorem of Menelans 
Tie iheorems converse to those of Ceva and Menelaus are easily 
proved and are left a# an exercise for the student 

\ EXAMPLES 

I Prove tiat the three medians of a triangle meet at a point 
2. Prove that the three perpendiculars from the vertices of a triangle 

on the opposite sides meet at a point 

3 Prove that the three symmedians of a triangle meet at a point [A 
symmedian AD makes with the sides AB, AC angles equal to those which 
the median AD makes with AC, AB respectively ] 

4 Lines through the vertices of a triangle ABC, equally inclined to the 
bisectors of the angles, meet the opposite sides at D, D , E, E , F, F , 
respectively If AD, BE, CF are concurrent, prove that AD , BE , CF 
are concurrent 

5 A line cuts the sides BC, CA, AB of a triangle ABC at L, M, N , L 9 
M , N are the harmonic conjugates of L, M, N with regard to (B, C), (C, A), 
(A, B) respectively Show that L , M , N are collmear 

6 Given three unequal circles, whose centres A, B, C arc not in line, show 
that their six centres of similitude lie in threes on four straight lines, which 
form a complete quadrilateral of which ABC is the diagonal triangle 

7 The vertices of a triangle are j oined to the points of contact of the opposite 
sides with one of the escribed circles Show that the lines thus formed are 
concurrent 

8 Pairs of points P, P , Q, Q , It, E are taken on the sides BC, CA , AB 
of a triangle and equidistant from their midpoints Show that if AP, BQ 
CE are concurrent, then so also are AP , BQ , CR 

EXAMPLES UA 

1 Prove that if I 19 J z be the vanishing points of t\vo piojcdivi i in^cs, 
P!, P 2 any pair of corresponding points, then 

ZjPi t/ 2 P 2 constant 

2 Prove that, in two projective ranges, the order of three points l x 7^ C\ 
is different from, or the same as, the order of the three corresponding points 
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A z , B 29 O z according as they do or do not, include the vanishing point 
between them Show also that if 1^ is intermediate between two of A 19 B 9 
GI, then J 2 M intermediate between two of A 2 , B 2 , C 2 

3 Through the points of one of two coplanar similar ranges Jhnes are drawn 
parallel to a given direction in the plane and through the corresponding 
points of the other range lines are drawn parallel to another given direction 
in the plane Show that the intersections of correspondmg lines lie on a fixed 
straight line 

[The points at infinity correspond Take vertices X, 7 of Art. 26 on 
line at infinity and result follows ] 

4 All the vertices but one of a polygon lie on fixed ln&gt;es f whiJb its sides 
are parallel to fixed directions Show that the locus of the last vertex is a 
straight line 

5 If the vertices of a polygon lie on fixed concurrent lines, while all the 
sides but one pass through fixed points, the last side also passes through a 
fixed point 

6 If the sides of a polygon pass through fixed collmear points, while 
all the vertices but one move on fixed straight lines, the locus of the last 
remaining vertex is a straight line 

7 Two concentric pencils are oppositely equal Show that the two 
bisectors of the angles between any two correspondmg rays are self-corre 
sponding 

8 Three lines a, &, c meet at a point 0, and D, E are fixed points not on 
any of these lines, nor in Ime with If points X, Y are taken on &, c respec 
tively, so that DX, EY meet on a, show that the line X Y passes through a 
certain fixed point of the line DE 

9 Two collinear projective ranges have a self corresponding point A 
given and two pan s of corresponding points P x , P 2 , Q l9 Q% Show how to 
construct the second self corresponding point, and prove that there cannot be 
more than one self corresponding point, other than A 

10 Two concentric projective pencils in a plane have a self correspondmg 
ray a given and two pairs of corresponding rays p l9 p z , q lt q z Show how 
to construct the second self correspondmg ray 

11 A, B are two fixed points P l9 P 2 are harmonically conjugate with 
regard to A, B Show that the ranges [PJ, [P 2 ] are projective and find a 
geometrical construction by projections to pass from one to the other What 
are the correspondents of the points A, B ? 

12 Show that if {APBQ}={AP BQ } 9 then {APBP }={AQBQ } Deduce 
that if A t B are self correspondmg elements of two coUmear protective ranges, 
any two correspondmg points determine with A, B a constant cross ratio 

13 Prove that if 



then {J*ii*A 

14 Prove that if two coi responding ranges be such that any foui elements 
of one have the same cross ratio ab the concspondmg foui elements oi the 
other they are projective 

15 Given the cross axib of two piojective ranges and a pan of coire 
sponding points, show how to construct the point of one lange corresponding 
to a given point of the other In particular construct the vanishing points 



ywi&fia.Rx 

lltw ^*w* %e &lt;^sa-c$&fepe of two projeetive pencils and a pair of oorre 
spending raj s, $ad a epiAucto, for the ray of erne pencil corresponding to a 
given ray of the other 

17 A ray toough a fixed point outs a line u at P x and tlie toe at infinity 
at P** P!, Pf then describe projecteve ranges on u and on the line at ^ 
safety respectively Show that to cross-axis of these two ranges is a &lt; 
aabl *o & a&a dittoes from & equal to the distance of from u j 

18. The arms OP 9 OQ of an angle of fixed magnitude which moves in one 
f&tme a&ofct its fixed vertex mtersect two given straight lines at P and Q 
respectively Show that the ranges [P], [6] are projective 

19 If m Ex 18 one of the given straight hnes is the line at infinity, 
construct the cross axis of the ranges [P], [Q] 

20 Through a point a ray OPQ is drawn meeting two fixed hnes at P, Q 
If E be harmonically conjugate to with regard to P, Q prove that the locus 
of .2$ is a straight line 

21 A t B are two fixed points, u a fixed hne If P be any point of u and p 4 
be Baa^stocally conjugate to u with regard to PA 9 PB 9 show that p passes j 
ilffougli a fixed point 

^ Apply Menelaus Theorem to prove Desargues Theorem that if ABC, 
AfB C be two c&lt;?]$anar triangles such that AA , BB 9 CC are concurrent, 
ifoen oaf, W, ccf are colhnear and conversely 

20 ABC is a triangle, any point m its plane If A meet BC at P, 
OB meet CA at Q, OC meet AB at E, and if P be the harmonic conjugate 
of P with regard to BC&gt; Q the harmonic conjugate of Q with regard to CA 9 
R the harmonic conjugate of R with regard to AB 9 show that P , &lt;2 , # are 
colhnear [P Q ^ M termed the harmonic polar of with respect to the 
triangle] 

24 In Ex 23 prove that the middle points of PP , QQ , ER are colhnear 
Hence prove that the middle points of the diagonals of a quadrilateral are 
colhnear 

C is a triangle, A i B 1 C 1 a transversal cutting BC, CA, AB at A l9 B 19 

a J3 the harmonic conjugate of AI with respect to B and C, J5 2 is the 

harmonic conjugate of J5 X with respect to C and A If AA& BB 2 meet at 0, 

and CO meets AB at (7 2 , prove that &lt;7 2 is the harmonic conjugate of C^ with 

respect to A and J? 

26 Straight lines AE D D, BF E E and CD F F are drawn from the 
vertices A^C of a triangle meeting the opposite sides at D, E, F , and BD DC 
= CE EA=AF FB=2 I Lines AF L, BD M and CE N are drawn meeting 
the sides BC, CA, AB at , M , N respectively Prove that 

DC 5DL=MC 3 ME 

27 The coplanar triangles ABC, PQE are m perspective, and D E F, 
0, H 9 1 are the intersections (BC, PQ) (BC, PR) (CA, QR) (CA QP) (AB, EP) 
(AB, EQ) respectively Prove that 

AF AG BH BI CD CE=AH AI BD BE CF (V 

EXAMPLES HB 

[The axes of co ordmates are rectangular, except where otherwise stated ] 

1 Draw two straight hnes OABCD, OA Q B making the angle AO i - 
30, OA=AB=BC= CZ)=4 cm, OA =t cm i U =C B =2 nn The 
points A, B, C correspond respectively to 4 B C in two piojc ctivc langcs 
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Construct geometrically (i) the point corresponding to D, (u) the vanishing 
point of the range on OA 

2 6&gt;=(1, 0), 6&gt; =(-l, 0), 4=(2, 3), J5=(5, 25), C=(- 5, 1), = 
(0, 4) Construct a ray O D such that 0{4jBOZ)}= ^{ABCiy} 

3 4i^ 1 (7 1 Z) 1 , 4 ^2^2 are S 1 11 *&gt;y distances from a fixed origin O equal to 
2, 1, - 3, 4 , - 1, 5, 2 respectively 

Construct geometrically a point Z&gt; 2 such that 



and verify your result by calculation. 

4 A, B, C 9 D, 38 are five points in order oa a staagkt to sadi that 4JB= 
BC^CDDE^ inch, and .4, O, $ correspond respectively to JD, O 4 
in two protective ranges Construct (i) the point of each range corresponcling 
to B in the other, (11) the vanishing points of the two ranges, and (in) the second 
self-corresponding point 

5 Mark seven points 4, 4 , B 9 B, 0, &lt;7 , D in order om a straight hne 
so that 44 / =4 / / = / J3=JStf=&lt;7a / =C Z)^2 cm The points 4, B, Q 
correspond respectively to 4 , &, C in. two projective ranges , find by geor 
metrical construction (i) the point IX of the second range to which D corre 
sponds in the first, (u) the vanishing point of the second range 

6 Construct the cross axis of the ranges defined by the corresponding 
triads (0, 0), (0, 2), (0, 1) , (1, 0), (0, 0), (3, 0) respectively, the axes of co 
ordinates being inclined at 75 Hence construct any pair of corresponcling 
points of the ranges and the envelope of the joins of such points 

7 4, B, are three points of a straight line, 45=2, BC= 1 Construct 
points P, &lt;2, R which shall be harmonically conjugate to 4 with respect to BG 9 
B with respect to CA 9 C with respect to AB 

8 Construct a ray OD harmonically conjugate to OB with regard to (94, 
OC where the angles AOB, BOC are 30 and 15 respectively 

9 Using the ruler only, draw a line through a given point P and the 
inaccessible meet Q (not necessarily at infinity) of two straight lines a, & 

10 Given four rays through a point 0, construct geometrically a segment 
of a straight line which shall measure the cross ratio of the four rays in a given 
order Hence show how to construct a segment which shall measure the 
cross ratio of four points on a line 

11 Two projective ranges on the lines #=0, x =2 respectively, have 
as corresponding pairs of points (0, 0) and (2, 2), (0, 1) and (2, 2 5), (0, 1) 
and (2, oo ) Construct the envelope of the lines joining pairs of corresponding 
points on the two ranges 
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CHAPTBE III 4 : 

THE CONIC 

33 Definition of the conic A come section or conic is % 

projection of a circle, or the plane section of a cone (right or obhqtt^ 
on a circular base 

Since in general a steaigjit line meets a circle in two points, tte 
saaae is true of a come, because properties of incidence are unaltered 
by projection and since from any point two tangents can ID general 
be drawn to a circle, the same holds for the conic since properties 
of tangency are unaltered by projection 

It follows from the definition that any property of -the circle which 
is projectrve, % e unaltered by projection, can be transferred at once 
to the conic 

34 Types of come There are three types of conic, according 
as in the original figure the vanishing line cuts the circle in two real 
distinct points, or m two real coincident points (le touches it) 
or does not cut it in real points The three cases are shown in 
Fig 16 (a), (&), (c) 

In the first case (Fig 10 (a)) there are two distinct points at 
infinity on the conic, namely the points /o 03 , J/ corresponding to 
the intersections 7j, Jj of the circle with the \ dnivhmer line Such a 
conic is called a hyperbola, being shown as the rabatted projection 
of the c ircle (anel the re fore m plane pc rspc e tive \\ ith it) m Fig 16 (a) 

The tangents to the circle at /], J\ project into the tangents 
at/ 2 S JV 30 ^ the conic These t \\otange nts ire called the asymp- 
totes of the conic The &lt;ur\&lt; his t\\o brine lies c orrespondmg to 
the two parts into \\luch the \inishing Inn divides the circle 
(Fig 1&lt;&gt; ()) 

If the vanishing line ioueh the circle (I&lt;ig H&gt; (/;)) 1\, J\ coincide 
The conic li is t\vo Coincide ni points it infinity, K it his the 
line it infinity for one of its tinge nls Such i conic is called *x 
parabola It consists of one linne h &lt; \t&lt; nding to infinity 

If the vanishing line do not c ut the c in Ie in re il points (Fig K&gt;(c)) 
there are no re il points at mfinih on the ee&gt;m&lt; r lhe conic consists 
of an oval lying entire 1\ it i finite dist me e and is c ailed an ellipse 
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The points which correspond in projection to the inside and 
oxttstde of tike circle are said to be inside and outside the conic 
respectively 

IB i^e c$$e of the ellipse and parabola, where the inside of the 
projected &lt;ajeele lies entirely on one side of -the vanishing bne, it 
projects mto a single region But&gt; in the case of the hyperbola, 
the vamskffig hne divides the area interior to the circle into two 
segments, wfeteh are sepa^ted m pro]eciaon Each of these 
segme99t!& is bounded by a difemit teanch of the eurve Corre 
sponding regions inside the conao and circle are shown by similar 
shading in Ibg 16 &lt;* 

Snfcoe in Cylindrical projected the vanishing line is at infinity J 
fee elfep^is the only one of the comes which can be obtained ^ 
from^fe^^feele by cylindrical projection J 

Thesre axe also two other types of conic, viz the line-pair and 1 
point-pair These are to some extent anomalous as, although they ^ 
can be deeerved as Lmiting cases of projection of a circle, the reverse * 
process is indeterminate They will be discussed in Art 4A 

35 Curve as envelope and locus The terms locus and 
envelope will frequently occur in what follows A curve may be 
generated in two ways (a) by a moving point P , we then speak 
of the curve as the locus of P and we construct it graphically from 
a large number of positions of P, forming a closely inscribed polygon , 
(6) by a moving tangent p , we then speak of the curve as the 
envelope of p and we construct it graphically from a large number of 
positions of p, forming a closely circumscribed polygon 

36 Chasles Theorem If P be a variable point on a circle, 
p the tangent at P, any fixed point on the circle, t any fixed 
tangent to the circle, then the pencil 0[P] is equi-anharmonic with 
the range t\p] 9 that is, if P, Q, R, be any four positions of P 3 p, q, r, s 
the corresponding tangents, then 

0{PQRS}=t{pqrs} 

Let C (Fig 17) be the centre of the circle, T the point of contact 
of t, P ^pt Then P P, FT being tangents to a circle, the angle 
P OT=PCT=angle at the circumference POT 

Therefore by placing on and OT on CT the pencils 0[P], 
C[P] are superposable Hence they are directly equal Hence by 
Art 24 

0[P]A-C[F], 
0{PQRS} 
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37 Pencils obtained by joining a variable point of a 
to two fixed points If be any other fixed point on t&e 
we have by Chasles Theorem 



Hence the joins of a variable point P on a circle to two fixed points 
0, 0* on the circle sweep out projective pencils ^ , 

In the case of the circle these pencils are clearly dwec&y ^gu$l 9 
for the angle TOP = angle TO P (Fig 17), by tibte well-b^wn 
property of angles in the same segment 




38 Ranges obtained by intersections of a variable tangent 
to a circle with two fixed tangents Let t f (Fig 17) be any other 
fixed tangent Let pt =P" Then by Chasles Theorem 



Cutting the projective pencils C[F], C[P /X ] by t, t 

[P ]A[P"J, 

or the intersections of a variable tangent p to a circle with two 
fixed tangents t, t describe two projective ranges 

39 Corresponding properties for the come Since cross- 
ratios are not altered by projection and projective ranges 
and pencils project into projective ranges and pencils respec 
tively, the properties stated in Arts 3638 hold for the conic, 
except that now the pencils will no longer be equal, for equal 



not, m general, projected into equal angles. But the 



(1) 

(2) 
(3) 

told equally if for the word " circle " in the last three articles we 
read " come " 

From the property (2) it follows that every conic may be obtained 
w the locus of meets of c orro-ponclmg rays of two projects e pencils 
Jtom the property (3) it follows that every conic can be obtained 
as the envelope of joins of corresponding points of two proactive 



If in Fig 17 P approaches (7, OP approaches 00 , O P approaches 
the tangent at Cf Hence to Off considered as a ray of the pencil 
P &lt; o, h -[&gt;&lt;T, 1 x the tangent at Similarly to O O considered 
w a ray of the pencil O f [P] corresponds the tangent at The 
cross-centre (Art 30) of the two pencils through ? is therefore 
the point of intersection of the tangents at 0, 

Again, if y approaches t, P approaches T and P" approaches 
the intersection U of the two tangents t, i f Hence to it con 
sidered as a point of range t [p\ corresponds the point of contact T 
of t Similarly to U considered as a point of range t[p] corresponds 
the point of contact T of t f The cross-axis of the two ranges is 
therefore the chord of contact TT (Art 30) 

In the above reasoning it is immaterial whether the curve of 
Fig 17 be a circle or a come 

EXAMPLES 

1 Show that with four points A, B, G 9 D on a conic may be associated a 
definite cross ratio and also that with four tangents a, b, c, d may be 
associated a definite cross ratio , and show that the cross ratio of four such 
tangents is the cross ratio of their four points of contact 

2 A variable tangent LL meets two fixed parallel tangents to a conic 
at L, U , if A, B are the points of contact of the nxtd tangents prove that 
AL BL is constant 

3 A variable tangent meets the asymptotes of a hypoiboli at P, P 
If C be the intersection of the asymptotes, prove that CP ( P -^constant 

40 Property of tangents to a parabola The property (3) of 
the last article takes a particularly simple form when the conic 
is a parabola For then the line at infinity is a tangent to the curve 
by Art 34 Hence the points at infinity of the ranges t, t r corre- 
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spend, and by Art 24 the ranges are similar But T, P , V corre 
spond to U, P", T hence 

TP f P U=UP" P"T\ 

or the intercepts made by a variable tangent to a parabola on 
two fixed tangents are inversely proportional This famishes an 
easy graphical method of drawing a parabola as an envelope, two 
tangents UT, TJT and their points of contact T, T bemg given 

n being a large integer, take lengths - UT and - UT and lay them 

n n J 

off in succession any number of times upon UT , TU respectively, 
starting from U along UT and from T along TU Join corre 
sponding points of division , each of these is a tangent to the 
parabola 

EXAMPLE 

OT 9 0V are tangents to a parabola whose points of contact are T 
and 7 Show that the tangent to the parabola parallel to TV bisects 
OT,OV 

41 The product of any two projective pencils is a eonie. 

We shall call the locus of meets of corresponding rays of two pencils 
the product of the pencils and the envelope of joins of corresponding 
points of two ranges the product of the ranges 

We have seen that every conic can be obtained as the product 
of two proactive pencils But these pencils might be projective 
pencils of a special type (as in the case of the circle, where they 
are equal) We will now show that any two projective pencils 
whatever lead to a conic locus 

Let SIP], 0[P] (Fig 18) be the two pencils and let 01 be the 
ray of the pencil corresponding to SO of the pencil S Draw any 
circle touching OT at Let this circle meet OP at P , OS at S 
By Art 37 

0[P ]-A/S [F] 

But 0[P]~0[P]^S[Pl 



Also S O of pencil S [P f ] corresponds in the pencil 0[P ] to the tan 
gent OT at 0, and this in turn corresponds to SO Hence in pencils 
S[P], S [P ] the ray SB is self-corresponding Therefore by Art 26 
S[P], S [P ] are perspective, therefore corresponding rays SP 
S P meet at X on a fixed line x P is therefore constructed from P 
by the construction for two figures in plane perspective, being the 



pote ^d 3 i&e axis &lt;rf perspective, $ and 5 a given pair of 
corresponding points For PP passes through and $P, S P 7 
meet on # 

The locus of P is thus J|i plaice perspective with the circle which 
is the locus of P*, th#t 1% rt may be looked upon as the rabatted 
projection of this circle upon another plane It is therefore a conic 
by definition Note that the conic and circle touch at 0, of 
they intersect again at Y, Z, then Y, Z must be self-corresponding 
points and the axis of perspective x passes through them. 




FIG 18 

42 The product of any two projective ranges is a conic 

Let [P], [P ] (Fig 19) be the ranges, t, x their bases, p=*PP 
Let T be the point of range x corresponding to the intersection U of 
t, x Draw any circle touching a; at T and from U, P draw tangents 
t, p to this circle Let p t =P Then [P ]^[P ]"A [P] Also U 
of range [P] corresponds to T of range [P ] and T of range |P ] 
corresponds to U of range [P] Hence the ranges [P], [P ] have a self- 
corresponding point U They are therefore perspective ranges by 
Art 26 Hence PP passes through a fixed point The lines 
p , p are obtained from one another by the construction for figures 
in plane perspective, being the pole, x the axis, t, t a pair of given 
corresponding lines For p, p meet on x and (pt, p t ) passes through 
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Hence the envelope of p is in plane perspective with t&e envelope 
of j/ and, as in the last article, must be a cow 

The conic and circle both, touch $ at T If fey 
common tangents ^, z, these must be sell-QOOTOspo 
so pass through 

43 Deductions from the above In the proofs of Arts 41, 
42 the circle may clearly be replaced by any come FOP -fee oialy 
properties of the circle made use of in the proofs are also, by Agfa f% 
properties of the conic *-&gt; 

It follows that two comes in contact can be brought into plane 




perspective in two ways, viz (1) by taking the point of contact 
to be the pole of perspective the axis of perspective is then a line 
passing through the remaining two intersections of the two comes , 
(2) by taking the common tangent at the point of contact to be the 
axis of perspective the pole of perspective is then a point through 
which pass the ic mammg common tangents of the two comes 

These, however, ait not the only ways in which such comes 
can be brought into plane perspective (of Exs H!A 11, 13) 

Note also that the product of two projective pencils passes through 
the vertices of the pencils 



t&i product oi two projectave pencils of parallel rays is a 
byperibola wEose points at infinity and therefore the directions 
t# wi08e^^ p mptotes ate given by the directions of the two pencils 
Similarly the product of two projective ranges touches the 
bases of the ranges Thus the product of a range on an accessible 
base and a projective range on the lane at infinity is a parabola 

H tl^refore through a fixed point a ray OP be drawn meeting 
a -frraft toe u at P, and PQ 00 be drawn through P making a fixed 
angle &lt;x with OP, P(2 touches a fixed parabola For draw OQ 
parallel to PQ 00 , the pencils 0[P], 0[@] axe superposable by means 
of a rotation a about They are therefore equal and projective 
Henee the ranges [P], [&lt;3] are proactive The latter being on the 
Imft at infinity, the result stated follows 

It will also follow from Art 41, since projective pencils project 
into projective pencils, that the projection of a come is a come 

EXAMPLES 

1 Oa the tangent at to a conic any point P is taken and PT is drawn 
to touch the conic at T If S be any other fixed point on the conic, show 
that the locus of the intersection of OT 9 SP is another conic, which touches 
the ongmal conic at and S 

2 O t are two fixed points on a conic s , I is a fixed straight line P is 
any point on s , OP, O P are joined, meeting I at R, R respectively , OR , 
O E meet at Q Show that the locus of Q is another conic 

3 0, S are fixed points, a, 6 fixed straight lines A line through meets 
a at P, 6 at Q Through Q is drawn a parallel to SP Show that this 
parallel touches a fixed parabola 

4 Two comes touch one another at From a point on the common 
tangent at lines are drawn to touch the comes at P, P Show that PP 
passes through a fixed point, through which passes any other common tangent 
to the two comes 

5 Two comes touch one another at A lino through meets the comes 
at P, P Show that the tangents at P, P meet on a fixed line, which is that 
common chord of the comes which does not pass through O, if such a common 
chord exists 

6 If, in Ex 5 the comes are circles, prove that the tangents at P, P arc 
parallel 

7 ORP, OSQ and PQ are fixed straight lines, and A, B aic two fixed points 
Straight lines M are drawn parallel to PQ Piove that 4H and ## meet 
on a come which passes through A, B 9 

Show how to deteimme the tangents it 1 and B to this &lt; onu 

44 Line-pair and point-pair If the two piojutivo pencils of 
Art 41 are perspective their product bruiks up into two sir uglit 
lines, namely the axis of perspective and the self-corresponding ray, 
since the latter may be regarded as intersecting itself at &lt;my one of 
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its points, and therefore must figure in the locus of intersection of 
corresponding rays 

A line-pair is therefore a special case of a conic locus 

If the two projective ranges of Art 42 are perspective, the&r 
product breaks up into two sets of lines, one passing tihrou^h the 
vertex of perspective, the other passing through the sdf-corre- 
sponding point, since any ray through the latter may be looted 
upon as the join of the point to itself The envelope then reduces 
to these two points, so that 

A point-pair is a special case of a conic envelope* 

The Lne-pair and point-pair present certain anomalies wlnA 
should be noticed 

Let the components of a line-paar be a, 6 and their meet CL 
Then a line through a point P of the plane meets the line-pair 
in two distinct points, unless the line passes through C when 
the intersections coincide Thus from any point one taaaggnfe, 
and one only, can be drawn to a line-pair We may, to keep the 
properties of comes perfectly general, look upon this as two co 
incident tangents, but it is then no longer true that a point, the tTO 
tangents from which to a conic are coincident, is itself on the conic 

On the other hand, let the components of a point-pair be A, B 
and their join c From a point P two distinct tangents PA, PB 
can be drawn to the point-pair, except if P be on c when they coincide 
The points of c may therefore be looked upon as belonging to the 
point-pair conic Any straight line then meets the point-pair in one 
point, and one only If we look upon this point as two coincident 
points, to preserve the property that a straight line meets a conic in 
two points, it will appear that a straight line can meet a conic in 
two coincident points, without being a tangent to it, for lines not 
through A and B are not tangents to the point-pair 

The true significance of the line-pair and point-pair will be more 
apparent later on when we come to study the central and focal 
properties of the comes 

It is interesting to note the manner in which the line-pair and 
point-pair appear as projections of a circle To obtain the line- 
pair, project the circle fioin a vertex V outside its plane and cut the 
cone so formed by a plane through V, ic take the veitex in the 
plane of projection Thus all the points of the circle project into V 
(which is then the intersection of the lines of the pair), except the 
two points where the circle meets the plane of projection, which 
points project into any point of the corresponding line of the pair 



I!o ^fatea ike pinVp$ir take F in tike plane of the circle, 
outside the circle, and project on to any otter plane In ih$s case, 
all the tangents to the circle project auto the hne joamag tibe points 
of iiie pair, with the exception of the two tangents throtigh F, 
whacb g*o j-eet into tiie points of th$ pair 

Ifedtoald be notieed that, if we try ^o reverse these projections, the 
proeess ^HKfetemunate Thus the pomts of a line-pair, other than 
ik& doraMe pomt V, project from F on to any plane into two definite 
points, but F itself may project into any point of the plane 
Similarly the tangents to a point-pair A, B, other than those passing 
tteosigh F, project mpon the plane VAB into any line of that plane, 
but those through F project into two definite straight lines VA, 
YB We annot there! ore obtain the circle from the line-pair or 
p^mt-paar by projection 

Sfoie als& that, in tib&se eases, the line-pair, car point-pair, cannot 
be brought into plane perspective with a circle. 

4& A eome is determined by five paints or by five tangents 
Bor fet 0, , A } B, be five points on a conic, P any sixth point, 
then the pencils 

0(ABCP), (y(ABCP) 

are projective But 0, , A, B, determine completely the 
corresponding triads 0(ABO) &gt; (ABG)&gt; and these in turn determine 
completely the relation between the pencils Hence OP being 
given, OT is known, that is, P is determined Every point on the 
come is therefore fixed when five points are fixed It follows that 
two distinct comes cannot have more than four points of intersection 

The points A, (and also the points 5, ) may coincide without 
making the constructions indeterminate, provided we interpret 
OA, O B as the tangents at 0, 0* Accordingly being given a 
point on the conic and the tangent at this point is equivalent to being 
given two points 

Similarly if t, t , a, b, c be five tangents to a conic, p &lt;iny sixth 
tangent, pt, pt are corresponding points of the projcctivo ranges 
defined by the triads t (abc), t (abc) Therefore when pt is known, 
pt is known, and p is determined Thus every tangent is deter 
minate when five are given It follows that two distinct comes 
cannot have more than four common tangents 

As before a, t (and also 6, t ) may coincide without miking 
the constructions indeterminate, provided we interpret at, bt as 
the points of contact of t, t f Thus being given a tan#&lt; nt and its 
point of contact is equivalent to being given two tangents 
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From the above we obtain a eor^teuifaoB for the come passing 
through five given points For take two of the giwn poiafe for 
vertices of two projectire pencils and obtain correspond^ traads 
by joining to the three remaining pQints Constriaefe pairs of eolrre- 
sponding rays by the method of Art 26, or any other TkQTjfitg* 
sections of corresponding rays are porous on the conic 

A precisely similar method can be applied to obtain a eteie aaasn 
envelope when five tangents are given * 

t ** 

EXAMPLE 

^ * 

Given three points on a hyperbola and the directions of ufes asyBOptot^-sSow 
how to construct the pencils of parallel rays which generate tke nyp$Bbo}a 
and deduce a construction for the asymptotes 



46 Gomes having three-point or four-point contact 

constructions of Art 43 lead to important particular ca-ses 

In the first place it is clear that, if we take a point oi a -come sf 
as pole of perspective, and any line x, meeting s l at Z, 7, as as&of 
perspective, we obtain as the curve corresponding to $i a ^otaae s& 
passing through 0, X, Y Since lines through are self-corre 
sponding, $x, $ 2 h ave a common tangent at 0, so that they eaa 
have no other intersections 

If we now make -X" approach 0, x ultimately passes through 
0, and BI, s 2 have three coincident intersections at , they are then 
said to have three-point contact at Thus two comes having 
three-point contact at can be brought into plane persDective bv 
taking and the common chord as pole and axis of pe^ rvv . - 

Since five points determine a conic, it is in general possible to 
construct a come s% having three-point contact with s-^ at 0, and 
passing through two given points P 2 , Q 2 of the plane To do this, 
]om OP 2, 062 &gt; these must meet s 1 at the corresponding points 
PI, Qi The chords P^, P 2 (?2 meet at X on the axis of per 
spective Since this must pass through 0, it is OX, and is deter 
mined 5 2 can then be constructed by the methods of Art 16 

If, however, s 2 is a circle having three-point contact with 5 X at 0, 
only one such circle exists, since a circle is entirely determined by 
three points s 2 is then said to be the circle of curvature at 
Its centre and radius are termed the centre and radius of 
curvature at 

Returning to the more general case of two comes, let now Y 
also approach 0, then x approaches the tangent at 0, and the four 
intersections of the two conies coincide at If, therefore, we 

6 



transform a come ^ by a plane perspective, using a point of s l 
as pole and the tangent # at to s l as axis of perspective, we obtain /j 
a ooiac s 2 which lias f oiir-point eotrtaet with s l at 

We ean always construct one come s 2 having f our-point contact 
mtfe a given come s x at and passing through a given point P 2 
of ifoe plane For if 0P 2 meets $1 at P^ we have the pole of 
perspective, the axis of perspective, namely the tangent at 0, and a 
panr of corresponding points P I? P 2 Unless is a special point on 
the come, it is in general impossible to select P 2 ao that s 2 is a 
circle 

There exists one parabola s 2 , however, which has four-point 
contact wi& $i at a given point For clearly, in the perspective 
transformation from ^ to $ 2 , since the line at infinity touches $ 2 , 
the vanishing line % must touch $i Because the *v amJhmg hne is 
parallel to the axis of perspective, it must in this case be the tangent 
to $j paraEel to the tangent at This defines completely the 
peagspecteve relation, since we now have one vanishing line together 
with the pole and axis of perspective We can therefore construct 
*, In parteulax the point at infinity on the parabola is on the line 
joining to the point of contact of the tangent to Si parallel 
to the tangent at 

Since a conic is determined by five points, it is impossible to have 
higher than four-point contact between two distinct conies 

A curve which has with another contact of the highest possible 
order is said to osculate it Thus the circle of curvature is some 
times spoken of as the osculating circle , the parabola having four 
point contact with a conic as the osculating parabola, and so on 

47 Comes having three-line or four-line contact If, m a 

similar manner, we take as axis of perspective the tangent c at C 
to a conic s l5 and as pole of perspective a point outside $\, the 
tangents from to $ L being x, y, we obtain, since x, y, c, C are self- 
corresponding, a come $ 2 touching c at C and touching x, y The 
comes 8i 9 s 2 have thus two common tangents coincident with c, 
and two other common tangents x, y, so that they c in have no other 
common tangents 

If now x coincides with c, we have three common tangents 
coincident with c, and the conies arc sud to h&lt;iv&lt; three-line 
contact at C The pole of perspective is th&lt; n th&lt; mt(rs&lt;ction 
of c with the single remaining common t&lt;mg&lt; nt y 

If, further, y now approaches c, approac h( s ( , and we have m 
the limit two comes having four-line contact at 6 f , and the&e are 
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in plane perspective, tlie common tangent c at being the axis of 
perspective, and C itself tie pole of perspective 

We will now show "that, if two comes s^ $% have threes-line 
contact at 0, they also have three-point eontaet at G 

As in Art 41, draw through G any fixed line GA^A^ and a 
variable line CPiP 2 , meeting $i, $ 2 at A^ A 2 and P t , P% respectively 
Thai A^P^CIP^CIP^A^P^ and if CP^ & drawn along 
the tangent at C, PI and P 2 coincide at 0, and in i&e projecfove 
pencils -4i[Pi], A 2 [P 2 ] 9 A^G corresponds to A^O so that GA\A% 
is a self-corresponding ray The pencils are accordingly perspective, 
and corresponding rays meet on a line u If now u, C are taken as 
axis and pole of perspective, AI and A 2 as a pair of corresponding 
points, Si will transform into s 2 by the usual construction (Art 16} 

But we have seen that $i and s 2 also correspond m a secoad 
perspective, in which c is the axis and is the pole Let tike axes 
w, c of the first and second perspective meet at X 

Now if from any point on an axis of perspective tangents are 
drawn to two corresponding comes, these tangents must necessanly 
correspond in pairs, since corresponding tangents meet on the axis 

In the given case, if ti, t 2 are the tangents from X to s x and s% 
(other than the common tangent c), c is self-corresponding in both 
perspectives (since it passes through both poles) and therefore i 1? t 2 
are corresponding lines in both perspectives Hence their points of 
contact TI, T 2 are corresponding points in both perspectives, so that 
TiT 2 passes through both and C Thus TI, T 2 he on c, and 
therefore must coincide with C , and X must then also coincide 
withC 

Hence the axis u of the first perspective passes through C But, 
by Art 46, this is the condition that the comes s 1} s 2 shall have three- 
point contact This proves the theorem Thus no distinction 
need be made between three-line and three-point contact 

In the case of comes having four-line contact, it will be noticed 
that the plane perspective relation connecting them is of the same 
form as that connecting two conies having four-point contact 
Here again, then, four-line contact implies four-point contact and 

conversely 

EXAMPI ES 

1 Prove that, it two conies luve thiec point contact it C , they also have 
three line contact at 

2 Prove that one come can be constructed having three point (or three line) 
contact with a given conic at (7, and touching two given straight lines in the 
plane 



o*P * m plane perspectrve relation between a wzabola arid $$ 
circle of curvature at P, m which the common tangent at P is the axis of 
perspective, the tangent to the circle parallel to tne tangent at P, treated 
sSs 9 M&gt; of the parabola figna^ etoes]x&gt;n$s to the paiaOM &lt;iiameter of the 
circle, m the carola figure ^ 

4 l^eis^ptotesofafeypetbd^meetat&lt;7 HO is tl&poJfcof tfe plane 
pe^sgestire. winch transforms the hyperbola into its circle of curvature at P, 
tie taegen% at P being the axis of perspective, and the diameter of the circle 
tfaifegh P meets the vamshing Ime of the circle at /, prove that 01 is parallel 

tQrOP. 

& 1^ m Sx. 4, the tangent at P meets an asymptote at Z&gt;, and CUV is the 
perpendicular from (7 on the tangent at P, prove that 



EXAMPLES IIlA 

k ft, &lt;X, 4, B, 0, D are mx pomts on a conic If (OA, O B) =* P, (OB,0 0) 
=0, (00, D)=R, (pD, CTA)=8, prove that if P, Q, J?, #, 0, lie on a 
conic the rays OB, OD are harmonically conjugate with regard to OA, OC 

2 JE, j5; (?, D, ?7, f are six pouits on a conic , prove that (UA, VC), 
(UB, FDX &lt;Z7ft F4^ (Z7D, FJ5) he on a conic passing through [7 and F 

3 The tangents to a come 8 at points A and jB meet at T, and a variable 
tangent meets TA, TB at X, Y respectively If the parallelogram TXYZ 
is completed, show that the locus of Z is the hyperbola through A and B 
whose asymptotes are the tangents to s parallel to TA and TB 

4 The arms OA, OB of an angle of fixed magnitude a and of fixed vertex 0, 
meet a fixed straight line at A and B, and through A and B respectively lines 
AP, BP are drawn parallel to fixed directions Show that the locus of P is a 
hyperbola and find its asymptotes 

5 Two oppositely equal pencils have two different vertices Show that 
fhA-ir product is a rectangular hyperbola (i e one whoso asymptotes are at 

i angles) [Find when corresponding rays of the two pencils arc parallel ] 

b Through two fixed points A, B pairs of parallel lines AP, BQ are drawn 
to meet two fixed intersecting lines c, d at P, Q respective ly I f cd is not in 
line with A and B 9 show that PQ touches a fixed conic to which r and d arc 
tangents , and find the points of contact of c and d How is this result 
modified if A, B and cd are colhnear ? 

7 A tangent to a conic at P meets a fixed tangent at Q and Qll is drawn 
through Q parallel to OP where is a fixed point on the conic Show that 
QE touches a parabola 

8 The sides of a polygon pass through fixed points and all the v( rtu c s but 
one he on fixed lines What is the locus of the last re nmimng ve rte x 

9 The vertices of a polygon he on fixe el lines and all th&lt; Hides but one 
pass through fixed points What is the cnveleme of the last remaining 
side ? 

10 AX, BY are drawn perpendicular to a given line \B I wo points 
P and Q trace out ranges in perspective on A X and B Y rcwpe ctive 1 y Prove 
that the locus of intersections of AQ and BP is a hyperbola and finel the 
directions of its asymptotes 
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11 Show that any two comes *& &% in a plane cam be foftmgh& IJQ|O a f 
perspective relation by taking one of theur cosaip&om chorcfe as ax^ 
spective [Iiet XT be the common chord, A L 4 a a common tangent 
$ x at ^Ij, 3 at -4 2 &gt; ^ a point on ZJ" let ^Z meet s^ at J^, ^^ meet $ 4 
at jB^ Take 0(Bi&& A-^4^ , ttot the peajspective relataoo. defined "by 
pole O y axis JT and pair, of corresponding points A 19 -4 2 transforms $ t into 
a conic through the $iree&gt; pomts, ? T JJ and touching O4 A at 4^ ^3* 
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12. Prom any point on one of their common chords tangente are drawn 
to two comes, touching the conic s at P, Q Show that PQ passes fiferoti^b &lt;J^ 
of two fixed pornts 

13 Show that any two comes ^ 2 ni a pkn can "be brought mto a plane 
perspective relation by taking the meet of two of l&eir common tangents as 
pole of perspective 

14 Through the meet of two common tangents to two comes a faj& is 
drawn meeting one conic at P and the other at Q Show that the tangeiafe a& 
P, Q meet on one of two fixed lines 

15 A y B are two fixed points on any circle Show that a point O and a 
straight line c exist in the plane of the circle, such that&gt; if R be any pom& of 
the circle, and AR, BR meet c at P, Q, the angle POQ as equal to a grpeai 
angle 

[0 is the pole of perspective and c the vanishing line when the circle on 
AB, containing the given angle, is brought mto plane perspective with the 
given circle, with AB as axis of perspective ] 

16 Prove that the envelope of the harmonic polars (see Exs. UA, 23), with 
regard to a triangle ABC, of the points of a line u, not passing through A, 
B, or (7, is a conic which touches BC, CA 9 AB at points P, Q 9 R such that 
AP, BQ, OR concur at the point U whose harmonic polar with respect to the 
triangle is u 

17 Prove that if ABC, A B G be two triangles inscribed in a come, their 
six sides touch another conic 

[For B (ACA O )-KB (ACA C ) , cut these pencils by A G in (DEA C ) 
and by AC in (ACFG) respectively , then (DEA C )-(ACFG) and by Art 42, 
AD=AB, CE=BC, A F=A B , C G=B C touch a conic which touches the 
bases AC, A C of the ranges ] 

18 Prove that if abc, a b cf be two triangles circumscribed to a conic, 
their six vertices he on a conic 

19 Deduce from Exs 17, 18 Poncelet s Theorem that if there exist one 
triangle inscribed in one conic and circumscribed to another, there exist an 
infinity of such triangles 

EXAMPLES Ills 

[The axes of co ordmates are rectangular except where otherwise stated ] 
1 There are two projective pencils of rays whose centres are at the points 
(1, 2) and (4, 6) The rays 

#-2 = 2z-2/ = 0, E-s/+l = 
of the first pencil correspond to the rays 

x-y 4-2 = 0, 2z-32/+10 = 0, x-4 = 

respectively of the second pencil 

Construct the ray of the second pencil corresponding to the ray 



-0 of the first pencil Cca&sferuct also the tangents at the points 
(i, 2)aai!d(4,6}tothe come which & the parodn^fc of the p^acife. * 

2 Two p^ojective pencils of rays have their centres at (0, 0) and (I, 0) 
sespeKskvefy 1 The rays ^-^?=0, $f-#-0, %-2fc=0 of the first peneg 
correspond to the rays $-1=^0, %-4a?+4=0, 4y-&c-t-3==0 respectively 
Cfigastfttefc tfhe ray of the second pencil cocresponding to the ray 
&tfe& fic&fc jSeneal and sdtaent points to exhibit the shape of the 



Jti are two lines inclined at 60 AB=%" , AC=*4* Construct 
I*y ta&ge&ts ike parabola which touohes AB, AC at B and C 

4 Two protective pencils of parallel rays are given by the triads a=0, 
1 9 3, y=0, -2, 1, the axes being inchned at 60 Draw the locus of inter 
sections of corresponding rays of the pencils and construct its asymptotes 

5- B^aw an/ two circles in contact Verify that if tangents be drawn 
*9 th# cireies from any point on their common tangent, the join of the points 
of contact passes through a fixed point 

fL Qive$ cardes of radn 1 and 2 inches respectively, whose centres are 
2&@&&s a^art, construct a point 0, a straight line x and a pair of points A f A! 
giph t&a& HI the plane perspective relation defined by as pole of per 
speefeve, x as axis of colhneatton and A, A / as a pair of corresponding points, 
tfe& two gwa &lt;SD:cles are cocreffpondnig curves 

7 Tfae axes of co-ordinates being inchned at 45, two projective ranges 
on tfcese a?jes have the ponits (5, 0) and (0, 4) for vanishing points and the 
ports (S ? 0), (0, 3) for a pan: of corresponding ponits Construct by tangents 
the product of these ranges 

8 Draw the conic which passes through the points 

(0, 0), (4, 0), (2, 2), (3, 2), (0, -2) 

9 A hyperbola has one asymptote parallel to the axis of #, touches the 
line #+2/=4 at the point (2, 2), and passes through the points (2, 4) and (3 25, 
1 5) Draw the curve 

10 Two parabolas have the circle # 2 4-y a =2 for circle of curvature at the 
point (1,1) and cut this circle again at the point (1, - 1) Construct their 
tangents at (1, - 1) Find also the directions of the points at infinity on the 
two parabolas and construct the tangents perpendicular to these directions 
and their points of contact [The tangents to the circle parallel to the common 
chord of curvature give two possible vanishing lines ] 

11 An equilateral triangle ABC is inscribed in a circle of ladius 2 inches, 
and B is the middle point of AD Find the points in which BC nuote tho 
conic through D which has four point contact at A with the &lt; ire k \ BC 



CHAPTER IV 4 
POLE AND POLAR 

48 Polar of a point with regard to a come. Let O be a 

fixed point in the plane of a given conic, and OAB, OPQ (Fig 20) 
two chords meeting the conic at A, B and P, Q respectively 

If we consider the come as the product of projecttve pencils 
through A and J3, then AP, BP and AQ, BQ are corresponding 
pairs in the pencils 

If (AQ 9 BP) = U, and (AP, BQ) = V, then UV passes through 
the cross-centre K of the two pencils, which is also the intersection 
of the tangents at A and B (Art 39) 

But, by the harmonic property of the complete quadrangle 
ABPQ, VO, VU are harmonically conjugate with regard to VA, 
VB 

Therefore, if OAB, OPQ meet UV at 0, R respectively, C is 
harmonically conjugate to with respect to A, B , and R is 
harmonically conjugate to with respect to P, Q 

Now let the chord OPQ turn round 0, so that P, R, Q vary 
Since 0, A, B are fixed, K and C are fixed, hence KC (% e UV) is 
a fixed line I Thus R describes a fixed straight line, which is 
termed the polar of with respect to the conic 

Since there can be, on a given chord OPQ, only one point R 
harmonically conjugate to with respect to P, Q, the polar of 
is uniquely determined 

As OPQ is any chord through 0, any such chord is harmonically 
divided by and by its polar If P and Q coincide, R coincides 
with them , hence the polar of passes through the points of 
contact T, S of tangents from to the conic, when real tangents 
can be drawn, that is, when is outside the conic 

Note also that OAB is an arbitrary chord through 0, and the 
tangents at A and B meet at K on the polar of By symmetry 
the tangents at P and Q also meet at N on the polar of 

Further, since {OACB}= -1, K{OACB}= -1, or KO is har 
monically conjugate to KO with regard to the two tangents KA, 

KB to the conic from K 

69 



It will oe noticed that the definition of the polar as the loom 3 
of the point R, which is harmonically conjugate to with reZj 1 

toP.^eea^tobeoperaiaTefOTthepomtsofthepolaronliZ 
through which do not meet the conic in real pomts Such a iJ 
ttooagh must lie eateejy outside the conic, so that a points 
fc rt meets the polar of 0, 1m outside the conic, and real 




FIG 20 
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are outside the come There is here no distinction between points 
of type R and points of type K 

Since the chord of contact of tangents to the come from y 
point on I of type K passes through 0, it is evident that is uniquely 
determined by the intersection of such chords, wlt&a I is groeftu 
The point is termed the pole of I with respect to lie come, and 
any line I which is not a tangent to the come is the polar of & defefte 
point not lying on I 

An important case occurs when is on the come IB ting cage, 
if OPQ be drawn to cut the conic, one of P, Q coincides with ? 
so that R coincides with But if OPQ be drawn to touch tibe 
come, both P and Q coincide with 0, and R may be any pomt on 
OPQ Thus the locus of R is the tangent at Th*$ ^ $3$o 
otherwise seen if we remember that the pokr of is the chord of 
contact TS of the tangents from , if approaches tie come, 
the tangents OT, OS and the chord TS ultimately compete with 
the tangent at 

Conversely, if I is a tangent to the conic, touching the curve 
at 0, and K is any other point on Z, the chord of contact of tangents 
from K passes through 0, which is thus the pole of I 

Thus the polar of a pomt on the conic is the tangent at that 
point, and the pole of a tangent to the come is its point of 
contact 

The relation of pole and polar is therefore a unique one , any 
point has a unique polar I, and any line I has a unique pole 
If lies on Z, then is on the conic and I is the tangent at 

EXAMPLES 

1 Show that the cross centre of two projective pencils is the pole with 
regard to their product of the join of their vertices 

2 Show that the cross axis of two protective ranges is the polar with 
regard to their product of the meet of their bases 

3 Given a point and its polar with regard to a conic and a point on the 
curve find another point on the curve 

4 Given a point and its polar with regard to a conic and a tangent to the 
curve find another tangent to the curve 

49 Conjugate points and lines Let OC (Fig 20) be a line 
through meeting the conic in real points A, B, and the polar of 
at C Then 0, C are harmonically conjugate with respect to 
A, B But this also expresses the condition that is a point on 
the polar of C Hence it C is on the polar of 0, is on the polar 
of 



JLgara let OK be a line through which does not meet the 
but meets the polar of at K Then Fig 20 shows that, if 
JT.B are the tangents from K to the come, AB passes through 
Btet AB is the polar of K Hence again, if K is on the polar of 
0, O&es on the polar of K 

Two porafcs which have the property that either lies on the 
poiaar of tie other are said to be conjugate points with respeot to 
the conic 

Jt w obvious that two conjugate points are harmonically con 
jugate with regard to the two intersections of their join with the 
come, when the join in question meets the conic 

Let/ be the polar of a point F, g the polar of a point G We 
have seen that if / paases through G, g passes through F Two 
hnes /, 9) which are such that either passes through the pole of 
i$se ether, are said to be conjugate lines with respect to the conic 

ObvKwasiy, in the above, F, G satisfy the condition for conjugate 
points Hence the poles of conjugate lines are conjugate points 
gait conversely, the polars of conjugate points are conjugate 



In Fig 20, K being any point on the polar of outside the 
come, KO and the polar of are conjugate lines, and we have 
s&en that they are harmonically conjugate with regard to the 
tangents KA, KB from K 

TTpn^ two conjugate lines are harmonically conjugate with 
o the two tangents from their meet to the conic, when 
^oct in question is outside the conic 

50 Inscribed quadrangle and circumscribed quadrilateral 
Self-polar triangle If we refer again to Fig 20, it will be 
noticed that 0, U, V are the three diagonal points of the complete 
quadrangle ABPQ inscribed in the conic We have proved that 
VV is the polar of But clearly, we might equally well have 
started by drawing chords AUQ, BUP through ?/, or chords VPA, 
VQB through V We should then have proved thit ()V is the 
polar of Z7, or that OU is the polar of V 

The triangle OUV is therefore such that any two of its virtues, 
or any two of its sides, are conjugate with respect to the conic, 
and each side is the polar of the opposite v&lt; rtf x Sw li &lt;i triangle 
is said to be self-polar with respect to the conic 

Consider now the tangents a, 6, p, q at A, B, l\ Q The so form 
a complete quadrilateral, of which the six vc rtic c s &lt;iro /, /, K, L, 
M, N (Fig 20) Clearly, by what has bun provl in Art 48, 
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the diagonal KN coincides with the side UV of the diagonal teaagle 
of the complete qu&lt;i&lt;1mng]o ABPQ 

But, here again, this particular diagonal has no special relation 
to the figure, and the corresponding result must fcoM good of the 
other two diagonals Vccordinglj LM lies along OU and U 
along 0V 

Thus the eomplete quadrilateral formed by four tangents 
to a come and the eomplete quadrangle formed by their four 
points of contact have the same diagonal triangle, which Is 
self-polar for the come 

EXAMPLES 

1 Given a triangle self polar for a conic and a point on the conic, skow 
how to determine three other points on the conic 

2 Given a triangle self polar for a conic and a tangent to the come, show- 
how to determine three other tangents 

3 Given two points A, B on a conic and the pole G of AB* constaract $10 
tangent to the conic at any given point P 

4 Given two tangents a, & to a conic and the polar c qf ab, construct Ifee 
point of contact of any given tangent p 

5 Prove that, of the three sides of a triangle self polar with regard to a 
conic, two meet the curve in real points and one does not 

51 Graphical constructions for pole and polar The results 
of the last Article enable us to obtain graphical constructions for 
pole and polar 

To find the polar of 0, draw any two chords through meeting 
the conic at real points A, B, P, Q (Fig 20) Construct the other 
diagonal points U, V of the complete quadrangle ABPQ UV is 
the required polar 

To find the pole of a straight line OR (Fig 20), take on OR 
any two points K, N lying outside the conic Draw from K and 
N pairs of tangents to the conic a, b and p, q respectively Construct 
the other diagonals LM, U of the complete quadrilateral dbpq 
The intersection of LM , U is the required pole 

52 Conjugate ranges and pencils Let U (Fig 21) be any 
point on a given line c, whose pole is C Then by Art 49 the 
polar u of U passes thiough C Hence the polars of the range 
[U] form a pencil [u] Conversely the poles of a pencil [u] form a 
range [U] 

Let now u meet any other fixed straight line d at a point V 
Then [u] determines on d i range [V] Also since the polar of U 
passes through V, (U, V) &lt;ire conjugate points with regard to the 



The ranges [V] [F] are termed conjugate raises wrih 



The above construction clearly fariu rf the line d passes 
(7, in which case c, el are conjugate lines, and the pole D of 
on e It is therefore impossible to have conjugate range 
s, for one |x&gt;i&t J& e&eh toe is then conjugate to 



^^t *H. t/ilti tn/il-eJT LUO 

Stniiariy, if the poiftt I/ be joined to any other fixed pom& M 
Ime w,w passes through the pole of u, so that w, u are conjugate 




lines with regard to the conic The pencils \w], \u] arc said to be 
conjugate pencils with respect to the conic 

As in the case of ranges, if the vertices 6 f , E of tho pencils \u], 
[w] are conjugate points, no conjugate pencils can be obtained 
with 0, E as vertices For the polar c of C then passes through E 
This polar is conjugate to every line u, and conversely the polar of 
E, which passes through C, is conjugate to every line w 

We will now prove (1) that a range is equi-anharmonic with its 
polar pencil, (2) that conjugate ranges are projective , (3) that 
conjugate pencils are projective 

In Fig 21, let A be any fixed point on the conic Tom AC, 
meeting the conic again at 5 Join UA, meeting the conic again 
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at P, and CP, meeting the conic again at Q Then, by Art 50, 
since ABPQ is a &lt; , &lt; . inscribed in tie conic, the meet, pi 
AP, BQ lies on the polar c of C Therefore SQ passes through 
the meet U of c and AP Also the meet T of AQ, BP lies on 
c and CT is the side of the diagonal triangle opposite to U and is 
thus the polar u of U 

But, by Art 39, A, B being fixed points, JR, Q, 17, 
points, 



that is A[T]~B[U}, 

whence [^M^], 

and therefore [27] is equi-anharmomc with the pencil 0|TJ,** 
since this pencil is incident with the range [T] This prpves 
first proposition 

Again, the range [V] is incident with [u] Therefore [V] is ecfn- 
anharmomc with [u], and therefore with [U] 

Hence [V]^[U] 

This proves the second proposition 

Finally, [w]*=S[U] is equi-anharmomc with [U] and therefore 
with [u] Hence 

M-AM 

This proves the third proposition 

Conjugate ranges or pencils may be cobasal, eg in Fig 21 
[U] and [T] are clearly conjugate ranges on c and C[U], [u] are 
conjugate pencils with vertex C If c meet the conic at X, Y, 
then, if U coincide with X , its polar u coincides with the tangent 
x at X and meets c at a point T coincident with X Hence X is 
a self-corresponding point of the conjugate ranges on c Similarly 
Y is a self-corresponding point of these ranges 

Again, if x, y are the tangents from C to the come, when u 
coincides with x, U coincides with the point of contact X of x, 
and CU also coincides with x Similarly for y Hence x, y are 
self-corresponding rays of the conjugate pencils through C 

Thus conjugate ranges on a given straight line have for 
self-corresponding points the intersections of the line with the 
conic, and conjugate pencils through a given point have 
for self-corresponding rays the tangents from the point to 
the conic 



1 If through two points A and B {which are not themselves 
points) conjugate peaacris fee drawn with regard to a conic, the product of 
these conjugate pencils is m general a conic passing through the points $f 
contact of the tangents from A&gt; B to the original come 

2* If on two lines a, 5 (which are not themselves conjugate Imes), conjugate 
ranges be taken with regard to a conic, the product of these conjugate ranges 
is m general a come touching the ta&gents to the original come at the points 
where the latter is met by a, b 

S t T&e locus of the intersections of the polars with regard to two fixed 
conies of a point P lying in a given straight line is a come 

4 If AB is a chord of a conic through a point C, T and U conjugate points 
osa the polar of (7, prove that (AT, BU) and (AU, BT) are points on the 
conic. 

& A 9 B are two fixed points on a conic, P a variable point. Prove that 
$P 9 BP n&eet any line conjugate to AB in conjugate points 

53, Pole and polar properties are projeetive Since poles and 
polars mvohe only properties of incidence, and the harmonic 
relation, both of which are unaltered by projection, and since 
a conic projects into another conic, all the properties and construc 
tions discussed in Arts 48-52 are projeetive 

Thus pole and polar project into pole and polar, conjugate points 
and lines into conjugate points and lines, self-polar triangles into 
self-polar triangles, conjugate pencils and ranges into conjugate 
pencils and ranges, etc 

Eesults, however, which involve the line at infinity, or measure 
ments of angles or lengths (other than cross-ratios) do not generally 
persist in projection 

54 Pole and polar with respect to a circle Since the circle 
is a particular case of a come, all the preceding theorems on pole 
and polar hold also for the circle 

Let C (Fig 22) be the centre of a circle, P any point of the pl&lt;in&lt; 
From the symmetry of the circle, the points on the polaz of P, 
which he on chords through P equally inclined to CP, ire them 
selves symmetrical with regard to PC Hence the pol ir p of P 
must be perpendicular to PC 

Let it meet GP at P , and hi A, B bo the (xtrcmitus of tho 
diameter PC Then, since P, P &lt;uc harmonic illy &lt;onjugit&lt; 
with regard to A, 5, and C is tho middle point of AH, w&lt; h iv&lt; , 
by Art 28 



Also, since chords through C are bibcctcd a ( the harmonic 
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conjugates of G with regard to the extremities of such ck&cb be 
at infinity, so that the polar of C is the line at infinity c 

Denote CP by r Then its pole R=cp and is the point- .B 00 
at infinity on p All chords through .R 00 are parallel to $ a&4 
therefore perpendicular to r and are bisected by r But they are 
clearly conjugate to r, since they pass through, its pole 

In particular the diameter conjugate to r is perpendicular toV 
Hence the circle has the property that every diameter is 
perpendicular to its conjugate diameter 

If any other point Q is taken on p, its polar q passes through P 
and is perpendicular to CQ Hence the rays of the m 
formed by joining the points of a range to the centre of 




FIG 22 

circle are perpendicular to the corresponding rays of the pencil 
of polars 

EXAMPLES 

1 If P, Q be any two points conjugate with respect to a circle, prove that 
the circle on PQ as diameter is orthogonal to a given circle 

2 Show that the product of two pencils conjugate with regard to a circle, 
the vertex of one of winch is the centre, is a circle 

3 Prove that if two circle s arc orthogonal, every diameter of either which 
meets the other in rt al points IB h wmomcally divided by that other 

4 If P and Q be points on the ladital axis of two cncles and P Q be 
conjugate points ior OIK dick they arc ilso conjugate for the other 

|The ladual IMS ol two tilths (see Art 112) is the locus of points the 
tangents fiom whuh to tlu two tilths IK tquil Jt is the common chord 
if the circles cut in rt il points ] 

5 If on a fixed line // poiutb L\P are taken which arc conjugate with regard 



a $&, w& U *h loot of the p^rpmdKnO^ from the 
J7P 



6 Im Jfe. % if fc 40 B&t JPM$ t}j& Qirole *a real poiats, show tfc^t $ 
cosfcaiit= -square of taaig^at from ?7 to th& circle 

55v Pole and polar with respect to a line-pair and a point- 
pair If the come be a Ii&e-pair whose components are a, 6, 
meeting at &lt;7, the polar of any pomt P is the raj y thro-ogh 
fermonacalry conjugate to OP tntl regard to a, 6 for every line 
through P meets OP, j&gt; and a, & m pairs of harmonic _ , - 

Conversely consider the pole of any line Let P, Q be two 
pomfe on that line The polar of P is a line p through and the 
polar of Q is a line q through Hence the pole of PQ is Thus 
every line not through has C for its pole and every point not C ? 
has its polar passing through I 

If the cosine be a point-pair whose components are A, B, of 
which c is the Join, the pole of a line p is the fixed point through 
which pass the harmonic conjugates to p with regard to the two 
tangents from points of p to the conic If Q be any point of p, 
QA, QB are the two tangents from Q to the point-pair If the 
harmonic conjugate to p with regard to QA, QB be drawn, it meets 
c at a fixed point P, which is the harmonic conjugate of pc with 
regard to A and B Hence the poles of every line other than c 
he one 

Also the polar of any point not on c is clearly c For AB is the 
chord of contact of tangents from every such pomt 

56 Reciprocal polars It appears from the previous theory 
that a come s establishes a reciprocal correspondence between the 
elements of its plane, thus to a pomt P corresponds its polar p, 
to a line q corresponds its pole Q To any figure in the plane, made 
up of points and lines, will correspond another figure, nude up 
of lines and points, which are the polars and poles respectively 
of the points and lines of the first figure with regard to the come 6, 
which is called the base-conic 

It will also be seen that properties of incidence are preserved in 
this reciprocal correspondence, for if P lies on &lt;/, p passes through 
Q , and to the meet of two lines pq corresponds the join of their 
poles PQ Also from Art 52 it follows that cross-ratio properties 
are unaltered Accordingly two projectivc ringes will nciprocato 
into two projective pencils, self-corresponding points will reciprocate 
into self-corresponding rays, in particular perspective ranges will 
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reciprocate into perspective pencils, four harmonic poants Will 
reciprocate into four harmonic rays , and conversely 

Two figures fa, fa in plane perspective reciprocate into two 
figures fa , fa in plane perspective For since collmear pouxts 
reciprocate into concurrent straight lines, and conversely, tfeem- 
fore, if P 3 P 2 passes through, a fixed point U, tiie reciprocal hues 
Ply p% intersect on the fixed line u r which is the reciprocal of U 
Similarly, if q l9 q 2 meet on a fixed line x, they reciprocate into points 
Qi, Qz such that Qi Qt passes through the fixed point X 
the figures fa , fa are in plane perspective, the pole aaad 
of perspective being the reciprocals of the axis and pole of per 
spective, respectively, in the original figures fa, fa 

To a curve given as a locus of points will correspond a curve 
given as an envelope of tangents the degree of one curve that is, 
the number of points in which it is met by a straight line becomes 
the elass of the corresponding curve, that is, the number of tangents 
which can be drawn to it from any point The join of two coinci 
dent points at P on the first curve, i e the tangent at P, reciprocates 
into the meet of two coincident tangents p of the second curve, 
that is, the point of contact of p 

Consider a conic obtained as the product of two protective pencils 
The two pro] ective pencils reciprocate into two projective ranges 
and intersections of corresponding rays into joins of corresponding 
points The product of two pro] ective pencils therefore reciprocates 
into the product of two pro] ective ranges, that is, into a conic 
Thus the reciprocal of a come is a conic 

Let P! be the pole of pi with regard to a conic s l , whose reciprocal 
with respect to a conic k is a come s 2 Prom any point Qi of pi, 
external to $1, two tangents t\, u are drawn to s\ , let PiQi be 
denoted by q Then by Art 49 {pi^ij r iW 1 }= -1 Now if 
P 2 , T 2 , $2&gt; U% are *h e poles of pi, t l9 q i} HI with respect to k, then, 
since pi 9 ti, qi, Ui are concurrent at Q 1} the points P 2 , T 2 , Q 2 , J7 2 
he on the polar q 2 of Q l with respect to k, and {P 2 2y?o U} = -1 
But T 2 , 7 2 are points of s 2 , since l9 Ui are tangents to s x Hence 
Q 2 lies on the polar of P 2 with respect to s 2 But since q l passes 
through P!, Q 2 lies on p 2 Thus p 2 and the polar of P 2 \\ ith respect 
to s 2 both coincide with the locus of Q 2 and so are identical Hence 
p 2 is the polar of P 2 with respect to s 2 , or pole and polar reciprocate 
into polar and pole It follows immediately the conjugate 
points reciprocate into conjugate lines, and con\ersely, also 
conjugate ranges reciprocate into conjugate pencils, and tomeisely 

7 



57, Principle of fluali^ ft Mlwm feom the traixsforma-ti 
by reciprocal pol* tibat to w$ty tibeori concerning a figore 
made up of pomfe &%d ta^ Ifoere corresponds anotheo: theorem 
eoafeoeEifflg; a corresponding igure made up of lines and point! 
respee&vely , so that geometrical theorems appear IB pairs Several 
ol tibis principle of duahty have already been met witik 
it wijl be an instructive exercise for the student to trace suck 
theorems as have already been given As examples of such 
theorems we may quote the following, corresponding theorems 



If in two corresponding figures 
joins of corresponding points pass 
through a fixed point, meets of 
corresponding lines fie on a fixed, hn# 

The harmonic property of fh& 
complete quadrilateral 

The joins of cross-meets of any 
frtf o pairs of corresponding rays of two 
projective pencils pass through a fixed 
point 

The harmonic conjugates of a 
fixed line with regard to the two 
lines which can be drawn from any 
point on it to touch a fixed conic pass 
through a fixed point 



* If te tfw# corresponding figures 
wets of corresponding hmes fa0 oa 
a fixed line* joins of c^respoudmg 
points pass through a fixed point 

hanrionic property of the 



ineets of cross joins of any 
two pairs of corresponding points 
of iwo projeetive ranges he on a fixed 



harwaamc conjugates of a 
fixed point with regard to the two 
points at which any line through it 
meets a fixed conic he on a fixed 
hne 



Reciprocal theorems are obtained at once one from the other 
by simply translating the language, the following being the 
terms interchanged 



straight line 

join 

tangent to a curve 

point of contact of a tangent 

he on 

range 

colhnear 

degree 

locus 



point 
meet 

point on a curve 

tangent at a point on the curve 

pass through 

pencil 
concurrent 

class 
envelope 



It should be noticed, however, that theorems true of special 
curves reciprocate into theorems true only of the curves which 
are the reciprocals of these special curves Also that properties 
of length and angular magnitude (which ai( termed metrical 
properties) do not generally reciprocate into like properties It 
will be found that the properties to which the principle of duality 
can be applied successfully are the protective properties 

58 Centre and diameters of a conic The pole of the line 
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at infinity with regard to a conic is called the eentre of the come 
The centre of the come corresponds, m the pteae of the 
circle, not to the centre of the circle, but to the pole of the 
line 

Lines through the centre of a conic are called ite diameters. 
Since the centre and the point at infinity divide a dmmeter har 
monically, a diameter is bisected at the oea^ke 

Conjugate diameters are conjugate lines through the centre. 
Hence the pole of eithear is the point at infinity on tin other T&ei^- 
fore the tangents at the extremities of a diameter are par$Hel to ite 
conjugate 

By the pole and polar property chords parallel to a diameter 
are divided harmonically by the point at infinity on the ehozcts 
and by the conjugate diameter, that is, they are bisected by the 
conjugate diameter 

If be the centre of a conic, P any point, the polar p of P wA 
regard to the conic is ( orijujnM to the diameter CP and therefore 
is a chord bisected by it For if c be the Tine at infinity, clearly 
pc, that is, the point at infinity on p, is the pole of PC 

All diameters of an ellipse meet the curve in real points For 
the vanishing line being outside the circle, its pole is inside Every 
line through this pole therefore cuts the circle in real points, and 
the same holds good after projection 

On the other hand, of two conjugate diameters of a hyperbola, 
one and one only meets the curve in real points For consider 
the original circle The vanishing line c cuts the circle in. real 
points 7, J (Fig 23a) The tangents at 7, J meet at C, which 
is the pole of the vanishing line and is outside the circle Of the 
rays through 0, those which he inside the angle 1CJ meet the 
circle, the others do not Now by Art 49 any two conjugate 
lines through C are harmonically conjugate with regard to CI, 
CJ If they meet IJ at P, P , P and P are harmonically conjugate 
with regard to / and J Hence if P be inside IJ, P is outride and 
conversely, since P, P divide IJ internally and externally in the 
same ratio (Art 28) , if CP cuts the circle in real points, CP 
does not, and conversely Projecting IJ to infinity the property 
stated follows for diameters of a hyperbola 

Also note that in the hyperbola the property that CP, CP are 
harmonically conjugate with regard to the tangents from C becomes 

Two conjugate diameters of a hyperbola are harmonically 
conjugate with regard to the asymptotes 



the case of the parabola tlie vanishing line c touches tfc& 
nal encle at (3ftg 23Z&gt;), and every line OP is conjugate to # 
fke cento of the parabola is therefore at infinity, and its direction 
gives the point of contact of the line at infinity -with the curve 
All diameters of a parabola are parallel to this fixed direction, m& 
are to fee looked upon as conjugate to the line at infinity Tte 
fane at infinity has no definite direction, but it may be shown 
t to each diameter there is a definite conjugate dwec&wm For 
(Fig 23i) be the pole of OP, chords through L are conjugate 
to CP Project c to infinity the circle becomes a parabola, OF 





FIG 23 

a diameter, the chords through L a system of parallel chords 
bisected by that diameter, PL the tangent at its extremity, which 
tangent is parallel to the chords Hence a diameter of a parabola 
bisects chords parallel to the tangent at its extremity 

Because the ellipse and hyperbola have an accessible centre, 
they are termed central conies 

59 Supplemental chords of a central conic are parallel to 
conjugate diameters Let AB be a diamctu of i mi&lt;, P my 
point on the curve Then AP, BP ir&lt; tmwd supplemental 
chords of the come 

Let C be the centre , thus C is the middle point of AB Join 
PC meeting the conic again at Q Then C is the middle point ol 
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PQ Since AB, PQ bisect one another at C, ABPQ form a parallelo 
gram The opposite sides AP, BQ meet at the point at infinity, 
F on AP, and the opposite sides AQ, BP meet at the point at 
infinity, T on BP 

Cfyoof/oo 1S therefore the diagonal triangle of the quadrangle 
ABPQ inscribed in the conic, and so B self-polar for the conic 
(Art 50) Thus CT, CZ7 are conjugate lines through the 
centre, that is, conjugate diameters , and they are parallel to the 
supplemental chords BP, AP respectively 

Conversely it is easily shown that if through the exfee^nties 
A, B of any diameter, rays AP, BP are drawn paxaBel to 
a pair of conjugate diameters, their intersection P lies OB tft@ 
conic 

We can now show that the circle is the only conic which has 
more than one pair of perpendicular conjugate diameters 

For, if possible, let there be two such pairs (x l9 yi) and (x%, ^ 2 ) 
Let AB be any diameter of the conic which does not coincide with 
any of the four lines x l9 y l9 o? 2 , y 2 

By what has just been proved, if we draw, through A, APi 
parallel to %i and, through B, BP l parallel to y l9 PI is a point on 
the conic Similarly, if AP{ is parallel to y 1 and BPi to x l9 
PI is a point on the conic In like manner, by drawing 
parallels to X 2 , y z , we obtain two other points P 2 , -?Y on ^ e 
come, which therefore passes through the six points A, J5, P ls 



But since a^, yi are rectangular, the angles APiB, AP{E are 
right angles Hence the circle on AB as diameter passes through 
P l and PI, and similarly also passes through P 2 and P 2 The 
conic and circle have therefore six points in common and must 
coincide altogether 

The property, that conjugate lines through the centre are at 
right angles, is therefore characteristic of the circle 

60 Axes of a conic An axis of a conic is a diameter per 
pendicular to its conjugate 

Note that a conic is symmetrical with regard to each axis 

For if P be a point on the curve the chord through P perpendicular 
to an axis is bisected by that axis and therefore meets the curve 
again at the symmetrical point P 

Also the axes are harmonically conjugate with regard to the 
asymptotes, and therefore (being perpendicular) they bisect the 
angles between the asymptotes by Art 28 



A e^artral conic, other than a circle, cannot have more than 
p^rr oi axes, by the second proposition of the la^fc Article 

Tb find the position of the axes of any central &lt;x&gt;mc Let $ 
(Fig 24) be the centre Draw any diameter ACS Then, if 
this diameter is perpendicular to the tangents at A and JB, it is 
perpettdieular to its conjugate (Art 58) and these give the require! 
axes 

If ACB is not perpendicular to tie tangents at A and B, describe 
the circle on AB as diameter If we describe this circle in a pe@* 
(shown by the arrows in the figure) we must cross the 
at A (ivom the outside to the inside in Fig 24) By the 
symmetry of both curves about their common centre, we must 

likewise cross from out 
side to inside at B 
Hence, at some point E 
between A and B, we 
must again pass from the 
inside of the conic to 
the outside , at this point 

3yjr ~?/\ ~svr^ *ke circ ^ e an( i conic again 

intersect 

AE, BE are then perpen 
dicular, by the property 

__ ^ ^ of the angle in a semi- 

^ \ circle , and, since they 

FlG 24 are supplemental chords 

of the conic, the diameters 

parallel to them are perpendicular conjugate diameters of the 
conic, and therefore are the required axes 

It is easily verified that the conic and circle mtersc ct at a fourth 
point F, which is diametrically opposite to E, so th it IhRF is a 
rectangle inscribed in the conic 

Thus for any central conic theic exists one pm oi IMS, which 
are always real 

Both axes of an ellipse m t the c urvc in K il points (h&lt; Iong&lt; r 
and shorter axes are called the major ind minor IM s of tin &lt; Ihps&lt; 
respectively 

By Art 58, one axib of ahypuboh m ts tin &lt;iuv&lt; in rial points 
This is called the transverse axis The axis whit h docs not m( &lt; t 
the curve in real points is called the conjugate axis 
In the parabola an axis is a diameter \\lucli bisects chords 




FOLK 



perpendicular to itself Since all diametes are parallel, we . 
to take that one which bisects chords perpendicular to all diameters 
Hence a parabola has only one axas, 

The points where an axis meets a conic are called vertiees ol 
the curve A parabola has only one accessible vertex 

61 Graphical construction of an ellipse when two conjugate 
diameters are given in posiftoa and length. Lei AOB, COD 
be the two conjugate diameters (B^g 25) Complete ibe pauaft&lo- 
gram EFGH 9 of which they are median fanes Dteaw any Itae 
QRQ parallel to the diagonal EG of this parallelogram aad meetfeg 
EF, CD, GH at Q, R, $ respectively Join AR, &Q meetujg at 
P Then P is a point on the ellipse Since QR 
line, the ranges [6], [R] are similar and theref otre projecfave. 

K E Q C 




H 



D 



FIG 25 



A[R]~/zB[Q] The locus of P is therefore a conic This conic 
passes through A and 5, these being vertices of the two pencils 
Also if QR is along EG, Q is at E 9 R is at 0, hence AB corresponds 
to BE if QR be at infinity, Q is at infinity on FE, i e on .R4, 
-R is at infinity on DC, ^ e on ^.F , hence 5^4 corresponds to 
AF The conic locus of P touches EH at 5, FG at -4 And 
it passes through (7, as is obvious by taking QR through C, when 
Q, R, P coincide at C It has therefore five points common with 
the required ellipse, viz two coincident points at A, two at B 
and one at C Hence it is the required ellipse 

By taking lines QR between CA and BD the half of the ellipse 
inside CEHD can be drawn in this way To avoid taking distant 
parallels QR and to keep the construction compact, the other half 



0{ Ae dlipse imy be drawn by joinmg BR, AQ* meeting at 
y o&Ei be shown to be a point on the ellipse by reasoning sim 
to that used above, and the same set of parallels can be employed 
to complete the ellipse 



EXAMPLES 

I Without using the polar property, prove directly that if p be any fixed 
Sae m *he plane of a conic, P any point on 2? outside the oomo, t, V the two 
taugeais from P to the conic, the Jbne $ harmonically conjugate to p with 

t passes through a fixed point 

tot if * be the product of conjugate pencils with regard to a 
conic &gt; vthich &ave Jl, J? for vertices, then AB has the same pole with 

10 5 and 2 

bhou that, if * be the product of conjugate ranges with regard to a 
on two straight lines a, &, then the point U where a, 6 meet has the 
same peter with regard to s and t 

4 Two TOges of conjugate points with regard to a conic he on straight 
toes ^ s Show that the cross axis of the ranges passes through the poles 
&j8f 0C &e tines 

5 ABC is any triangle A is the pole of BO with regard to a conic, B* 
is the pole of (Li, C* is the pole of AB Show that the triangles ABC, 
A B C are in plane perspective 

[Use Ex 4 noting that 2?, Q and JB , (7 are pairs of conjugate points ] 

6 Prove that the diagonals of a complete quadrilateral circumscribed 
about a come are divided harmonically by the diagonal points of the complete 
quadrangle formed by their four points of contact 

7 Prove that the locus of a point which is such that its polars with regard 
to two given comes are perpendicular, is a conic 

8 If A, B, C, D, P are five points on a conic and P{ 4BCU}^ - 1, show 
that BD and AC are conjugate lines for the conic 

9 By reciprocation of Ex 8 or otherwise provt that, if a, b c, d, t aro 
five tangents to a come and t{abcd}= 1, then Id and a&lt;. aro conjugate points 
for the come 

10 The tangents to a come at A and B meet it C and those at 1) and IS 
meet at F , AB, DE meet outside the conic at () Show that ( 1 F moots the 
conic at two real points X, 7, and that the diameter through O bisects XY 

II From points on a given straight line perpondic ulars an &lt;lia\\ n to the ir 
polars with respect to a conic Show that them JK ip&lt; ndu ulatH (iivdopt 
a parabola which touches the given lino 

12 Prove the following construction ioi a pai ibola tfivui i point A, 
the tangent a at A, a parallel % to the axis and nnotlu i point n on tlu &lt; uru 
Construct a paiallelogiam ACBD with \B as diagonal and lil&gt; IK 1 paiallt I 
to a, x respectively Draw LM paiillcl to tlu diagonal ( /) to UK ( t tt( 1 
at L, BD at M The meet of AL and a parallel to t thmugh 7l/ is i point 
on the curve 

13 A, B are two fixed points in the plane of a conic s P is a point such 
that the two tangents from P to s arc harmonically &gt;nju#it&lt; with ngard 
to PA, PB Show that the locus of P is a conic 



POLE AND POLAE 8f 

14 State and prove the theorem obtained from Ex 13 by reciprocaiaoo. 

15 If T be any point, G the centre of a conic, N the point where the 
polar of T meets the diameter through T, A a point where this diameter 
meets the conic, prove that ON CT= OA* 

16 If a diameter of a parabola meet the curve at P said a conjugate dKd 
at F, show that if T be the pole of that chord, T lies on the diauateter and 
TP=PV 

17 Show that if a parallelogram be circumscribed to or inscribed in a 
conic its diagonals intersect at the centre of the conic 

18 Show that a conic is completely determined if two points and tfc&esr 
polars and a point on the curve be given. 

19 Show that a conic is completely determined if two points a&d 
polars and a tangent to the curve be given. 

20 A straight line is divided harmonically by a fixed conic $ and a 

of fixed straight lines OA, OB Prove that the envelop of the Ime is a QOBJC 
s , which touches OA, OB at the points where they meet 1&e polar of O witii 
respect to s 

21 In Ex 20provethatthemterseciaonsof5a^ds / lieon1woljBes-QH^iigii 
0, which are harmonic conjugates, with respect to OA and OB, of the tangents 
from to s 

22 Prove the following construction for a conic, given a diameter AB, 
a point P on the curve and the direction conjugate to AB Complete the 
parallelogram ADPE on AP as diagonal and whose sides AD, DP are along 
and conjugate to AB respectively Let a parallel to DE meet PD at Q, 
PE at R The rays AE t BQ meet on the conic 

23 Two fixed tangents OT, OT are drawn to a come, and the tangent at 
a variable point P meets them at Q, Q and the chord of contact TT at U 
Show that {PQUQ }=-1 What special forms does this theorem take 

(1) when the fixed tangents are the asymptotes of a hyperbola, (u) when the 
conic is a parabola and one of the fixed tangents is the line at infinity * 

24 A pair of conjugate diameters of a given conic meet a given straight 
line at A and B , on AB is described a tnangle APB similar to a given 
triangle Prove that the locus of P is a hyperbola and find its asymptotes 

25 A given conic s touches two lines CA CB at A, B respectively , and 
is a fixed point in the plane, not belonging to s C4 or CB A variable 
line through meets AB at X, and 7 is the point of OX conjugate to X 
with respect to s Prove that the locus of 7 is a conic t passing through 
9 C, A , B and the points of contact of the tangents to s from 

Show also that the polo of 00 with respect to t is&gt; the mter&ection of IB 
ind the polar of \vith respect to s 

26 Through a fixed point a straight line is diau n to meet a fixt d straight 
line / at P and intei sects the polar of P Auth respect to a fixed eonic t at Q 
bhow that as P describes the straight line Z, Q describes a conic pissing through 
three fixed points independent of the line Z chosen 

Show that (1) inversion is a particular case of this conduction and that 

(2) when lies on s the comes corresponding to two lines Z of the plane 
have simple contact with s at 0, but three point contact \iith each other 

[P, P are said to be inierse points with regard to if (0 P P being 
colhnear) OP OP = const ] 



EXAMPLES IVs 

axes of co-ordmates are rectangular throughout ] 
conjugate diameters of an ellipse are respectively 8* and, 6^ 
m length and the angle between them is 110 , draw the ellipse, and measure 
the fejigtfes of its principal axes 

2 TTsmg the ruler only oonstraot the polars of the points (1, 1) and (^ ^J 
with regard to the circle # 2 +2/ 2 s=9 In any manner construct the polars of 
the pornt {$, 0) and of the points at infinity on a?=0 and y=*% with regard to 
the same circle 

& A conic passes through the five points (0, 0) (1, 1), (2, 1) (2 5, 8) (1, -2) , 
using the ruler only, construct the polar of the point (15, 15) with regard 
to this conic 

4. Draw an isosceles right angled triangle AOO on a hypotenuse AC of 
length 4 niches, and mark the middle point B of AC With the aid of the 
roler only, construct the ray through which is conjugate to OC for every 
conic touching OA at A and OB at B 

Find also the pan: of perpendicular conjugate rays through 

5 Construct a line passing through the point (3, 0) and conjugate to 
3=0 with regard to the circle (a-3) 2 +(#+2) 2 =l 

6 Construct the envelope of the polar of a point P on the circle 



with regard to the circle # 2 -f3/ 2 =4 

7 Draw the conic through the five points (0, 3) (0, 5) (1, 0) (4, 0) (2, 2) 
and construct its axes 

8 If the pole of perspective be (1, -2), the axis of perspective #= -2, 
construct the axis of the parabola in plane perspective with the circle 
fc a +2/ 2 ~3a;=0, the vanishing line for the circle being #=0 

9 A, B are the points ( - 4, 0), (3, 0) respectively If A R be any ray 
through A, P the pole of AE with regard to the circle # 2 + ?/ 2 =4, and if BP 
meet A R at Q, construct the locus of Q 

10 A right circular cone of vertical angle 90 standn on a circular base 
k of radius 2 inches, and is cut by a plane passing through a tangent x to 
the circle k and making an angle of 30 with the plane of A 

Make a drawing showing, in rabatment (i) the four vt rtut s of the section, 
(u) the point P of the section which projects into an extremity of the diameter 
of k parallel to x, (m) the tangent at P, and (iv) tht extremities of the 
diameter of the section parallel to this tangent 
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62. Pascal s Theorem, II AFGA SC? (|^ 26) fe a 

inscribed IB, a come, -the uaeet^ of opposite stdes 



, ^ JJ), (JW, 
are collmear 
Let P- 

(AC ,BA )&gt; 




Project the four points A 1 , 5 , 6", B from ^, (7 Tve have by the 
property of the come 



Cutting the first pencil by A B, the second by BC , 



These two projective ranges have a self-corresponding point B 

* The hexagon considered here is not generally, and in graphical examples 
not conveniently a con i ex figure A similar remark applies to poh gons in 
general, except wheic the contrary is distinctly stated 

89 



they ar^ perspective and the joins of corresponding points are 
concurrent, 

A M, PQ, G L are concurrent, 
(A M, C L) hes on PQ, R lies on PQ 
6& Brianehon s Theorem If a& ca &c be a hexagon cncma- 
acribed to a conic, the joins of opposite vertices 

p-(ab , a b], g r = (&c / , Vc), r = (ca 9 c a) 



are 

This theorem is obtained immediately from Pascal s Theorem 
by reciprocation The student will find it instructive to construct 
a proof of Bnanchon s Theorem from the proof given above of 
Pascal s Theorem, reciprocating each step 

Pascal s and Bnanchon s Theorems are conveniently expressed 
by lie following numerical rule 

Pascal If 1, 2, 3, 4, 5, 6 be the sides of a hexagon inscribed 
m. a conic taken in order, then 14, 25, 36 are collmear 

The line on which they he is called the Pascal line of the inscribed 
hexagon 

Bnanchon If 1, 2, 3, 4, 5, 6 be the vertices of a hexagon 
circumscribed to a conic taken in order, then 14, 25, 36 are con 
current 

The point through which they pass is called the Bnanchon point 
of the circumscribed hexagon 

EXAMPLES 

1 Show that, by altering the order of six points on a come sixty different 
hexagons may be formed, with sixty corresponding Pascal lines 

Show that these sixty hexagons have their Pascal lines concurrent in fours 
namely when they have a pair of opposite sides common 

2 Show that, in the notation of the present article for Paac al s Theorem, 
the hnes (13, 46), (35, 62), (51, 24) arc concurrent 

3 Show that (13, 46) (35, 62) (51, 24) arc possible Piwai lines for the 
six points 

4 State and prove the ic wilts &gt;in spuming to thos&lt; of I&lt; \s I 2 J loi 
Bnanchon s Theorem 

64 Construction of conic through five points By in&lt; ms of 

Pascal s Theorem we can construct the conic through livo points 

Take the points in any convenient order, I&lt; tt&lt; r them in this order 
AB CA B Number the sides AB ^1, B C=-2 ( 1 r= *, T^ = 4 
Then P = 14 in Pascal s Theorem is kno\vn I)i iw my Pascal line 
PQR meeting 2 at Q and 3 it It Join Q to the In &lt; i nd of 4, w 
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B, and R to the free end of 1, viz A The intersection of AR, BQ 
is a point C on the conic 

By taking various Pascal lines through P we can construct any 
number of points on the conic 

65. Construction ol eonre touching five lines Similarly let 
five tangents to a conic be given Letto them m order ab ea b 
Number the vertices oi *=l, fr e*=2, ea *#$ 9 & & Then p=*l4 
is a fixed line On p take any Bnanchoa point B Let q be the 
join of B to 2, r the join of B to 3 y meets 6 the open side through 
4 at the vertex 5, r meets a tlte open side through 1 at the vertex 6 
56 is the tangent d to the come 

By taking different Bnanchon points on p, we can construct the 
conic by tangents as an envelope 

66 Coincident elements Important particular cases of 
Pascal s and Brianchon s Theorems occur when two elements coin 
cide In this case it is important to bear in mind that if the 
coincident elements are points, these points have to be taken as 
consecutive vertices of the Pascal hexagon and the side of the 
hexagon joining them zs to be interpreted as the corresponding 
tangent If the coincident elements are tangents, these are con 
secutive sides of a Bnanchon hexagon, and the vertex of the hexagon 
common to them is interpreted as the corresponding point of 
contact 

In all cases we shall write repeated elements twice over when 
considering Pascal and Bnanchon hexagons, thus 

AABCDD 

will be considered a hexagon, and its sides taken in order are 
A A (tangent at A), 
AB, 
BC, 
CD, 

DD (tangent it ), 
DA 



1 Given five points A E C D,E on i come coiibiiuct the t indent to the 
conic at any one of the m 

2 Given five tangents a b c, d, e to a conic conbtiuct tht point oi contact 
of any one of them 



6& Asymptote properties of the liyperbola, Let (Fig 2ft 
be the centre of a hyperbola, A&lt;*&gt;, 5 the points at mfimty OB. tig 
two asymptotes, P, # two pomt$ on the curve Consider the 
Pascal hexagon 4*&gt;AP*B*Q , ite sides taken m order are a* 
foBoTO AA&gt;=1 -the asymptote C4 , JP -8-tiie parallel Pi 
to 04 , P =3 -fhe piaB e l PMHoOB, B^B*^ -asynaDtote 
5 -the parallel QLtoCB, QA - 6 -the parallel 0V 



M-0, 26 -Z, 36-^ and 0, Z, M are collinear, that 
, al n PQ as diagonal a t ar.i 1 1,^1,111, be described whose sides 






up of LKCN and of the complements LPN K , A y/.A S ,H ctiw ly 

are equal m area Hence rf through a point /&gt; on a hyperbola 

!2 7 1 ^ ^^^ the Parallelogram thus 
of constant area 



, , 

are clearly similar and aimilarly pl,,l l| inoe if PQ 
meet the asymptotes at *, fl, PR = NK ~QH (o ,, 1HJSltt Sldt , o f 
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parallelograms) Hence the distances intercepted on any straight 
line between the curve and the asymptotes are equal. 

Tins last property furnishes an easy m0fcked for (fo&wsBf a 
hyperbola when the asymptotes and one point P ^oa &e CIUTO a&& 
given* Draw a variable ray tkwtgh P meetaig the asymp^lm 
at R and On this ray take a point Q suefc that SQ^PIL Q 
describes tike hyperbola 

Care must be taken that in all cases PQ and RS sfcafi have tib 
same mid-point Thus ra I^g 87, when tfee lay jfe &lt;fa$wm as PjgOSf, 
Q must be taken at Qf outside S $f and *K$ at Q* msade. 

If the points P, Q coincide tike property last proved becomes 
the intercept of a tangent to a hyperbola between the 
asymptotes is bisected at the point of contact 

If TU (Fig 27) be drawn through P parallel to NN 9 TP=NN = 
PU Hence TU is the tangent at P 

Also the triangle 2 T CZ7=twice parallelogram PNCN 

= const by property proved above 

Hence a variable tangent to a hyperbola cuts off from the 
asymptotes a triangle of constant area 



1 Deduce the results of the above Article from the property that a pair 
of conjugate diameters of a hyperbola are harmonically conjugate with regard 
to the asymptotes, without using Pascal s Theorem 

2 Obtain the theorem that a variable tangent to a hyperbola cuts off from 
the asymptotes a triangle of constant area by applying Bnanchon s Theorem 
to the hexagon aapbbq, a, 6 being the asymptotes, p y q any two tangents 

68 Construction of a hyperbola, given three points and the 
direction of both asymptotes We first of all proceed to 
construct the centre 

If A , B, C be the three given points, construct the parallelograms 
on AB, BC as diagonals whose sides are parallel to the asymptotes 
The centre is then the intersection of the other two diagonals (Art 
67) The asymptotes are now known in position and the hyperbola 
may be constructed by the method of Art 67 

69 Given four points on a hyperbola and the direction of 
one asymptote, to construct the direction of the other 
asymptote Let A, B, C, D be the four points , let " be the 
direction of the given asymptote, J that of the required asymptote 
Then, considering the hexagon ABCDE^F, the points P = inter 
section of AB, DjB 00 , Q = intersection of BC and line at infinity, 
R= intersection of CD, F^A are colhnear Hence if the parallel 



through P to SO meet CD at R, AR gives the direction required 
We can now use the method of Art 68 to construct -the asymptotes 
and heiK5e to draw the hyperbola , or, considering the 
ABCDE*E*&gt; the points Pj-^B, ZU), Q 
section of BO and the asymptote through E*&gt;&gt; R l **(OD, 
$iw ooflinear Hence PI^ I? which is known, meets BO at Q l and 
the lute (foJB 00 is one asymptote The asymptote throi^h J 00 is 
srmilarly eonstmofced 

70* Parabola from lour tangents Since the line at infinity 
^ co as a tangent to the parabola, four tangents a, b, c, d define the 



toS 




Fid 28 

curve Let t be any required tangent Consider the Bnanchon 
hexagon i^abcdt (Fig 28) Let 1, 2, 3, 4, 5, 6 be the vertices ^a, 
ai, Jc, cd, dt, t^ co in order p or 14 is then the parallel through cd to 
a On this take any Bnanchon point B Join 25 meeting d at 5 
the parallel through 5 to 3B is the tangent required 

By this method we can draw a tangent to i p ir ibol i par illc 1 to 
any required direction For draw through 3 i pirilkl r to tins 
direction to meet p at B , B is the corn spending Bn uu lion point 

Also we can construct at once the diru turn of the axis For 
we have to find the point of contact of the line it infinity To 
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(Jo this consider the Brianchon hexagon abcdi^tf We have (ah, 
d^ &lt;:c ) (be, ^ co ^ co ) (cd, ^a) axe concurrent Hence if the parallel 
through cdioa and through ab to d meet at E and be is j?, J?J? goes 
through the point of contact of , that is, it is parallel to the axis 
The tangent perpendicular to the axis is then constructed 
The point of contact of a tangent t is readily found when we 
know two other tangents and the direction of the axis 3?&lt;Sr 
consider the hexagon flew 00 *** , (U, i^) (ta, fo) (at 00 , U) are con 
current Hence through the meets of the tangent t with each 



tof* 




toP 



of the given tangents draw a parallel to the other tangent The 
line drawn parallel to the axis through the intersection of these 
parallels meets the tangent t at its point of contact 

Construct tlicufore the point of contact of the tingont per- 
pendicuLu to tlu IMS This is the vertex of the paribola. The 
line through the \ &lt; ite\ in the direction oi the IMS is the ixis 

71 Parabola from three points and direction of axis Let 
thice points J, B, ( 1 \K given and the point 7^ on the IMS, i e the 
direction ol the axis A\( fnvfc constiuct i point D on the line 
thiough A pcrpcndicuhi to the ixis (Fig 29) ( onsidding the 



Pascal hexagon ABI*&gt;I*CD we ha\ e ( AB, I0), (&?*&gt;, CD), 

are ooBmear Bat J 00 / 00 ^ the tangent at Z to the parabok 
is therefore the hue at mfarty Tiro if P B the meet of A B 
and be parallel to tike axis through. 0, Q the meet of CD and the 
parallel to the axis through 5, jK the point at infinity on DA, 
then P, ^, jR am collmeaj or P^ is parallel to DA Now P Is 
faed, ^ 5, bemg given , P being perpendicular to the axis, 
Q is found and CQ meefes the perpendicular to the axis through A 
at the point D required The fane bisecting AD at right angles is 
therefore the axis of the parabola 




FIQ 30 
Let V be the vertex Consider the Pascal hexagon 



Then (AB, 7/), (B/ 00 , 7(7), (/&gt;/&lt;, 

are collmear Let .45 meet the axis at E, CA meet the line at 
infinity at (r 00 , VC meet the parallel to the &lt;ixis through B at F 
Then F lies on the parallel to CA through E iml K IKS on F6 f 
Thus 7 is known 

72 Parabola from a tangent and its point of contact, another 
point and the direction of the axis Let a, A re pn sent the t mgc nt 
and its point of contact (Fig 30), B the other point, 7 the point 
at infinity on the axis, M any other point on the curve 
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Two conductions may be used, according as we prefer to describe 
the curve by rays through A or by rays through B 

In the first construction dr$w lines QR paraltel to the tangent at 
A to meet the parallel to tie ass through jB and AB at Q, R 
respectively Then AQ naeets the parallel to the axis through R at 
a point M on the curve The result follows by considering tlie 
hexagon AAMI^I^B , H B P*&gt; ? the point at infinity on the 
tangent at A PQR is then tfc$ PaseaJ h&e 

In the second construct^m dew & parallel to 4S to m&$fo AM 
at P , the tangent at A at ^ and the parallel to the axis tta&^fe 
-4 at JJ Join BR meetaig the parallel to the axis through ($ 
at a point M Then M is on the parabola For 
Pascal line of the hexagon 



Prove that, in Pig 30, MQ is propodaonal to (AQJ* 

73 Inscribed and eireumseribed triangles. Let ABO be a 

triangle inscribed in a conic 
Prom the Pascal hexagon AABBCC we find 

(AA, BC), (AB, CO), (BB, OA) 

are colhnear, or the sides of an inscribed triangle meet the tangents 
at the opposite vertices at collinear points 

If abc be a triangle circumscribed about a conic, it follows in like 
manner from the Brianchon hexagon aabbcc that the pins of the 
vertices to the points of contact of the opposite sides are concurrent 

EXAMPLE 

The sides BC, CA, AB of a triangle touch a conic at the points P Q R 
respectively Show that 

BP CQ AR=PC QA EB 

74 Garnet s Theorem If the sides BC, CA, AB of a triangle 
ABC meet a conic at P, P , Q, Q r , R, R respectively, then 

BPBP CQCQ ARAR f 
CPCF AQ~AQ BRBR ~ l 
Since every conic is obtained from a circle by projection (4it 33) 

BP CQ AR BP&gt; CQ 4R f 

and the triangle ratios ^p -r~ ^and^p-, -rx, ^n&gt; ire unaltered 

by projection (Art 31), it will be sufficient to pro\e the tbo\e 
theorem for a circle 



But since the product of segments of chords of a circle through 
a given point is constant, we have in this case 

AQ AQ =AR AS , BE BE! =BP BP , 
CPCP =CQCQ , 

whence the result required follows immediately 

EXAMPLES 

1 Prove the converse of Carnot s Theorem, namely that if on the sides 
BC, CA, AB respectively of a triangle ABC, points P, P f , Q, Q , R, R 
are taken, such that 

BPBP CQCQ AEAR 
CPCP AQAQ BE BE *" 9 
then the six points he on a conic 

2 ABC is a triangle A conic s meets BO at P lf P 2 , CA at Q it Q 2 , AB at 
J? 15 j a PI, PZ are harmonically conjugate to P v P 2 with respect to B and O , 
C x , Q a are harmonically conjugate to Q l9 Q 2 with respect to C and A , jR/, .#/ 
are harmonically conjugate to jB z , R% with respect to J. and B Prove that 
*Y&gt; *Y Gi Gi #i &gt; -K 2 he on a conic 

3 If from two pomts A, B pairs of tangents (AP, AP ), (BQ, BQ ) be drawn 
to a cu*cle centre 0, prove that 



sin ABQ srnABQ OA 2 

4 Usmg the result of Ex 3, prove that, if AP, AP , BQ, BQ , CR, OR 
he tangents to a conic from three pomts A, B, C, 

arnCBQsrnCBQ Bin AC am. AC R 



sin CAP sin CAP sin ABQ sin ABQ 
and, conversely, that if the ahove relation is satisfied, the six lines touch a 



conic 



5 ABC is a triangle From A, B, C pairs of tangents p l p z , q t q^ , 
LC s $1, ^g^are harmonically conjugate to p l9 p^^ ith 
h a similar notation foi X , q 2 f , r^, r% Piove that 
2 &gt; ^i ffa ? ^I j ** touch a come 

&lt;cw ton s Theorem on the product of segments of chords 

jmc If PF, QQ* (Fig 31) be two chords of a conic, inter- 
ing at 0, and RR, SS 1 be two other chords intersecting at F 
ana parallel to PP , QQ respectively, then 
OP OP VRVR 
OQOQ f=: VSVS 

Let SS and PP meet at U and let J be the meet of QQ and 
SS 

Applying Carnot s Theorem to the triangle OUJ W , we have 
OP OP US US JQJ&lt;vQ 
DP UP J&lt;x&gt;SJ&gt;S OQOQ =1 
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But, since Q, Q , 8, S , axe accessible points, 



OP OP UP UP 

___ 

OQOQ ~USUS 

Considering similarly the triangle formed by PP r , RR , SS , we 
find 

UP UP VRVR 

USUS ~VSVS 




Combining the last two results, we obtain the theorem originally 
stated Thus the ratio of products of segments of chords drawn 
from a point in given directions is independent of the position 

ofO 

If we take V at the centre C the parallel chordb are bisected at the 

centre 

Hence the ratio of products of segments of chords of a 
come through any point is equal to the ratio of the squares of 
the parallel semi-diameters 



jf Q = Q y P =P we have two tangents to a come uuui 
point are in the ratio of the parallel semi-diameters 

76 Oblique ordmate and abscissa referred to conjugate 
diameters If the chord PP (Fig 31) coincide with the diameter 
AA conjugate to the chord QQ the property of the last article takes 
the form 

NQNQ 



CB being the semi-diamefcer conjugate to CA , or since 



QN* CB* 

= const =: 



In Fig 31 the conic is an ellipse, and the diameter BCB meets 
the curve in real points Therefore CB 2 is positive and AN NA 
is positive, so that N lies between A and A 

But if the conic be a hyperbola we know that if ACA meet 
the curve in real points, its conjugate BCB does not meet the 
curve Hence there is no real semi-diameter CB 

Nevertheless the theorem of Art 75 holds good and 

* + + 

==a constant &gt; 



but N is outside AA and the constant is negative II we then 
---- *-" + o loncrf-li f 1 B, such that 



ANNA" 

" along the diameter conjugate to A A , C L may be 
bhe absolute length, or simply the length, of the 
conjugate to CA * But it should be carefully 
lat B l is not a point on the hyperbola, 

to the relation 

QN* 



ANNA CA* 



Dn , WlU als be used m tho c lsc of a * scgmc nt 
, to denote \PQ\ 9 or the numerical length without regard to sign 



1OX Wtt5 CUULJ./Q^j r v/ ojLWf ^ 

(ffi 2 (AC +CN)(NO + CA ) 
CB 2 ~ CA 2 

-(CN-CA)(CA+CN) 
CA 2 

CA 2 -CN 2 
CAT 

CN 2 QN 2 



For the hyperbola 

QN 2 __CA 2 -CN* 
~CB^ 2 CA 2 

CN 2 QN 2 
01 " CA 2 CB^ 1 

In the case of the parabola A is at infinity 

Take two chords QiQi, Q%, Qz conjugate to the same diameter, 



AN 2 N 2 A" 
now since A is at infinity N t A N 2 A = 1 

Hence l * = 2 2 , 

ANi AN 2 

or = constant 



This constant is known as the parameter of the chords conjugate 
to the given diameter 

The above relations lead to the well-known analytical equations 
of the ellipse, hyperbola and parabola referred to conjugate 
directions 

77 Intersections of a come and a circle Let a circle meet 
a conic at four points P, Q, R, S, and let PQ meet RS afc 



J0Q PROJECTIVL 

If Q =Q,P =P we have two tangents to a come from any 
point are in the ratio of the parallel semi-diameters 

76 Oblique ordmate and abscissa referred to conjugate 
diameters If the chord PF (Fig 31) coincide with the diameter 
AA conjugate to the chord QQ r the property of the last article takes 
the form 

NQNQ A OB 2 

NAM-^-OA* 

CB being the semi-diameter conjugate to CA , or since 



QN* CB* 

= const =- 



In Fig 31 the conic is an ellipse, and the diameter BCB meets 
the curve in real points Therefore CB 2 is positive and AN NA 
is positive, so that N lies between A and A 1 

But if the conic be a hyperbola we know that if ACA meet 
the curve in real points, its conjugate BCB does not meet the 
curve Hence there is no real semi-diameter CB 

Nevertheless the theorem of Art 75 holds good and 

QN* 

ANNA =ac onstantj 

the constant is negative It we then 
~~oh that 

CBJ QN* 



CA* ANNA" 



iu lay it off along the diameter conjugate to AA , CB l may be 
)oken of as the absolute length, or simply the length, oi the 
bemi-diameter conjugate to CA * But it should be carefully 
remembered that B l is not a point on the hyperbola 
Eetuimng to the relation 

QN* CB* 



ANNA ~CA* 



* The term absolute length will also be used, in the case of a real segment 
PQ to denote \PQ\, or the numerical length without regard to sign 
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for the ellipse, we have 

(AC+CN)(NC+CA ) 



OB 2 ~ CA Z 

-(CN-CA)(CA+CN) 
CA 2 



or 

For the hyperbola 



CA 2 
ON* QN 2 



CA 2 -ON 2 



CN 2 QN 2 
01 CA 2 CB 



In the case of the parabola A is at infinity 

Take two chords QiQi, Q 2 , Qz conjugate to the same diameter, 



AN l AN 2 N 2 A" 
now since A is at infinity NA N 2 A = 1 



Hence 



. . 
or -rrr = constant 



This constant is known as the parameter of the chords conjugate 
to the given diameter 

The above relations lead to the well-known analytical equations 
of the ellipse, hyperbola and parabola referred to conjugate 
directions 

77 Intersections of a come and a circle Let a circle meet 
a conic at four points P, Q, R, S, and let PQ meet RS afc 



jQg PROJECTIVE 

Then if CL, CM are the semi-diameters of the conic parallel to 

PQ, RS we have 

Gg OPOQ 

CM 2 OB OS 

by the property of segments of chords of a circle 

Hence the semi-diameters CL, CM are equal Now the extremi 
ties of all equal semi-diameters he on a circle concentric with the 
come Thus there can be only four of them and, by the symmetry 
of the conic with regard to the axes, they he pair and pair on two 
diameters equally inclined to the axes Thus CL, CM are equally 
inclined to the axes, and the common chords PQ, RS of the conic and 
circle are equally inclined to the axes 

The same holds of the other pairs of opposite common chords, 
viz P8,RQ, PR,QS 

In particular, if a circle and conic have three coincident inter 
sections P, Q, R, the common chord PS and the common tangent 
at P are equally inclined to the axes 

This property enables us to construct graphically the circle of 
curvature at P to a given conic 

If P approaches the extremity of an axis, the common tangent 
at P becomes parallel to the other axis, and PS approaches the 
tangent at P Thus 8 approaches P and the circle and conic 
have four coincident intersections at P Accordingly the circle of 
curvature at the extremity of an axis has four-point contact with 
the conic 

EXAMPLES 

1 Show how to find graphically the directions of the axes of any given 
conic without first finding the centre 

2 Show that, if a circle touch a conic at A and cut it again at B and C, the 
common chord BG and the common tangent at A are equally inclined to the 



3 If a circle and conic have double contact, the common chord of contact 
is parallel to an axis 

78 Every ellipse can be derived from a circle by an orthogonal 
projection For consider the orthogonal projection oi i cnclc 
upon any plane through a diameter x A line pcrpendu ul ir to this 
axis of perspective x is still perpendicular to x alter projection &lt;ind 
rabatment about x into the original plane, and it P be any point 
of the original figure, PX the perpendicular from P on a, P the 
corresponding point of the rabatted projection, P lies on PA and 
P X PX = cosine of dihedral angle 6 between the two pUnes 
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Thus the pole of perspective is at infinity in the direction per 
pendicular to x The perspective relation between the circle 
and ellipse figures is equivalent to a stretch (cf Art 13), the stretch- 
ratio being cos 6 

Also because the projection is cylindrical the lines, at infinity, 
correspond therefore their poles, that is, the centres, correspond 
It follows that conjugate diameters of the circle project into 
conjugate diameters of the ellipse in particular x and the per 
pendicular diameter of the circle, being conjugate diameters, project 
into perpendicular conjugate diameters of the ellipse,, since a per 
pendicular to x remains perpendicular to x These give the axes of 
the ellipse If a be the radius of the circle, a and a cos 9 are the 
major and minor semi-axes of the ellipse 

Conversely an ellipse of semi-axes a and b (a &gt; &) can be obtained 
in this manner by projecting a circle of radius a orthogonally upon 
a plane making with the plane of the circle an angle 



An ellipse being completely given by its principal axes (see 
Art 61), it follows that every ellipse can be obtained in this way 
from a circle on its major axis as diameter 

The circle on the major axis of an ellipse as diameter is called 
its auxiliary circle Thus the ellipse and its auxiliary circle are 
derivable one from the other by a stretch parallel to the minor 
axis 

EXAMPLES 

1 Show that, if P, P be points where a perpendicular to the major axis 
of an ellipse meets the curve and the auxiliary circle respectively, the tangents 
at P, P meet on the major axis 

2 Prove that an ellipse can be obtained from the circle on its minor axis as 
diameter by a stretch parallel to the major axis 

79 The conjugate parallelogram A conjugate parallelogram 

is one whose sides are the tangents at the extremities of tao 
conjugate diameters Clearly no real conjugate parallelogram can 
exist, except in the ci&e of the ellipse 

Consider the ellipse as defined by the stretch ot its aimluiv 
circle Since by Art 78 conjugate diameters correspond to con 
jugate diameters and parallel lines to parallel lines (because the 
vanishing lines are at infinity) it follows that a conjugate parallelo 
gram for the ellipse corresponds to a conjugate parallelogram for the 
circle 
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But a conjugate parallelogram for a circle is a circumscribed 
square, because conjugate diameters of a circle are at right angles 

Now, in any stretch, corresponding areas are to one another in 
the stretch ratio For consider an elementary parallelogram 
PQRS (Fig 32) of which the sides PQ, RS are parallel to the 
stretch axis and the sides PS, QR are parallel to the direction of 
stretch Let these meet the stretch axis at X, Y respectively 
PQRS transforms into a parallelogram P Q R S in which P Q 
RS are parallel to the stretch axis For if A be the stretch ratio 

P X=XPX=XQY=Q Y and 8 7-ffY-X SZ 
Hence PS = X(XS -XP) = A PS 

and parallelogram P Q R S parallelogram PQRS^S P SP=X 
Breaking up any area into such elementary parallelograms and 

adding we see that A = ratio of 
two corresponding areas 

Hence area of any conjugate 
parallelogram of the ellipse 

6 * 

= - xarea of corresponding 
circumscribed square 
of the auxiliary circle 




Thus the conjugate paral 
lelogram of an ellipse is of 

3 Callmg p tie perpendicular trom the centre on 
angent, d the length of the semi-diameter parallel to 
&gt;, the area of the conjugate parallelogram of which the 
- tangent is a S1 de is clearly 4pd, for 2d is the base of the 
and 2p is the height 4pd=4ab, , e pd =ab 



&lt; . 



EXAMPLES 

ar, thc mS clvc S 
of 
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Then &lt;7P, CQ are conjugate Also PPM, Q QN are perpendicular 
to the major axis 
Then from the stretch property, if ^ be the angle ACP, 

b b 

PM = ~PM = - a sin cj&gt; =& sin &lt;f&gt; , 



b b 

= - Q N = -a cos &lt;/&gt; 

Cv Cb 



cos 



CM 2 + PM 2 + QN* + CN* 

cos 2 ^ -fa 2 sin 2 &lt; 



Hence the sum of the squares of two conjugate diameters of an 
ellipse is constant 

ir 
fe 




MA 



81 Pseudo-conjugate parallelogram Let AGA (Fig 34) 
be a diameter of a hyperbola meeting the curve at real points A, A 
Let the tangent at A meet the asymptotes at D, E and the tangent 
at A meet them at F, G Then, because the tangents at A, A 
are parallel, DEFG is a parallelogram of which the asymptotes are 
diagonals 

If P be a point on the curve and PN the chord through P conjugate 
to AC A meeting AC A at N 9 



AN NA ~ UA* 

CBi being the absolute length (see Irt 76) ot the dumettr conjugate 
to AC A 

PN* SAN\/PV\* 

AN NA = ~ \AN)\AN) 

If P moves ofi to infinity on the hyperbola m the direction of 



But 



}Q6 PROJECTIVE GEOMETRY 

the asymptote CD, AP becomes parallel to CD The triangles 

SPN\* t 

CAD, ANP become similar, and (j becomes equal to 



(AD\* t AN * * 

VCM/ I 7 ^ approaches unity 



or OB Z =.42) 

Thus the intercept of a tangent between the asymptotes measures 




FIG 34 



tHe absolute length of the parallel diameter The parallelogram 
DEFG is therefore a pseudo-conjugate parallelogram Its median 
lines are &lt; j diameters, but only one pair of sides touches 
the curve 

We ha^ e seen (Art 67) that the &lt;irea oi the triangle ECD c ut oft 
fiom the asymptotes by any tangent to the curve is constant The 
area of the pseudo-conjugate parallelogram DEFG is foui times 
the area of the triangle ECD and is therefore also constant 

If ^perpendicular from on tangent at A, d^CB l -absolute 
length of diameter conjugate to CM, DE = U 9 and aiea of triangle 
&tD=lp2d=pd Hence m the hyperbola as m the ellipse pd = 
constant Taking the case where the sides of the pseudo-conjugate 
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I jil lOjii ATM are parallel to the axes, the constant =a& where a 
is the semi-transverse axis and 6 is the absolute length of the 
conjugate semi-axis 

Further, in Fig 34, the area of the triangle GCD is equal to that 
of the triangle CDE, and therefore constant Hence GD touches 
at its middle point BI a second hyperbola having the same asymp 
totes This second hyperbola, which is also the locus of BI, is 
termed the conjugate hyperbola of the first one , the transverse 
and conjugate axes are interchanged, in position and absolute 
length, when we pass from a hyperbola to its conjugate hyperbola 




FIG 35 



82 Difference of squares of absolute lengths of conjugate 
semi-diameters of a hyperbola From the triangle CED (Fig 35) 
we have, since C 4 is the median, 



by a well known relation 

Also DE&gt; ~ CE* + CD 2 - 1C *E ( D cos BCD 

that is 4 W*=2C V+24D1-2CE CD cos ECD, 

or CA&gt;- iD*=CECDn 



jQg PEOJECTIVE GEOMETRY 

But CE CD is constant since the area of the triangle ECD is 
constant Hence, the angle ECD being likewise constant, 
CA*- AD 2 = constant 

The constant is easily seen to be # 2 -Z&gt; 2 by taking CA, AD 
parallel to the transverse and conjugate axes 

83 Rectangular hyperbola If the angle between the asymp 
totes is a right angle the curve is called a rectangular hyperbola 

Conjugate diameters of a rectangular hyperbola are equal in 
absolute length For if DE (Fig 35) be the tangent at A to such a 
hyperbola, meeting the asymptotes at D and E , since the angle at 
C is a right angle, the circle on DE as diameter passes through C 
Hence AC=AD Also CA, AD, ^e CA, CB l are then equally 
inclined to the asymptotes (CB l having the same meaning as in 
Art 81) 

In particular the transverse and conjugate semi-axes are equal 
for a rectangular hyperbola 

Again consider the semi-diameter CH perpendicular to CB l 
Because CE, CH are perpendicular to CD, CB l respectively, 
the angle ECH= angle DCB l = angle ACD CA, CH are thus 
equally inclined to the axes CX, CY and CH is therefore real 
and equal to CA, that is to CBi Thus the absolute lengths of 

of a rectangular hyperbola are 



ugate to CH makes the angle G^E^ 
It is therefore perpendicular to CA 
uf four diameters equal in absolute length 
is does not invalidate the result mentioned in 
u only one diameter exists equal to a given diameter , 
cwiu. mat this diameter is equally inclined to the axes with the 
given diameter For the lengths CB ly CGi are not semi-diameters 
at all, but merely the analogues of semi-diameters they are only 
called such by a convention, B l} G l not being points on the curve 

84 Radius of curvature at a point on a conic Since a conic 
and its circle of curvature at P may be regarded as having three- 
line contact along the tangent at P, they may be brought into plane 
perspective by taking this tangent as the axis x of perspective, ind 
a certain point on x as pole of perspective (Art 47) 

Denote the points belonging to the circle figure by the suffix 1 , 
and those b&lt; lons Ljr to the conic figure by the suffix 2 

Let #! (Fig 36) be the centre of the circle, Q } the other extremity 
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of the diameter of the circle through P, B l an extremity of the 
perpendicular diameter of the circle 

Since chords of the circle parallel to x transform into chords of 
the conic parallel to x, and conjugate lines into conjugate lines, and 
since PQi is conjugate to all chords of the circle parallel to x, PQ 2 
is conjugate to chords of the come parallel to x It is accordingly a 
diameter of the conic, and the centre C 2 lies on it 

Further, K 2 lies on PQ 2 and K 2 R 2 1S parallel to KiR\ Also 
OKiKz, OQife OR^z are straight lines 

Again Q 2 R 2 , QiR\, being corresponding lines, meet at a point 
8 of x, and, since RiK l is parallel to SP, the triangles SPQ i9 R l KiQ l 
are similar and SP R l K l =PQ l JT 1 Q 1 2 l,sothat/SP=2 R^ 




Let C 2 N, K 2 M be the perpendiculars from C 2 , K 2 on x "We 
now have, by similar triangles R 2 K 2 Q 2 , SPQ^ 

R 2 K 2 Q 2 K 2 =SP Qf^Ki CJP (I) 

since SP = 2RiK l and (7 2 is the middle point of the diameter 
Q 2 P of the conic 

Further, the triangles RiK^P, E^Ii 2 M. are clearly in perspective 
from 0, and since two pairs of corresponding sides are parallel, 
the third pair by Art 11 are also parallel and the tnangles are 
similar Hence, smc&lt; R 1 K l =KiP, we hive also 

# 2 # 2 =# 2 M (2) 

Now, from similar triangles C%NP 9 K%MP 
KM K 2 P = C 2 N C 2 P, 



that is, in virtue of (2) 

R 2 K 2 K 2 P = C 2 N G f 2 P 

Multiplying together (1) and (3) 



If the conic is a central conic, then, by Art 76, since R 2 K 2 is 
the oblique ordinate conjugate to the diameter Q 2 P, 



the positive or negative sign being taken according as the conic 
is an ellipse or hyperbola, d being the absolute length of the semi- 
diameter conjugate to C 2 P 
Substituting into (4), we have 



or RI& i = radius of curvature = 

where p is the perpendicular C 2 N from the centre of the conic 
on the tangent at P The interpretation of the minus sign in 
the case of the hyperbola is that C 2 N is drawn in the sense opposite 
to that shown in Fig 36, and p is to be reckoned negative The 
centres of the circle and come are then on opposite sides of the 
tangent 

If P is at a vertex of the conic, the circle of curvatuie has four-line 
contact with the conic , 0, M, N then coincide with P, and K 2 , Q 2 
lie on PQi The proof of equation (L) still holds good , further, 
we obtain at once, from the sinuhi tiidnglos Ti^AjP, R^^P, that 
2 # 2 # 2 P ==,#! 7^ = 1=6^ C 2 I\ which Ts identical with 
(3), and leads to the same formula 

The result (4) can also be used to constiuct tlic c iiclc ot curvature 
in the case of the parabola Foi we may wnt( (4) in the lonn 



since Q 1 P=2 R&, Q%P = 2 C&gt;P 

If now PQ 2 meet the urtl&lt; igun it V (not slioxvn m Fig J6), 
then, since the angle PVQ l is i light ingli , UK Imnghs PVQ it 
are similar, and C 2 N ( 1 2 P = P V Q , /&gt; so 1 lnl 
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(6) holds good for any conic , if, however, the conic is a parabola, 
Q 2 is at infinity, and we may write ^^ = I Thus PV 



parameter (Art 76) of the chords parallel to the tangent at P 



EXAMPLES VA 

1 Two hyperbolas, s^ and s 2 , touch one another at A and have parallel 
asymptotes Show that the hue joining their centre passes through A 

If any line through A meets 5j again at P x and s a again at P 2 ,*prove that 
the tangents at P x , P 2 are parallel 

2 The tangents at points P, Q of a circle meet at R&gt; and A is any other 
point of the circle Prove that AE and the tangent at A are harmonically 
conjugate with respect to AP, AQ 

Deduce that, if the tangents at points P, Q of a hyperbola meet one of the 
asymptotes at L, M, then PQ meets that asymptote at the middle point of 
LM 

3 P, Q, E are three points on a parabola A line through P parallel to the 
axis meets QE at L, and a line through E parallel to the axis meets PQ at M 
Show that LM is parallel to the tangent at Q 

4 If I is any given line in the plane of a parabola, and a variable diameter 
meets I at L and the curve at Q, and if E is the mid point of LQ, prove that 
the locus of E is a parabola 

5 Show that the triangle formed by three tangents to a conic is in plane 
perspective with the tnangle formed by then? three points of contact 

6 The tangents to a hyperbola at P and Q meet an asymptote at E 9 S 
respectively If (RP, SQ) = U, (8P, KQ)=V, show that UV is parallel to 
this asymptote 

7 If a straight line meet a hyperbola at P and the asymptotes at Q, R, 
prove that PQ PR= square of parallel semi diameter 

8 Show that any chord of a rectangular hyperbola subtends equal or 
supplementary angles at the extremities of any diameter 

9 Obtain the following construction for a parabola by tangents given 
four tangents a, 6, c, d On (ab, cd) take any point B Dra\\ through B a 
parallel to a meeting c at P, and a parallel to d meeting b at Q PQ is a 
tangent to the parabola 

10 Show how to construct a parabola by tangents given three tangents 
and the direction of the axis Construct also the vertex and axis 

11 Prove that all circles touching a conic at the same point have their 
common chords with the conic, not passing thiough 0, parallel to a fixed 
direction 

12 If the tangent it U meet a pair of conjugate diameteis at P, P , sho\* 
that PU UP =CD* \vlieio CD ib the sum diametei paiallel to the tangent 
atC/ 

13 If PP , Dl) bt conjugitt diuneteib of a hjpubola in absolute length 
and position and Q any point on the cm ve, sho\\ that QP 2 + QP f differ^ from 
QD* + QD 2 by a constant quantity 

14 The extremities 1 V of a diameter of a icctangulai hyperboH are 
joined to a point P on the cuive Show that AP, P dcsciibe t\vo oppositely 

9 



if 

equal pencils Show also that this is not true unless A, A are extremities of a 
diameter 

15 A A 1 are fixed points in a plane, and a point P in the plane moves 
so that the bisectors of the angle APA are parallel to fixed directions Find 
the locus of P and show how to construct its asymptotes 

16 Find the locus of the vertices of the conjugate parallelograms of an 
ellipse 

17 From a point P on a hyperbola PN is drawn perpendicular to the 
transverse axis and from N a hne is drawn to touch the auxiliary circle at 
T Prove that TN PN= ratio of semi transverse to semi conjugate axis 

18 AA is a diameter of a conic, T is a point on the tangent at A, P is the 
point of contact of the second tangent from T, PN is the chord through P 
conjugate to AA meeting AA at N, and TA meets PN at Q Prove that 
PQ=QN 

19 Show that the six points, in which the three escnbed circles of a 
triangle touch the sides of the triangle when produced, he on a conic 

20 "What are the characteristic properties of a geometrical figure which 
is unaltered by orthogonal projection ? 

ACA t BCB are a pair of conjugate diameters of an ellipse and P is a 
point on the curve , AP, A P meet BB at Q and Q Show that a similar 
and similarly situated ellipse can be drawn through the points Q 9 P, Q , 
and that BP, B P pass through the extremities of its diameter parallel to 
AA 

21 Prove that two coplanar comes which touch at a point T correspond 
in a plane perspective having for axis the common tangent t at T , and 
show that the two comes have three hne contact at T if, and only if, the pole 
of perspective lies on t 

Show how to find, by a geometrical construction, the direction of the axis 
of the parabola which has three hne contact with a circle c at a given point T 9 
and also touches a given hne u 

22 Show that the central chord of curvature of a come at P=2 CD 2 /CP, 
CD being the semi diameter conjugate to CP 

23 Show that any point of a rectangular hyperbola is a point of tnsection 
of the intercept of the normal at the point between the centre of curvature 
and the point where the normal meets the curve again 

24 Prove that through any point P of a conic, three circles of curvature 
of the conic pass other than the circle of curvature at P 

[Let PQ, PQ be chords equally inclined to axes, OR the diameter conjugate 
to PQ meeting PQ at 8 PfflTTPte 7 ] (oppositely equal) , PIQ^CIS] 
(conjugate) , P[Q]X C[K] The three points other than P where the come 
locus of 8 meets the original conic have their circles of curvature passing 
through P, for at such points Q, It, 8 coincide and the tangent at C is equally 
inclined to the axes with PQ ] 

EXAMPLES VB 

[The axes of co ordmates are rectangular, except where otherwise stated ] 
1 Given that the angle between the axes of co ordinates is 75, draw the 
hyperbola having the axes for asymptotes and passing through the point 

,o 2 &lt; ^^^e 00 ^ through the points (1, 15), (4, 05), (5 8, 4 3), (6, 2), 
(3 4 4) bj the Pascal hne method 
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3 Find graphically four additional points on the conic which passes through 
the five points (0, 0), (0, 4), (2, 2), (1 41, 3 41), (- 1 41, 59), and then make a 
rough sketch of the curve 

4 A conic passes through the points whose co ordinates are (2, 0), (f , ^), 
(4, 2), and touches the line 4?/=7(a;+ 1) at the point (5, 3) Draw the conic 

5 Draw the parahola which touches four sides of a regular pentagon 
inscribed in a circle of 2" radius 

6 A hyperbola passes through the points (1, 0), (1, 3), (6, 0), (6, 4), and 
has one asymptote parallel to y 2x Construct both asymptotes in position 

7 A hyperbola passes through the points (1, 0), (1, 1), (0, - 1), and has the 
line a?+2/=0 for an asymptote Draw the tangents at the three given 
points, and find one other point on each branch of the curve 

8 A hyperbola has the axis of y for one asymptote and touches the 

x y x y 
lines x+ y 4, - + ^= 1, &lt;j + g= - 1 Construct it by tangents 

9 ABC is an equilateral triangle of side 4 inches, and D is the middle point 
of BG A hyperbola passes through A, B and Z&gt;, and has its asymptotes 
parallel and perpendicular to AC Construct geometrically (i) the centre, 
(u) the asymptotes, (in) the second point in which the hyperbola meets the 
line through B parallel to AD 

10 A parabola touches the line y=x at the origin and its axis is parallel to 
Ox If it passes through the point (4, - 3), draw the curve 

11 Construct the vertex and axis of the parabola through the three 
points (2, 1), (3, 2), (6, 4) whose axis is parallel to the line I4x+3y=2l 

12 A parabola touches the axes of co ordinates and also the lines 2y - a?= 1, 
#-2/=2 Construct its axis, the tangent at its vertex, and the points of 
contact of the four given tangents 

13 A parabola touches the line y = 2# + 2 at the point (1,4) and also touches 
the axes of co ordinates Construct (i) the points of contact of the co ordinate 
axes, (n) the tangent at the vertex, (m) the axis of the parabola 

14 A parabola touches the line xy at the origin, has its axis parallel to 
the axis of x 9 and passes through the point P( 1, 4) Construct (i) the 
tangent at P, (u) the second point where the axis of y meets the curve, (m) the 
axis of the parabola 

15 Draw the parabola which touches three sides AB BC CD of a regular 
pentagon ABCDE of side 1" and whose axis is parallel to the line joining C 
to the middle point of AB Construct its axis and vertex 

16 ABC is an equilateial triangle of 4 side P is a point on AB between 
A and B, distant 1 fiom A Q is a point on 40 between -.4 and (7, distant 
2 5 from A 

Construct by tingents the conic ulneli touches AB at P 46 at Q and also 
touches BO 

17 Apaiillclogixm 156 ^ has sides -4B= DC = 1 inch J5C= W = 3 inches 
and the angle B 4D ib 00 , E is the point on BC such that the angle IDE is 
75 An ellipse touches AB DC it A D lebpectivel) and passes, thiough 
E Construct the tinge nt at E, to this ellipse and the second point m A\lncli 
the ellipse inctts J30 

IS \L 1 M is i simple eonvex ejuadnlitcril sueh that 1 1 = 4 [L=2" 
AM 1J , 1 L 4 3/=3 An ellipse htS 1 and 4 fen tht extremities of 



its major axis and passes through L Construct (i) the tangent at L, (u) the 
second point P in which the ellipse is met by LM , (m) the fourth pomt in which 
the ellipse is met by the circle A LP 

19 Draw two straight lines OX, 07 inchned at 60 , on OX mark OA= 
AB=2 ff , and on OT mark OC=CD=DJE=1" A conic is drawn to touch 
OX, 7, AE, BD , and is the point of contact of Y Find the points of 
contact of OX, AE and BD 

20 A hyperbola has the points ( 2, 0) for the extremities of its transverse 
axis and passes through the point (5, 7) Construct its asymptotes geo 
metrically and find the absolute length of its conjugate axis 



CHAPTEE VI 

FORMS OF THE SECOND OEDEE AND SELF- 
COEEESPONDING ELEMENTS 

85 Projeetive ranges and pencils of the second order The 

points of a conic, like the points of a straight line, may be spoken 
of as forming a range, but such a range is said to be of the second 
order, the linear range being considered of the first order 

Similarly the tangents to a conic are said to form a pencil of the 
second order 

These are termed forms of the second order, and the conic to 
which they belong is called their base 

Eanges and pencils of the second order will be denoted by 
writing 2 as an index outside the bracket rnclo^jng the typical 
element thus [P] 2 , [pP 

Now a range of the second order [PJ 2 determines, at an arbitrary 
point A of its conic base, a flat pencil A\P{\ If we vary the position 
of A on the conic, all the pencils A\P{\ are projective with one 
another by Art 37 

Similarly another range of the second order [Pa] 2 determines, at 
an arbitrary point B of its own base, a flat pencil -B[P 2 ], and the 
various pencils -B[P 2 ], obtained by varying 5, are proactive with 
one another 

If now any one pencil A[P{\ is proactive with any one pencil 
B[P 2 ], then this is true of all such pencils, independently of the 
choice of A and B on the comes, provided the points P 1} P 2 remain 
unaltered The condition in question is therefore one which 
involves only the relation between the ranges [Pi] 2 , [P^P them 
selves, and, when it is satisfied, these ranges are said to be pro- 
jective It will be shown in Art 166 that they can actually be 
projected into one another 

Thus two ranges of the second order are projective if the pencils 
which they determine at any points of their respective bases are 
projective 

Similarly two pencils of the second order are said to be pro- 



jective if the ranges which they determine on any tangents to their 
respective bases are projective 

From the known properties of proactive pencils and ranges of 
the first order given in Chapter II it follows that two corresponding 
triads entirely determine the relation between two projective forms 
of the second order Also if we define the cross-ratio of four points 
on a conic as the cross-ratio of the pencil which they determine at 
any point of the conic and the cross-ratio of four tangents to a conic 
as the cross-ratio of the range which they determine on any tangent 
to the come, then projective forms of the second order are equi- 
anharmomc and conversely 

Again, as in Chapter II, two cobasal forms of the second order 
cannot have more than two self-corresponding elements without 
being entirely coincident 

Since four elements of a range or pencil of the second order 
have a cross-ratio, they may form a harmonic set, when this cross- 
ratio is equal to - 1 The condition that two such elements shall 
be harmonically conjugate with respect to another two is easily 
obtained 

Thus, let A, B, C, D be four points on a conic , let AT be the 
tangent at A meeting BD at I, and join AB, AC, AD If be 
any point on the conic, then (A, C) are harmonically conjugate 
with respect to (B, D) if 0{ABCD} = - 1 If we make coincide 
with A, the above condition becomes A{TBCD} = - 1 If AC meet 
BD at M, then, cutting the pencil A(TBCD) by BD, we have {TBED} 
- 1, or E is a point on the polar of T But the point of contact A 
of a tangent from T is also on the polar of T Thus the polar of T 
is AE 9 that is, AC Hence the pole of AC lies on BD, and the joins 
of harmonic conjugates are conjugate lines for the conic 

Conversely, if AC is conjugate to BD, let the tangent at A meet 
BD at T The pole of AC lies on the tangent at A, and also (by 
the property of conjugate lines) on BD Hence it must be T, 
and if AC meet BD at S, (T, E) are harmonically conjugate with 
respect to (B, D), and A{TBED}= -1, that is, A{TBCD}= -1 
But this last is the cross-ratio of the four points A, B, C, D on the 
conic, so that (A, C) are harmonically conjugate to (B, D) on the 
conic 

In a similar manner, using the principle of duality, we can 
show that the necessary and sufficient condition for two tangents 
(a, c) to be harmonically conjugate to two other tangents (b d) 
m the pencil of the second order formed by the tangents to a conic, 
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is that ac and Id are conjugate points with respect to tlie conic 
Thus pairs of tangents from conjugate points are harmonically 
conjugate with respect to one another 

86 Cross-axis and cross-centre of eobasal projective forms 
of second order Let P, V (Fig 37) be two corresponding 
points of two projective ranges [P] 2 , [P ] 2 lying on the same conic $ 

Let A, A be any given corresponding points of these ranges 
Project the range [P ] 2 from A as vertex, [P] 2 from A! as vertex 
The pencils A[P ] and A [P] are projective and they have a self- 
corresponding ray A A Hence they are perspective and rays AP , 
A P meet at U on a fixed axis x 




FIG 37 

This axis x is independent of the choice of the points A, A 
For let -B, B be any other pair of corresponding points Then 
by the previous result AB , A B meet at V on x Now consider 
the Pascal hexagon AB PA BP We have (A B, AB ) (AP &gt; A P) 
(PB , P B) are collinear x is therefore the Pascal line and PB , 
P B meet at W on x The same line x is therefore reached if we 
start from A and A , or if we start from B and B f 

There is thus a fixed line x on which meet the cross-joins AB , 
A B of any two corresponding pairs This we shall call, as in the 
case of linear ranges, the cross-axis 

By reciprocation, or by proceeding in a manner similar to the 
above and using Bnanchon s Theorem, we reach the result that two 
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projective pencils of tangents to the same conic have a cross- 
eentre, through which pass the joins of cross-meets (ab 9 a b) of two 
corresponding pairs 

EXAMPLES 

1 Directly equal ranges on a circle may be defined as ranges in which two 
directly equal pencils whose vertices are on the circle meet the circle Show 
that tihe cross axis of two such ranges is at infinity 

2 Oppositely equal ranges on a circle may be defined as ranges in which 
two oppositely equal penc2s whose vertices are on the circle meet the circle 
Show that the cross axis of two such ranges passes through the centre 

87 Self-corresponding elements of cobasal projective 
forms of second order As mentioned already in Art 85, two 

cobasal proactive forms of the second order cannot have more 
than two self-corresponding elements , for if they have three, say 
A, J5, C and if P, P be any other pair of corresponding elements, 
{ABCP} ^ABCP*} and as in Art 25 P P 

These self-corresponding elements may be constructed as follows 
If the cross-axis of two projective ranges of the second order 
[P] 2 , [P ] 2 lying on the same conic s meet s at points S 9 T (Fig 37) 
the points S, T are self-corresponding points of the ranges [P] 2 , 

P"? 

For by the property of the cross-axis AT, A T meet s again at a 
pair of corresponding points But they both meet s again at T 
Hence a pair of corresponding points coincide at T, or T is self- 
corresponding Similarly 8 is self-corresponding 

If the cross-axis x is itself a tangent to s, the self-corresponding 
points S, T coincide If x do not meet the conic at real points, 
there are no real self-corresponding points 

Eeciprocating, we have the theorem the self-corresponding 
lines of two projective pencils of the second order belonging to the 
same come are the tangents from the cross-centre There are 
two real self-corresponding lines if the cross-centre is outside the 
conic these coincide if the cross-centre is on the come If the 
cross-centre be inside the conic there are no real self-corresponding 
lines 

88 Two corresponding elements of two cobasal projective 
forms determine with the self-corresponding elements a constant 
cross-ratio It will be sufficient to prove this for two projective 
ranges on the same conic, since all other cases can clearly be made 
to depend upon this Now from Fig 37, if AP, AT be two chords 
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meeting on ST, then A , P are corresponding points of the ranges 
determined by the triads S,T S A, S, T, P Hence, on this conic, 
the cross-ratio of the four points STAA is equal to the cross-ratio 
of the four points STPP , which proves the theorem 

89 Construction of self-corresponding points The results 
of Art 87 provide us with a construction for determining the self- 
corresponding elements of two cobasal projective forms of the first 
order 

Thus let there be two projective pencils having a common vertex 
let aibiCi , 2 6 2 c 2 be two corresponding triads 

Describe any conic (in practice a circle will be a convenient conic 
to use) passing through 0, and meeting a l9 I l9 c l9 a 2 , & 2 , C 2 *& ^i&gt; 
Bi 9 GI, A& B& (7 2 respectively Construct the cross-axis of the 
ranges of the second order on this conic defined by ^[ 1 5 1 C 1} A^B^C^ 
This cross-axis is obtained from any two pairs of cross-] oins (AiB 2 , 
AJSi) and (A&, A^) 

The points S, T where this cross-axis meets the come are self- 
correspondnig pomts of the ranges of second order The rays OS, 
OT are then self-corresponding rays of the given pencils of first order, 
since corresponding rays of these pencils pass through corresponding 
points of the ranges of second order 

On the other hand let there be two projective ranges on the same 
straight line u, defined by corresponding triads AiB^i, -4 2 -B 2 C 2 

Describe any conic (here again in practice a circle) touching u 
From A l9 5 1? C l9 A 2 , B 2 , C 2 draw tangents a l9 &j, c 1} a 2 , & 2 , C 2 * 
this conic Construct the meet of the joins (a 1 6 2 &gt; ^2^1) an( i ( a i c z&gt; 
a 2 Ci) This is the cross-centre The two tangents from the cross- 
centre meet u at the self-corresponding points of the given ranges 

Otherwise thus the two ranges may be projected from any 
vertex and the self-corresponding rays of the concentric projective 
pencils so formed may be found by the construction given at the 
beginning of this article They meet u at the self-corresponding 
points of the ranges 

90 Intersections of a straight line with a conic given by 
five points Let 0, , A,B,C be the five points on the come, u any 
straight line 

The conic is the product of the two projective pencilb defined by 
0(ABC) 9 (ABO) 

If OA, OB, OC mtct u at A l9 B i9 C\ and A 9 O B, O C meet u 
at A 2 B 2 C 2) the pencils 0(ABC) 9 (ABC) determine upon u two 
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projective ranges of which. AiBiOi, A 2 B 2 C 2 are corresponding 
triads 

Find the self-corresponding points of these ranges on u by 
either of the methods given in the last article Let these be 
S, T Then OS, O S are corresponding rays of the pencils 0(ABO) 
(ABC) 

Therefore $ is a point on the conic 

Similarly T is a point on the conic 

Hence 8 9 T are the intersections of u with the conic 

91 Directions of asymptotes of a come given by five points 

If in the construction of the preceding Article the line u be the line 
at infinity ^i-BA, A 2 B 2 2 are at infinity Let now P be any 
point of the conic, and let OP, O P meet w at Pj 00 , P 2 respectively 
Since 0[P]7tO [P], therefore [Pi 00 ]^^ 00 ] The points S, T, 
in which the conic meets w, are then the self-corresponding points 
of the proactive ranges \P^] 9 [P 2 ] Hence OS&gt;, OT&gt; are the self- 
corresponding rays of the projective pencils OfPj 00 ], 0[P 2 ] 
that is, 0[P], [p j, where / is the line through parallel to OP 
Now OA, OB, 00 of the pencil 0[P] correspond respectively to 
OAf&gt;, OB^ 00^ of the pencil Q/] Find by the method of 
Art 89 the self-corresponding rays of the protective pencils through 
defined by these triads , these self corresponding rays pass through 
S, T 00 , and therefore give the directions of the asymptotes The 
asymptotes are then constructed in position by the method of 
Art 68 

T 92 n C nstractlon of the Parabolas through four given points 

i*t U, 0, A, B be the four given points (Fig 38) Through 
draw any circle meetmg OA, OB at A,, B, and the parallels through 
to A, O B a,t A 2 , B 5 



w&gt;, HP . parab Ia and P I P 2 are the points 

where OP and the parallel through to O P meet the circle, [P, P 
[/y- -are two projectave ranges on the circle whose self-corresponding 
points are the points corresponding to the pomts at infinity on the 
curve since when P is at infinity OP, O P are parallel 

I y *l*i/\ nr, __ ~ 1 -i . . - *- 



beca! P mtS at 1Dfimt y are ^incident 

because the Ime at anfinity touches the curve Hence the self- 



, 
cross-axis touches the circle (Art 87) 

cross - axis &gt; 



cross 
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two tangents from U to the circle The join of and the point of 
contact of the cross-axis with the circle gives the direction of the 
point at infinity on the parabola, or the direction of the axis 
Having the direction of the axis and four points on the curve we 
may construct the parabola by the method of Art 71, or more 
directly as follows Take any point Q on the cross-axis Join 
QB 2 meeting the circle at P 1? QB l meeting the circle at P 2 The 
parallel through to OP 2 meets OP l at a point P on the parabola 
Since two tangents can be drawn to a circle from U, the problem 
is in general capable of two solutions These solutions are coin 
cident if U be on the circle In this case either A l and B l (or A 2 and 




J3 2 ) coincide, that is, three of the given points are collmear and the 
conic then degcneiates into two parallel straight lines, which is a 
special case of a p ir iboh , or else A 1 and A 2 (or B l and B 2 ) coincide 
A (or B) is then at infinity, so that three points and the direction of 
the axis are given and the parabola can be drawn by Pascal s 
Theorem It U be within the circle theie are no real solutions to the 
problem 

93 Rectangular hyperbola through four points Case of 
failure The same pimeiplc will enable us to construct the 
rectangular hyp&lt;rboh through lour given points 0, , A } B 
Draw a circle thiough md find the points A l9 B lt A 2) B 2 and the 
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point V on the cross-axis by the same construction as before Now 
since in the rectangular hyperbola the asymptotes are to be at 
right angles the self-corresponding rays of the pencils 0[PJ, 0[P 2 ] 
are at right angles, that is, they meet the circle at the extremities 
of a diameter , or the cross-axis of [PJ 2 , [P 2 ] 2 is a diameter 
Hence ]oin U to the centre of the circle, and we have the cross-axis 
required The ]oms of to its intersections with the circle give 
the directions of the asymptotes Having these and four points on 
the curve we can construct the curve by Art 68 or directly from the 
present construction as explained in the last article 

If U be at the centre of the circle, any diameter may be taken as 
the cross-axis and an infinite number of rectangular hyperbolas 
may be drawn through the four points In this case AJS l9 A^ 2 
being diameters, OA, OB are perpendicular to OB 2 , OA 2 , that is, to 
O jB, O A, or is the orthocentre of the triangle O AJB It is 
easy to prove that when this is so any one of the four given points 
is the orthocentre of the triangle formed by the other three 

94 Tangents from any point to a come given by five tangents 

Let t, t 9 a, 6, c be five tangents to a come 

Let A, B y C be the points where t meets a, 6, c, 
A , B , C t a, 6, c 

Let be any point in the plane 

If p be any tangent to the conic meeting t at P and t at P , 
the ranges [P], [P ] are proactive hence the pencils 0[P], 0[P ] 
are protective 

If p passes through 0, OP and OP 1 are coincident 

Therefore the tangents to the conic through are the self- 
corresponding rays of the pencils 0[F], 0[P ] 

Determine these self-corresponding rays from the triads 0(ABC), 
0(A B C ) by the method of Art 89 , then these give the tangents 
required 

EXAMPLES VIA. 

1 A conic passes through five points 0, , A, B, C Show how to construct 
graphically its intersections with any circle through 0, without drawing the 
conic Prove that the common chord not passing through 00 is always 
real even when the circle does not meet the conic again in real points 

2 A conic is given by five points Without drawing the curve find a test 
to determine whether it is an ellipse, hyperbola or parabola 

3 Prove that two comes can be drawn through four given points such 
that then? asymptotes make an angle a with one another and show how to 
construct them 

fin the Construction nf Art Q9 tfiP prn&lt;a&lt;s av-ia m at i + nff o /rmatnTif 
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arc from the circle through and therefore touches a circle concentric with this 
circle ] 

4 Investigate the nature of the simple quadrilateral formed by four 
points if it is impossible to draw a real parabola through them 

5 The lines joining a variable point P of a given conic L to two fixed 
points A and B meet k again at Q, It respectively Prove that if Q^E-^ QJRz be 
any two positions of the line QR, then QJEt 2 , 6 A meet a * a point of the line 
AB, and show that [Q] a A"[jR] 2 

6 In Ex 5 prove that QE passes always through a third fixed point C 
if, and only if, the triangle ABC is self polar for I 

7 Given five points on a conic draw the tangents to it from any point in the 
plane 

[Find where two rays through the point cut the conic Hence construct 
the polar ] 

8 Given five tangents to a conic, find its intersections with any given 
straight line in its plane 

9 A-iB v A%B 2 are two corresponding pairs of points of two colhnear 
projective ranges Given that the self corresponding points of the two ranges 
are coincident, find the possible positions of the point at which they coincide 

10 Prove that the projective relation which transforms three real points 
A, B, C of a line Z into B, C, A respectively, associates the points of I in 
triads P 9 Q 9 E permuted cyclically by the projective relation , and that the 
projective ranges so defined have no real self corresponding point 

If U, V are fixed points coplanar with I and the projective pencils defined 
by U(ABC) and V(BCA) have the conic L for their product, prove that rays 
U(PQE) [or V(PQR)] meet Jc again at points P Q E such that P Q E corre 
spond to Q E P respectively in two projective ranges on A, having I for 
their cross axis 

11 Tsvo comes have three point contact at A ray through meets the 
comes again at P 19 P 2 and the tangents at P x , P 2 meet the tangent at O 
at Q 19 Q z Show that the ranges [QJ [Q z ~\ are projective, and have no self 
corresponding point other than 

EXAMPLES VlB 

[The axes ol to oidmatcs are rectangular, except where othei wise stated ] 

1 A, B 9 C, D aie four points on a straight line at unit distance apart 
in order ABC, DC A define two projective ranges Construct the self 
corresponding points of these ranges 

2 Draw an indefinitely long line Ox, and on it take A, B C such that 
AB=3, BC=2 Take also on Ox three points 4 , B C 1 such that CC"=6 
CB =10, CA =12 It is required to find the pobition of a point F on Ox 
such that the cioss latios {4.BCF} and {A B C F} shall be the same ^ erif\ 
j Oiir construction by algebiaic calculation 

3 0, lie t\\o pomtb 4" apazt thiough IK dia\\n tlnte ia~\ & 04 OB 
OC making \\ith 00 angles of 90, bO c 30 (countei clockwise) and thiough 
are diawn thite ia}b A, OB, C making \\itli O angles of 30 , lo" 
75 (clockwise) 

Without drawing the cuive constiuct the asymptotes of the locus of inter 
sections of corresponding ra}s of the protective pencils defined b} the tuadb 
O(-iBC), (4BC) 
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4 Find the directions of the axes of the parabolas which can be drawn 
through the four points whose co ordrnates are 

(-05, -15), (4,0), (-09, -04), (7 5, -15) 

5 Construct the rectangular hyperbola through the four points (0, 0), 
(0,2), (1,0), (1,3) 

6 The angle between the axes of x, y being 45 a conic touches the lines 
2#+2/=2, 3#+ 102/=30, as +#=6 and the axes Without drawing the curve, 
construct the two tangents to it from the point (4, - 3) 

7 The Mowing points are 4 given 0(0, 0), (3, 0), -4(-l, 4), 5(2, 2), 
(7(6, 5) 0(ABC), (ABG) define two protective pencils Construct the 
rays of the first pencil which are parallel to the corresponding rays of the second 
pencil 

8 M , N are the middle points of the sides AB, AD of a square AJBCD, of side 
2 mches Construct the two points in which the diagonal BD is met by the 
conic which touches AB, AD at M, N respectively, and passes through 

9 A hyperbola passes through the points (0, 0), (4, 0), (4, 8), (3, 3), ( - 1, - 5) 
Construct its asymptotes, the tangent at (0, 0), and the vertices 



CHAPTER VII 
INVOLUTION 

95 Involution Let P, P r be two distinct corresponding 
elements (denoted by italic capitals, but here not restricted to mean 
points) of two cobasal proactive forms &lt;f&gt;, &lt;f&gt; 

Then in general if P be considered as an element of &lt;f&gt; the element 
of (f&gt; which then corresponds to P is not P , but some other point 

It may, however, happen that P corresponds to P, whether 
P be considered as belonging to &lt; or as belonging to &lt;f&gt; r P and 
P are then said to correspond doubly 

In this case every other pair of corresponding elements Q, Q r 
also correspond doubly For since by Art 21 a cross-ratio is not 
altered if we interchange two of its elements, provided the other 
two be also interchanged, 

{PP QQ }={P PQ Q} 

But by hypothesis PP Q, P PQ are corresponding triads of 
&lt;J) } &lt;f&gt; respectively Hence the above equation expresses the fact 
that to Q of &lt;/&gt; corresponds Q of &lt;/&gt; l or Q, Q correspond doubly 

Two cobasal projects e forms, in ^ hich every element corresponds 
doubly, are said to be in involution, or to form an involution on 
their base The corresponding elements are spoken of as mates in 
the involution 

EXAMPLES 

1 Show that any line through the cross centre of two projective pencils 
meets the two pencils in an involution , find the mate of the cross centre in 
this involution 

2 Show that if is any point on the cross axis of t\\o pio^ective ranges 
[PJ [P 2 ] the pencil^ 0[PJ 0[P ] foim an im olution and find the mate of 
the cross axis in this involution 



3 If (P P ) aie matefe in an involution lange on a stiaight line show that 
if is a point outside the line OP, OP aie matet, in an m\ olution pencil 

4 If mates in an involution pencil \eite\ meet a conic through in 
points P P and p p arc the tangents to the come at P P sho\\ that 
(P P ) are mates in an involution range on the come, and (p p } art 

m an involution pencil of the second oider 



126 PROJECTIVE GEOMETRY 

5 Prove that an involution projects into an involution 

6 Prom the result of Ex 1 above prove that the three pairs of opposite 
sides of a complete quadrangle meet any straight line in three pairs of mates 
of an involution 

7 From the result of Ex 2 above prove that the lines joining a given 
point to the three pairs of opposite vertices of a complete quadrilateral 
form three pairs of mates of an involution pencil 

8 If two rays through a fixed point are equally inclined to a fixed direc 
tion, show that they are mates in an involution pencil 

9 If (A, A% (B, B ), (0, 0*) be three pairs of mates of an involution, and 
A, A are harmonically conjugate with regard to B and C, prove that they 
are also harmonically conjugate with regard to B and Q 

96 Two pairs of mates determine an involution Let 

(P, P ), (6, Q r ) be the two pairs of mates Then the triads PP Q, 
P PQ define two proactive forms which are in involution since 
one pair of elements, namely P, P , correspond doubly The 
involution is therefore determined 

Note that one pair of mates is insufficient , for two pairs of 
corresponding points (P, P ), (F, P) are not enough to determine 
two projective forms 

97 Double elements Since two cobasal projective forms have 
two self-corresponding elements, an involution will lave two self- 
corresponding elements, each of which is its own mate These may 
or may not be real 

They are called the double elements of the involution Since 
a double element is equivalent to a pair of mates, an involution is 
entirely given by its double elements 

There cannot be more than two double elements, since projective 
forms with three self-corresponding elements are identical 

An involution with real double elements is said to be hyperbolic 
one which has no real double elements is said to be elliptic 

98 Any pair of mates are harmonically conjugate with 
regard to the double elements For let (P, P ) be a pair of 
mates, A, B the double elements Then the elements APBP 
correspond to APBP or 

{APBP }={AP BP} 

The set APBP are therefore equi-anharmomc uith themselves, 
P and P being interchanged therefore (Art 27) P and P aie 
harmonically conjugate with regard to A, B 

In the above the double elements have been assumed to be distinct 
That this must necessarily be the case can be proved as follows 

Let A be a double element of an involution, P and P any non- 
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coincident pair of mates (which must exist if there is to be an 
involution at all) Then the triads A, P, P and A, P , P determine 
the projective relation between the mates Let now B be the point 
harmonically conjugate to A with respect to P, P Then since, 
by hypothesis, A, P and P are all distinct, B must be distinct 
from A 

But we have, since {APBP r }={AP BP} by Art 27, that B 
corresponds to itself in the above projective relation, so that it is a 
double element of the involution, distinct from A 

It should be noticed that, in the case where cobasal projective 
forms are not in involution, the i "-c n i "&gt;-&gt;&lt;&gt; dirg points can 
coincide without involving the disappearance of the general relation 
between corresponding elements 

99 Involution on a straight line Centre of involution 

Consider now the case of an involution on a straight line Let 
be the mate of the point /co at infinity on the straight line is 
called the centre of involution If (P, P ), (Q, Q ) be two pairs of 
mates, we have 

{OPO /00 Q}={0 /co P Og / }, 
OPO vQ _ /C P OQ f OP ^ O& 

01 OQO ^P^O ^Q OP" IQ OQ^OP 

therefore OP OP = OQ OQ = constant for the involution 
If Q, Q coincide with one of the double points A, B we have 
OP OP = 0.42=052 

In a hyperbolic involution A 9 B are real, thus OA*, OB 2 are positive 
and OP OP is positive Conversely, if OP OP is positive, A 9 B 
are real In an elliptic involution, however, OP OP is negative and 
conversely 

Since OA 2 = O.B 2 , is midway between the double points 
An important particular case arises when the point at infinity 
is a double point In this case 0, the centre of in\ olution, is itself 
at infinity If A is the other double point, then, by Art 98, P and 
P are harmonically conjugate \\ith respect to A, 0^, so that A is 
the middle point ot PP 

E\ IMPLEb 

1 &ho\\ that, li i x be the di&tancet&gt; of t\\ o matt b in in im olution on a 
stiaigkt line from a fixed ongin in the line, then 



-4, J5, C bemg constant^ 

2 Pio\e that conjugate points \titk legaid to a cncle on a diametei foim 
an involution whose centre is the centre of the circle 
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100 Relation between the mutual distances of six points in 
involution Let (A l9 A 2 ), (B l9 B 2 ), (O l9 2 ) be three pairs of 
mates of an involution 



Then {Ai 

or, writing out the cross-ratios, 



Cancelling out AiA 2 ( = -A^A{) and re-arranging, we have 



Now since mates in an involution have symmetrical properties, 
we may, in this result, interchange the suffixes 1 and 2 belonging 
to any letter A, B or C, and the result is still true It may therefore 
be stated generally in the following form, 

(BC CA AB) lf2 - - (BO OA AB) 2 1 

where (BC CA AB^ 2 indicates any distribution of suffixes such 
that a 1 and a 2 go to each letter, and (BO CA AB) 2 1 the same 
distribution with suffixes interchanged 

101 Involution flat pencil In an involution pencil there is 

no special ray corresponding to the centre of an involution range, 
- 



If OA, OB are the 
double rays, (OP, OP ) a 
pair of mates, then cutting 
the pencil by a straight 
line parallel to OP, which 
meets the double rays at 
A and B (Fig 39), AB is 
bisected at P by OP, since 
OP, OP are harmonic 
conjugates with regard to 
OA, OB and therefore P 
and the point at infinity 
FIG 39 on OP are harmonic 

&gt;, P -P. - conjugates with regard to 

A, * ilence if the parallelogram whose sides are OA, OB be 
completed, its diagonals are parallel to a pair of mates 
If the double rays are at right angles, every such parallelogram 

i* P i^fnncrU T* d,onnl, *r pmipllv l,n*1 fr Tt^ ^ of 
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the lecT^ngle therefore if the double rays are at right angles, they 
bisect the angles between any pair of mates 

102 Relation between six rays of an involution Pro 
ceeding as in Art 100, we have, if (OA lt OA 2 ) 9 (OB l3 OJ? 2 ), (00 19 
0(7 2 ) are three pairs of mates of an involution pencil, 



and, using the expression for the cross-ratio of a pencil in terms of 
the angles made by the rays (Art 22), 

sin AiOA 2 sin BiOCi sin A^OAi sin -B 2 OC 2 



sin 



whence 



sin B^OA* sin A^OC^ sin B^ 



sin 



and 



GI sin 2 0-4 2 sin AiOB 2 

= - sin .B 2 00 2 sm GiOAi sin A^OB^ 
j suffixes as in Art 100 we have the general result 
(sm BOG sin CO A sin AOB) l&gt;2 

= - (sm BOG sin COA sin AOB) 2 1 

where the suffixes 1, 2 on the left-hand side indicate that a 1 and a 2 
are to be assigned to each of the three letters A, B 9 G 9 the order 
being arbitrary 

103 Involution of points on a come We ha\e already 
considered (Art 85) pro]ec- 
tive ranges on a conic Like 
other projective forms, these 
will form an involution if 
any one pair of corresponding 
elements correspond doubly 



be two pairs of mates in an 
involution of points on a 
come s Then in the projec- 
tive ranges of the second 
order ^hich define the involu 
tion, we have P, P , Q, Q 
corresponding to P , P 5 Q r : Q 
respectively 

Now t\\o such projective 
ranges of the second ordei 
ha\e a cross-axis This we 
obtain from the meets of cross-joins (PQ 9 P Q) =A , (PQ, P Q ) 




JIG 40 



B 
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Then, by Art 86, AB is the cross-axis and is a fixed line, 
independent of the choice of P, P , Q, Q 

Let now PP , QQ meet at C By Art 48, C is the pole of AS 
with regard to s, and is therefore a fixed point We thus obtain 
the following theorem 

The ]oms of mates in an involution of points on a conic pass 
through a fixed point C, winch is called the centre of the involution 
on the conic The line AB, which is the polar of the centre of the 
involution, and is also the cross-axis of the protective ranges of 
the second order which lead to the involution, is called the axis of 
the involution 

Clearly P and P coincide at the point of contact of a tangent from 
G to the conic This point of contact lies on the polar of 0, that is, 
on the axis of involution Hence the double points of the involution 
are the points where the axis of involution meets the conic There 
are clearly no real double points if is inside the come 

Conversely, if through a fixed point C, we draw lines CPP to 
meet a conic s at P, P , then PP are mates m an involution on the 
conic For, let AA , BB be two chords of the conic through C , 
the pairs of mates (A, A ), (B, B } define an involution on the conic 
If (P, P ) be any other pair of mates m this involution, PP passes 
through the involution centre But this is determined by the two 
pins AA , BB and so must be identical with C Hence PP 
passes through C, that is, rays through C meet the come in pairs of 
mates of this involution 

EXAMPLES 

1 Three chords A^A^ B B 2t 0$% of a circle are concurient If be 
the centre of the circle, prove the relation 

sin IB^Cz sin JC^O^ sin i-4 2 O5 2 = - sin pgOCj sin %C 2 OA 2 sin | ^OB^ 
and similar relations 

2 If (A, B) be the double elements of an involution in which (P, P ) 
(Q, Q ) are pairs of mates, prove that (A, B) are mates in the involutions 
determined by the mates (P, Q ), (P , Q) or (P, Q), (P , Q ) 

3 A, B are two fixed points on a conic, P a variable point Prove that 
the condition that A[F] B[P] determine an involution on any line x is that 
4.B and x are conjugate with regard to the conic 

4 Prove that the locus of the middle points of the choids of a parabola 
joining mates in an involution on the paiabola is another parabola which 
passes through the double points of the involution 

5 If O l be a fixed point on the cross axis x of two protective ranges [Pi] 2 &gt; 
[P J on the same conic 1 9 and 0-f^ meet k again at P, prove that PP 2 passes 
alvi ays through a fixed point 2 of x 
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Show further that, if 19 0% be conjugate with respect to L 9 the ranges 
[PJ 2 , [PJ 2 are m involution 

6 is a point on a conic, OP, OQ are two lines equally inclined to the 
tangent at 0, meeting the conic again at P, Q Show that PQ passes through 
a fixed point on the tangent at 

104 Involution of tangents to a conic By &lt; , the 

theorems of Art 103 we obtain the results mates in an involution 
of tangents to a conic meet on a fixed line, which we call the 
involution axis Also joins of cross-meets (yq, f q )* (?? , p q) 
pass through a fixed point, which we call the involution centre 
In this, as in other theorems on reciprocation, the reader will find 
it a useful exercise to construct the proof of the reciprocal theorem 
from that of the given theorem, by reciprocating each step 

The double tangents of the involution are clearly the tangents 
at the points where the involution axis meets the conic Also, 
as in the case of the range, the centre and axis of involution are pole 
and polar with regard to the conic 

From two pairs of mates (pp f ), (qq 1 ) the centre and axis of involu 
tion are at once constructed and either of these will give the double 
tangents 

EXAMPLES 

1 A, B are fixed points on a fixed tangent a to a conic 5 P, P are 
harmonically conjugate with regard to A, B If p, p be the tangents from 
P, P to s, show that pp lies on a fixed straight line 

2 P is a point on a fixed straight line u 9 which meets a conic s at 4, B 
The tangents from P to s meet the tangent t to s parallel to the tangent at A 01 
B at P 19 P 2 If C he any fixed point on t, prove that 

CP l + CP^= constant 

105 Construction of double elements of an involution 

The property of the centre and axis of an involution of points 
on a conic (Art 103) provides a simple construction for the double 
elements of an involution range on a straight line, or of an involution 
flat pencil, when two pairs of mates are given 

Let (P, P ) (Q, Q r ) be two pairs of mates in an involution on a 
straight line x Join the pairs of mates in this m\ olution to a fixed 
point outside x , we obtain an involution flat pencil in which 
(OP, OP ) (OQ, OQ ) are pairs of mates, the double points A, B 
of the given involution corresponding to the double rays OA, OB 
of the involution pencil 

Describe any conic i, which is conveniently taken to be a circle, 
through Then the involution flat pencil with vertex determines 
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an involution range on Jc If OP, OP, OQ, OQ r meet k again at 
PI, PI, Qi&gt; Qi respectively, then (P l9 PI) (Qi, Qi) are pairs of 
mates m the involution on Jc } and the double points A lt B l of this 
last involution are the points where OA, OB meet k again 

Construct the axis of the involution on A, by joining PiQi, 
P/Q/ meeting at X, and PiQi, Pi Qi meeting at Y Join XY, 
then, by Art 103, XY is the axis required, and meets k at A l9 B l 
These being known, OA i and OB l meet x at the double points 
A, B of the given involution 

If, instead of being given an involution range on a straight line, 
we are given an involution flat pencil with vertex 0, and two pairs 
of mates (p, p ), (q, q ) of this pencil, all we have to do is to use 
the latter part of the previous construction, P 1? P/, Q l9 Q^ 
being the points at which p, p , q, q meet any conic I passing 
through Then OA ls OB l give the double rays of the involution 
flat pencil 

106 An involution is elliptic or hyperbolic according as a 
pair of mates are, or are not, separated by any other pair of 
mates Consider first an involution on a circle k, in which (P 1? P x ) 
(Qi, Qi) (I^g 41) are pairs of mates 

If Qi and Qi he on opposite arcs bounded by P l9 PI (Fig 41 (a)) 9 
they are separated on the circle by P l5 PJ , and conversely, P l9 PI 
are separated by Qi, Qi In this case PiP/, QiQi meet at a point 
C inside the circle But C is the centre of the involution, and the 
double points are the points of contact of tangents from C Since C 
is inside the circle, no real tangents can be drawn from C to the 
circle, and the involution on the circle has no real double points and 
is elliptic 

If, on the other hand, Q l and Qi he on the same arc bounded 
by P l3 P/ (Pig 41 (6)), P^ and Q& meet outside the circle 
Real tangents can be drawn from C to the circle and their points of 
contact give real double points, so that the involution is hyperbolic 

Similarly a pair of points Q, Q of a straight line x are said 
to be separated by the pair P, P (Fig 41 (a)), if one of Q, Q r lie in 
the finite segment PP and the other outside this segment In this 
case the pair P, P are also separated by Q, Q 

If be any point not lying on x, the lines OQ, OQ are separated 
by the lines OP, OP if, and only if, the points 0, Q are separated 
byP,P 

Further, if a circle Jc through be met again by OP, OP , OQ, OQ 
at P 1? Pj , Q lt Q^ respectively, then, on the circle, P l9 P/ are 
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separated by Qi, $/ if, and only if, in the pencil through 0, the 
lines OP, OP are separated by OQ, OQ 

The involution determined on the original line by the pairs 
(P, P ) and (Q, Q ) is projected from by the involution pencil in 
which OP, OP and OQ, OQ are pairs This determines on the 
circle Jc the involution range in which (Pj, P x ) and (Q l5 Qi) are 
pairs of mates Any double point of the involution on the circle is 
projected from by a double ray of the involution pencil, cutting 
the line # at a double point of the first involution These three 
involutions are therefore elliptic or hyperbolic together They are 
elliptic if, and only if, on the circle, P l9 PI are separated by Q^ Qi , 
in which case OP, OP are separated by OQ, OQ and P, P are 
separated by Q, Q 




FIG 41 

Finally consider an involution on a general come, where (P, P ) 
(Q, Q ) are two pairs of mates Projecting this involution by an 
involution pencil through any point on the come, the im olution 
on the conic and the involution pencil are elliptic and hvperbohc 
together The points P, P will be said to be separated on the 
conic by Q, Q , if the rays OP, OP in the pencil are separated by 
OQ, OQ 

In the case where the conic is a hyperbola and P, P are points 
on opposite branches, it is impossible to obtain a continuous arc 
joining P, P In this ca^e, it I 00 , J x are the points at infinity 
on the asymptotes, the t\\o arcs from P to 7 X on one branch and 
from / to P on the other branch form together one arc PP , 
and the two arcs from P to J 00 on the first branch and from J 1 - to P f 
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on the second branch form together the complementary arc PP If 
Q, Q r are to be separated by P, P , Q must lie on one, and Q r on the 
other, of these two arcs PP 

107 Common mates of two cobasal involutions Consider 
two involution ranges on the same conic the problem is to find 
their common mates, if any It is clear that every other case can 
be reduced to this one For two involution ranges on the same 
straight line can be projected from any point by two concentric 
involution pencils, and two such pencils meet a conic through in 
two involutions on the come Again, two involutions of tangents 
to a conic determine corresponding involutions of their points of 




FIG 42 

contact If, therefore, we find the common mates of two involu 
tions of points on a conic, these will enable us to construct the 
common mates in the other cases 

If ow let U and 7 (Pig 42) be the centres of the two given involu 
tions of points on the conic Jc Join UV, meeting the conic at P, P 
Then, since PP passes through both U and 7, P and P are clearly 
mates in both involutions, and moreover, are the only points which 
satisfy the condition 

The problem has therefore a real solution if UV meets the conic k 
in real points This always happens if one at least of U or 7 lies 
inside the conic, that is, if one of the given involutions is elliptic 
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If both, the given involutions are hyperbolic, and AI, B l , A 2 , B% 
are their double points, then A^B^ A 2 B 2 are the polars of U, V 
with respect to ~k Their intersection T is then the pole of UV 
and the common mates are the points of contact of tangents from 
T But these are the double points of the involution upon i defined 
by the pairs of mates (Ai, #1), (A 2 , B 2 ) These double points are 
real if the last-named involution is hyperbolic, that is, if AI, B l 
are not separated by A 2 , B% (Art 106) If, however, AI, BI are 
so separated, T lies inside Jc and there are no real common 
mates 

108 Harmonic pairs of mates If (P, P ), (Q, Q ) are two pairs 
of mates in an involution (of any kind) such that (Q, Q ) are 
harmonically conjugate with respect to (P, P ), then these two 
pairs will be said to be harmonic pairs, and either is harmonic to 
the other 

"We will now show that, in every elliptic involution, any given 
pair of mates has one harmonic pair and one only 

As before, it will be sufficient to prove the proposition for an 
involution of points on a conic Jc 

In Fig 42, let be the centre of an elliptic involution upon Jc , 
then lies inside Jc Let (A^ BI) be any given pair of mates in this 
involution, and let U be the pole of AiBi, then A^Bi are the double 
points of the involution of which U is the centre Join OU meeting 
k at P, P Then P, P are mates in the involution of centre , 
but they are also mates in the involution of centre U, and so are 
harmonically conjugate with respect to AI, B l Hence they form a 
pair harmonic to (Ai, BI) 

Also there can be no other pair harmonic to (A ls BI), for such a 
pair must be mates in the involution in which AI, B l are double 
points, and therefore must lie on a line through U , and since they 
must also he on a line through 0, they must he on OU 

If the given involution were hyperbolic, so that its centre is 
outside k, as T in Fig 42, then, if AI, BI are real, U must also he 
outside K No\\ , since T lies on the polar of U, T and U are con 
jugate points for the come But, if the line joining two such 
conjugcTte points ^ere to meet the conic at real points Q, R, then, 
of T and U 9 one must he inside and one outside QR, so that one at 
least would have to be inside the conic, ^v hich ib not the case Hence 
TV cannot meet ^ in real points and the pair (A ly J5j) has no real 
harmonic pair 
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109 Rectangular involution Rays at right angles through 
a point determine an involution pencil through For, let OP, 
OP be two rays at right angles Clearly, if OP f be obtained 
from OP by a rotation through a right angle in a definite sense, 
the pencils 0[P], 0[P ] are equal, and therefore projective (Art 24) 

But, if we now take OP as OQ and find the corresponding ray 
OQ , it will be in the same straight line as OP Thus the elements 
of the proactive pencils 0[P], 0[P ] correspond doubly, and they 
form an involution pencil Such an involution is clearly elliptic, 
for each double ray must be at right angles to itself, a condition 
which cannot be satisfied by any real lines 

Because a rectangular involution is elhptic, it has real common 
mates with any concentric involution pencil (Act 107) Thus in 
every involution flat pencil which is not rectangular there exists 
one real pair of mates at right angles 

There can, however, be one such pair only, for if two pairs of 
mates of an involution are c ci ." j J i the involution to which they 
belong is altogether rectangular, since it is uniquely determined 
by the two pairs of mates, and the rectangular involution clearly 
satisfies the requirements 

An elhptic involution range on a straight line # can be projected, 
from a point outside its base, by a rectangular involution pencil 
For, let (P, P ) (Q, Q ) be two pairs of mates, which determine the 
invohiTion rp ng^ Describe circles on PP , QQ f as diameters Since 
the involution is elhptic, P, P are separated by Q, Q and the circles 
intersect at real points 0, D, symmetrically situated with regard 
too? The pencil obtained by 3 oining to the pairs of the involution 
range on a is an involution pencil, in which (OP, OP 7 ) and (CQ, CQ r ) 
are pairs of mates But, from the property of the angle in a semi 
circle, OP and OP are perpendicular, and so also are CQ and CQ 
Thus the involution pencil through is rectangular The same 
applies if we project from D 

If the original involution is hyperbolic, the circles on PP , QQ 
as diameters do not intersect in real points Clearly no hyperbolic 
involution range can be incident with any elhptic involution pencil, 
and, in particular, it cannot be incident with a rectangular involution 

110 The Frggier point An involution flat pencil whose 
\ ertex is on the conic determines an involution of points on the conic 
In particular, if the involution pencil be rectangular, we reach 
the theorem If be any point on a conic, OP, OP 
two perpendicular chords, meeting the conic at P, P respectively, 
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PP passes through a fixed point F Taking P coincident with } 
OP, OP are the tangent and normal at and PP coincides -with 
the normal at The fixed point F therefore lies on the normal 
at The point is called the Fregier point from its discoverer 

If the come be a rectangular hyperbola and OP, OP be drawn 
parallel to its asymptotes, PP , and therefore the Fregier point, is at 
infinity In any other position, therefore, PP is parallel to the 
normal at Thus if on any chord PP of a rectangular hyperbola 
as diameter, a circle be constructed meeting the curve at 0, 
the normals at 0, are parallel to PP 

EXAMPLES 

1 Show that in any conic if G, G be the points where the normal at P 
meet the axes, F the Fregier point corresponding to P 9 then P, F are har 
momcally conjugate with regard to G, G 

2 Show that in a parabola the locus of the Fregier pomt is another parabola, 
equal to the given one 

3 Given two points A 9 B on a conic, find two other points P, Q on the 
conic such that A and B shall he on a circle of which PQ is a diameter 

[P, Q are the intersections with the conic of the line joining the Fregier 
points corresponding to A and B ] 

111 Involutions of conjugate elements with regard to a 
conic The two collmear projective ranges formed by associating 
with each point of a line its conjugate point with regard to a come 
(Art 52) define an involution, since, from the symmetry of the con 
jugate relation, two corresponding points correspond to each other 
doubly The double points of this in\ olution are the points where 
the straight line meets the come 

Similarly conjugate lines through a point form an involution 
of which the double rays are the tangents from the point 

In particular conjugate diameters form an involution, of which 
the double rays are the asymptotes 

Since the involution of conjugate diameters has one real pair 
of mates at right angles and one only, we obtain a new proof of the 
theorem of Art 60 that a conic has one, and only one, pair of axes 

Ex 4.MPLE 

Skott that t\\o concentric comes have one pair of common conjugate 
diameters and that these are alwa-v s real if one of the comes is an ellipse 

The tangent at P to a conic meets a concentric conic at Q R Sho\\ 
ho\\ to find P so that QR shall be bisected at P 

112 Radical axis of two circles Let there be two circles m 
a plane, with centres A and B (Fig 43), and radii a, b respectneh 
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From a point P of the plane let any lines PQR, PST be drawn, 
meeting the circles at Q, R and S, T respectively 

Consider the locus of P if PQ PR =PS PT 

Let PX be the perpendicular from P on AS, and let be the 
middle point of AB 

By a well-known property of the circle 

PQ PR=AP 2 -a 2 =AX* +XP 2 -a 2 , 
PS PT=BP* - 6 2 =BX 2 



(AX-BX) 



or 

Thus OX is constant, X is a fixed point of AB, and the locus of 
P is a fixed straight line, namely the perpendicular through X to 
AB 

This locus is termed the radical axis of the two circles Since 
PQPR^PU*, and PSPT=PV*, where PU, PV are tangents 
from P to the circles, we have PZ7=P7, so that tangents to two 
circles from any point of their radical axis external to the circles are 
equal 

If the two circles meet at real points C, Z), the tangents from C 
(or D) to both circles are zero, and therefore equal, so that C, D 
are points on the radical axis, which is then the common chord of 
the circles 

An important limiting case arises when one of the circles is a 
point-circle, that is, a circle of zero radius In this case there is 
still a radical axis If L (Fig 43) is such a point-circle, PL is the 
tangent to L from P, and the condition for P to be on the radical 
axis of L and the circle centre A is that PL 2 =PE/ 2 =PQP# 
Since PL 2 is here essentially positive, the radical axis then lies 
entirely outside the circle centre A 

113 Coaxal Circles A set of circles which are such that all 
pairs of the set have a common radical axis are termed coaxal 
circles 

The centres of such circles all he on a fixed line For let PX 
(Fig 43) be the given radical axis, A the centre of a given circle of 
the set Then, if B is the centre of any other circle of the set, AB 
is perpendicular to PX and is fixed, since A and PX are given 

If the radical axis meets one of the circles of the set at C, D, 
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then CD must be the common chord of this circle "with every other 
circle of the set, and the coaxal circles form a system of circles 
passing through two fixed points If, on the other hand, the 
radical axis does not meet any circle of the set in real points, then 
no circle of the set intersects any other, and the radical axis is 
external to every circle of the set 

By Art 112 the tangents from a point P to every circle of a 
coaxal system are equal If, with P as centre, and radius equal to 
the tangent PU from P to any given circle of the system (that with 
centre A in Fig 43), a circle be described, this circle passes through 
all the points of contact of tangents from P to the circles of the 
system and therefore cuts all these circles orthogonally Such 




R 
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circles, centre P, therefore form a system orthogonal to the gi\ en 
system of coaxal circles 

This orthogonal system of circles is itself a coaxal system For if 
A is the centre of the circle 7^ of the original system, the tangent 
from A to any orthogonal circle is the radius AU of the circle LI 
All such tangents from A to circles of the &lt; _ &gt; s} stem are 
equal Similarly, if B is the centre of a circle A 2 ^ the original 
system, the tinge ntb from B to circles of the orthogonal Astern are 
equal to the ladius ol Aj r Jlnis IB ia the common iidicil i\ib 
of circles of the oitliogonil t&gt;} vlxm 

Consider no\\ the c ise \\heit i circle of the origin il ^y bttm itduccb 
to a point-ciicle, say L Cleaily L must lie on the line of centres 
Also XL is equal to the length of the tingent from A to am circle 
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of the original system Hence L lies on a circle centre X , whose 
radius is equal to the length of the above tangent This circle, 
when it is real, meets AB at two points i, M symmetrically situated 
with respect to X These are called the limiting points of the 
original set of coaxal circles 

The limiting points are real if X is outside the circles of the 
original system, that is, if these circles have no real intersections 
In this case the circles of the orthogonal system all pass through 
i, M , and form a set of coaxal circles with real intersections 

If, however, the circles of the original system have real inter 
sections C and D,Xis the middle point of CD and internal to every 
one of these circles No real tangent from X to these circles can be 
drawn, and there are no real points , M 

In the latter case the common radical axis AB of the orthogonal 
system does not meet the circles of this system in real points 
Further, if we take P at (7, or D, the corresponding length of 
tangent to the circles of the original system (which pass through 
C and D) is zero, so that C } D are point circles, that is, limiting points, 
of the orthogonal system 

Thus two orthogonal sets of coaxal circles are such that 
(i) their lines of centres are at right angles , (u) one only has 
real intersections, which are real limiting points of the other 

114 Coaxal circles determine an involution on any straight 
line Let y be the common radical axis of a system of coaxal 
circles Let x be any straight line, meeting y at and any two 
circles of the system at P, P , Q, Q f 

Then, by the defining property of coaxal circles, since ib on the 
radical axis 

OP OP -OQOQ 

Accordingly the product OP OP is constant, and the points P, P 
are mates in an involution range on x, whose centre is (Art 99) 

If is outside the circles this product is positive, and the involu 
tion is hyperbolic , its double points are then the points of contact 
of the circles of the system which touch x 

If is inside the circles, the product is negative and the involution 
is elliptic and has no real double points 

EXAMPLES 

1 Prove that the radical axes of a given circle, not belonging to a given 
coaxal system, with the circles of this coaxal system are concurrent 

2 Two systems of coaxal circles have the same radical axis, and O 2 
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are the limiting points of the two systems on one side of this axis A circle c t 
of the first system passes through 2 , and a circle c 2 of the second system 
passes through O x If Oj0 2 meet the circles c v c a again at Q it Q% and the 
common radical axis at P 9 prove that 

pQ l pQ t ^po l po t 

3 If a set of circles be drawn, each passing through a pair of mates of an 
involution on a straight line, the radical axes of these circles taken in pairs all 
pass through one fixed point 

4 If two straight lines meet three circles in three pairs of points of an 
involution, the three circles have, in general, a common radical axis Discuss 
the case of exception 

5 If coaxal circles have real intersections, prove that these intersections 
are the points from which the involution determined on the line of centres 
by the coaxal circles is rectangularly projected 

6 Prove the following construction for the centre and double points A 9 B 
of an involution on a straight line x, given by two pairs of mates (P, P ), 
(Q&gt; Q ) Describe any circles through P, P and Q, Q respectively intersecting 
at C, D~ Then CD meets x at If OT is the tangent from to either 
circle, then the circle centre and radius OT meets x at A, B 

7 Prove the following construction for the common mates of two colhnear 
hyperbolic involutions 

Let (A lf BJ be the double points of one involution, (A 2&gt; B 2 ) those of the 
other Let any circles passing through A lt B and A 2 , B 2 respectively 
meet at L, M Then the points of contact of the circles through L, M touch- 
nig the common base of the two involutions are the common mates required 

8 Prove the following construction for the common mates of two colhnear 
elliptic involutions 

Let C It D! and (7 2 , D 2 be the points (symmetrically situated with respect 
to the common base) from which the given involutions can be rectangularly 
projected Then a circle can be descnbed through C v D I9 C 2 , D 2 and this 
circle meets the common base at the required points 

9 Prove the following construction for the common mates of an elliptic 
and a hyperbolic involution in the same straight line x 

Let A lf B l be the double points of the hyperbolic involution, C , Z&gt; 2 the 
points from which the elliptic involution can be rectangularly projected 

Describe a circle touching x at A l (or JB^ and passing through G (or Do) 
Let be the middle point of A -JB^ j oin OC 2 meeting the circle at E Then the 
circle EC 2 D 2 meets x at the required points 



EXAMPLES VIU 

1 Prove that, if (P, P ) are mates in an imolution and (P, P ) aie mates 
in a cobasal imolution the forms [P ] [P ] aie projective and bhow that 
their self coi responding element 6 aie the common mateb oi the t\\o grven 
involutions 

2 If (P, P x ) are mates in an nrvolution r^ (Pi P 2 ) aie mate* in anothci 
(cobasal) im olution w &gt; ind (P 2 P 3 ) aie mates in i thud coba^al im olution n 3 
show that [P] is projective with [P 3 ] and that if w l n 2 &$ have a pair ot 
mates A A in common then (P P 3 ) are mates m a fourth imolution n 4 
Shxm also that the four pairs of double pomt& ol w l w z r? 3 t7&gt; 4 are pairo of 
mates in a fifth involution 
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3 (A, A ) and (B 9 B ) are pairs of mates in an involution w whose double 
elements are C, D Prove that C, D are mates (i) in the involution w lf of 
which (A, B) and (A 9 B } are pairs, and (11) in the involution tcr 2 of which 

If P, # are mates in -& 19 and Q, jR are mates in w& prove that P, R are mates 
insr 

4 A range [P] on a given hne Z is projected from two different vertices U 9 V 
into ranges [PJ, [P 2 ] on a second straight hne V Prove that the necessary 
and sufficient condition that [PJ, [PJ should form an involution is that UV 
should be harmonically divided by l&gt; V 

5 State, and prove independently, the theorem obtained from Ex 4 above 
by reciprocation 

6 If ( A 19 A 2 ) 9 (B 19 B 2 ), (C v (7 2 ) be three pairs of points of an involution on a 
straight hne, show that 



B ~0 

x 1- " 

7 Prove that any elliptic involution pencil can be projected into a 
rectangular involution by a real projection 

8 Prove that if a straight hne I meet two coplanar projective pencils of 
vertices A, B in an involution, I and AB must be conjugate with respect to 
the product of the pencils 

9 If (A, A ) be a fixed pair of mates in an involution on a straight line, 

/ p p \ 
(P, P ) any other pan* of mates, prove that ( , p . ,_&gt; J = constant, and find 

the value of this constant in terms of the distances of A 9 A from the centre 
of the involution 

10 The sides BC, CA 9 AB of a triangle ABC meet a straight hne at P, 
Q, E If P , Q , R are mates of P, Q, R in an involution, prove that P A 9 
Q B R C are concurrent 

11 If through the vertices of one triangle lines a l9 b l9 c x be drawn parallel 
to the sides of another tnangle, and through the vertices of the latter tnangle 
lines 2 , & 2 , c a be drawn parallel to the sides of the first triangle , prove that if 
a i, b v c x are concurrent, so are a a , & 2 , c 2 

12 Show that the tangents at the points of an involution on a conic form 
an involution of tangents having the same axis and centre as the given 
involution of points 

13 The rays p p are mates in an involution pencil whose double rays 
are a, b , a conic s meets p, p at P lt P 2 , P I9 P 2 respectively Show that 
each of the lines P^P/, PjlY, P 2 Pi , P 2 P 2 meets a and b in points which 
are conjugate for s Hence prove that these four lines touch a fixed conic / , 
v hich is independent of the choice of the particular pair of mates p, p , 
and which touches a, 6, and the four tangents to 5 at its intersections with a 
and b 

14 State and prove the iccipiocal of the lesult of E\ 13 

15 Given t\* o pairb of c onjugatc dianieteis of a conic in position (but not in 
length) show ho\\ to constiuct the a\es of the conic m position 

Ib bho\\ that if a simple quadrilateral exist \\ Inch is inscubed in a conic s 
and circumscribed to a conic s , there exist an infinite number of such simple 
quadrilaterals and the} have the same intersection of diagonals 

[Use the result of E\ 131 
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17 0, U are conjugate points with regard to a conic Through. a ray 
OPQ is drawn meeting the conic at P, Q Prove that UP 9 UQ are mates in 
an involution 

18 If a chord QQ of a parabola meet a diameter PV at 0, and if QV, 
Q F be ordmates to this diameter, prove that PV PF =P0 3 

19 If from a point T outside a parabola a tangent TP and a chord TQQ 
be drawn, and if the diameter through P meet QQ at K, show that TQ TQ = 
TK* 

20 Two coplanar elliptic involution pencils have different vertices A, B 
Show that through any point P of then: plane two comes can be drawn 
passing through A and B, on either of which the two involution pencils 
determine the same involution 

By taking P on AB prove that there are two real straight lines, on each 
of which the given pencils determine the same involution [Use Art 108 ] 

21 A 9 B are the vertices of two coplanar involution pencils with real 
double rays (a l9 a 2 ) , (6 1? & 2 ) respectively If a-fi^C, aJ)^=D t ajb z =]$, 
aJ&gt;i=F, prove that the two pencils determine the same involution on any 
conic through A, B, C, D , or through A, B, E, F 

22 Two involution ranges on the same come have a double point A in 
common If F is the point where the tangent at A meets the join of their 
other double points, (P, P ) any pan: of mates in one involution, (Q, Q ) the 
points where FP, FP respectively meet the conic again, prove that Q, Q 
are mates in the other involution 

Discuss the particular case of this theorem when the conic is a line pair, 
the involutions lying on different lines of the pair 

23 A pan: of mates in a rectangular involution of vertex meets a fixed 
line I at P, Q, and P , Q are mates of P, Q respectively in a given involution 
upon I Through P , Q parallels are drawn to OQ, OP respectively, meeting 
at R Show that the locus of R is a straight line 

24 If F is the Eregier point of P, and C the centre of the come, prove that 
CP, CF are equally inclined to the axes 

25 If the tangent at P to a hyperbola whose centre is C meet the asymp 
totes at Q and R, prove that the Pregier point of P is the intersection of the 
tangents at Q and R to the circle through C, Q and R [Use Ex 24 ] 

26 If AB, CD are two perpendicular chords through the Pregier point F 
of P, and the circles PAB 9 PCD meet the conic again at R and S respectively , 
prove that JRS passes through F 



EXAMPLES VIlB 

1 A B C are three points in order on a straight line -where 4B^ 
BC=2" Construct the point D -which is the harmonic conjugate of C \uth 
respect to 4 and B, and the points A, 5 \\hich aie the common lurmomc 
conjugates of the pairs (4 -D) (B C) 

Find also the points uhich are the common haimomc conjugite& of the 
pairs ( 4, C) (B D) 

Are there any common haimomc conjugates of the pans ( 4 B) (C D) 9 

2 P Q are points on a straight line, OP = 25 &lt;9&lt;? = 4 P Q ait 
mates in an involution on the line, of ^hich O ib a double point Construct 
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3 Two circles have radii 1 5" and 1" respectively, and their centres are 
3 5" apart Construct graphically (1) their radical axis , (2) the limiting 
points of the system of coaxal circles defined by the given circles , (3) the 
circle of this system passing through the point on the radius of the circle of 
radius V perpendicular to the line of centres, and at a distance of 2 5" from 
the centre of the last-named circle 

4 (OP, OP ), (OQ, GQ ) are mates in an involution pencil The angles 
POQ, QOQ , Q OP (measured in the standard sense) are 45, 30, 60 respec 
tively Construct the double rays of the involution 

5 Draw two circles of radii 2 inches and 1 inch respectively, with their 
centres 4 inches apart, and mark a point A distant 4 inches from both centres 
Draw the circle which passes through A and cuts the first two circles ortho 
gonally 

6 The centre of a conic is at the origin, and the conic passes through the 
points (1, 0) (0, 2) and (-1, 2) Construct its axes in position, without 
drawing the curve 

7 P, Q, Q , P are four points in order on a straight line PQ-3 cm , 
CC =2 cm , Q P =5 cm Construct the common mates of the involutions 
defined by the pairs (P, P ) (Q, Q ) and (P, Q ) (Q, P ) respectively 

8 Two conjugate semi diameters of an elhpse are of lengths 2" and 3" 
respectively, and make an angle of 60 with one another A hyperbola has 
these diameters for asymptotes Construct the common conjugate diameters 
of the elhpse and hyperbola in position 



CHAPTER VIII 
FOCI AND FOCAL PROPERTIES OF THE CONIC 

115 Foci of a come A focus of a conic $ is defined to be a 
point suck that conjugate lines through, it are perpendicular 

There can be no focus which does not he on an axis of the conic 
For, let S be a focus, and x the diameter through S Then, by the 
property of the focus, the lone through S conjugate to a? is perpendi 
cular to x, so that the direction conjugate to the diameter # is at 
right angles to x , therefore x is an axis 

Let now J7 00 , 7 (Fig 44) be two rectangular points at infinity 
which are not conjugate points for s This requires (i) that s is 
not a circle , (u) that neither J7 00 nor 7 lies on an axis 

Consider the pencils of lines u, u cn jr&lt;r for s, through ?7, 
7 Then, by Art 52, 

MAM 

Thus the product of [w], \u ~\ is a conic k passing through 7, 7 
Now every focus S must he on Jc For, if we join SU, $7 
these, being perpendicular lines through a focus, are conjugate for $, 
and their intersection is therefore a point of k Further, every 
intersection of k with an axis x is a focus For the involution of 
conjugate lines through S has then two pairs of rectangular mates, 
namely x and the perpendicular to x through S 9 and the pair SU^, 
/S7 All the possible foci are therefore given by the intersections 
of I with the axes 

If the original come s is a central come, the line at infinity does 
not touch s, so that C7 C0 7 CO is not self-conjugate and the pencils 
[u], [u f ] are not perspective , I is then a non-degenerate come, 
which is clearly a rectangular hyperbola, since it passes through U co i 
7 Further the tangents to thib hvperbola at I ^, T ^ aie the 
lines through these points conjugate to U^ } ^, tint ib CL ^, CJ ^, 
where C is the centre of s C ib accordingly the meet ol the 
asymptotes of 1 3 and therefore the centre of A, as \\ell ab of 6 If 
now x, y are the axes of s, they are perpendicuhr diameter^ of A 
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These are the only real foci of s and are necessarily symmetrical 
with respect to C 

The axis on which the foci he is called the focal axis, the other 
being the non-f ocal axis 

Since the involution of conjugate lines through a focus, being 
( taTi rC,\ has no real double lines, no real tangents can be drawn 
from a focus to the conic, and foci are always points internal to the 
conic Thus the line joining them meets the conic at real points 
A y A , the centre G being the common mid-point of AA &gt; SH 



y 




FIG 44 

In the ellipse, the line at infinity does not meet the curve in real 
points, so that its pole C is a point internal to the conic The 
segment AA! is therefore internal to the conic and S, H he between 
the vertices A, A That the focal axis is in this case the major 
axis will be proved later (Art 119) 

In the hyperbola, the line at infinity meets the curve in real 
points, and C is external to the conic The segment A A is therefore 
external to the conic, and S, H lie outside the vertices, A, A The 
focal axis is here necessarily the transverse axis, since the conjugate 
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If the conic s is a parabola, Z7yo touches 5 and is self-conjugate , 
it is therefore a self-corresponding ray of the pencils [u], [u ] 9 which 
are accordingly perspective , k therefore breaks up into the line at 
infinity and another straight line I 

But the point of contact L of the accessible tangent from Z7 
to s, being the pole of this tangent, lies on the conjugate line through 
F and so is a point of k Similarly the point of contact M of the 
accessible tangent from 7 to s is a point of k These two points, 
being accessible, must he on the component I of k Also L, M 
cannot he on the axis, since the tangents at L 9 M are oblique 
to the axis Hence I cannot be identical with #, and must meet it 
at some point S Moreover, S must be an accessible point For if 
S were at infinity, it must be the point Z at infinity on x , but JC 
is the point of contact of one tangent from ZJ 00 or F, namely 
the line at infinity Also iZ is the polar of 7, and MX 00 
is the polar of F, with respect to s If therefore L, M , J? 00 all 
lie on I, I must be the polar of both c7 and F with respect to s, 
or two different points would have the same polar with respect to a 
non-degenerate conic, which is impossible 

Thus here again the locus k meets the axis of the parabola at 
two real points, one S at a finite distance, which is usually referred 
to as the focus of the curve, and one J7 at infinity 

If the conic s is a circle, every pair of rectangular points C7, F 
are conjugate, and the above argument does not apply In this 
case all conjugate diameters are perpendicular, so that the centre 
C is a focus Also no other point P can be a focus For if we 
draw any line q through P, its pole Q lies on the perpendicular n 
through C to q PQ is the line through P &lt; f e ( to y, and this 
cannot be perpendicular to q unless Q is at infinity on n, that is, 
q passes through C Thus the only rectangular conjugate lines 
through P are the diameter through P and its perpendicular 

EXAMPLES 

1 Prove that the absolute length of the semi diameter of 7 along the axis y 
is CS, and that, if the conic $ is a central conic, the conic L and its conjugate 
hyperbola 7 together pass through the corners of a fixed square 

2 In the case where the given conic is a parabola, show that the line 
joining the points of contact of two perpendicular tangents passes through 
the focus 

116 Involution of onlio.on il points on an axis Let a pair 
of conjugate lines u, u through I/ 00 , F 00 (Fig 44) meet an axis x 
at P P The -points P P are in general distinct unless thev 
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happen to coincide with a focus "We shall further suppose that 
neither of them is at infinity 

The points P, P cannot be conjugate for 5 For, if they were, 
the polar j&gt; of P would be the line through P perpendicular to x 
This is conjugate to every line through P, in particular to u , but, 
being perpendicular to an axis, it cannot pass through F, so that 
u cannot pass through the point conjugate to P on x 

On PP as diameter describe a circle c (Fig 44) This must pass 
through the intersection K of u 9 u 1 , since these are perpendicular 
lines through P, P respectively 

Consider now the pencils of conjugate lines r, r through 
P, P respectively, then [r]A"[r ] by Art 52 Hence the meet 
7? of r, / describes a conic t passing through P, P 

When r coincides with u, r coincides with u } and R with K 
Thus the conic t passes through K 

"When r is along x, r passes through the pole of x, that is, through 
the point at infinity on y The tangent at P to t is therefore 
parallel to y Similarly the tangent at P to t is parallel to y 

Thus the circle c and the conic t have in common three points 
P, K, P f and the tangents at P, P Hence they coincide altogether 

Accordingly all points R he on the circle, and all conjugate lines 
r, r are perpendicular 

The points P, P ha\e therefore the property that conjugate 
lines through P, P are perpendicular 

The points Q, Q at which u 9 u 1 meet y can be shown in like 
manner to have the same property 

Pairs of points which have this property will be referred to as 
orthogonal points with respect to the come 

If we now take P at infinity, and remember that 7C f is the ray 
conjugate to the line at infinity through 7, it will follow that P 
is at C In this case every line through P is conjugate to the line 
at infinity through P, but since the line at infinity may be regarded 
as perpendicular to every direction, it may be regarded as per 
pendicular to all the lines through P , which are conjugate to itself 
On the other hand, accessible lines through P are parallel to x 
and so are conjugate to the other axis y through P , and perpendicular 
to it 

Thus C and the point at infinity on x still possess the essential 
property of orthogonal points It should be noticed that this pair 
form an exception to the rule, that orthogonal points are not 
coniugate for s 
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Since the ranges [P], [P ] are the intersections of x with the 
projective pencils [u] 9 [&gt; ], they form projective ranges But, further, 
if we join P 7, P7 these lines are perpendicular and, therefore, 
by the property of orthogonal points, conjugate Hence if we 
take u along U^P , u is along FP, so that if P is at P , then P f 
is at P The pair P, P therefore correspond doubly and the 
orthogonal points on an axis form an involution, of which the centre 
C of the conic is the centre 

In the above, x may be either axis But the double points of 
these involutions must be an intersection with x of the come k 
of Art 115 The double points on the focal axis are therefore the 
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FIG 45 
foci S, H, and the involution on this axis is hyperbolic, and we have 



On the non-focal axis there are no real intersections with A, and 
therefore no real double points of the involution of orthogonal points 
on that axis, which involution is therefore elliptic 

In the case of the parabola, where there is only one accessible 
axis, one double point H is at infinity and the other S is at a finite 
distance Since these divide PP harmonically, orthogonal points 
P, P are symmetrically situated with respect to the focus 

117 The bisectors of the angles between the focal distances 

Let P (Fig 45) be any point, not a focus, PG, PT the _OCT u gpl^ 
mates of the involution of conjugate lines through P meeting an 
axis at G, T Then G } T are orthogonal points for the conic 
Hence 

CGCT= constant, 
for either axis 
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If the axis in question be the focal axis, we have further 



Moreover, G, T are harmonic with respect to the foci S, H , hence 
PG, PT are harmonic with respect to PS, PH, and being per 
pendicular, are the bisectors of the angle SPH 

If now PL, PM are the tangents from P to the conic, PG, PT 
being conjugate lines, are also harmonic with respect to PL, PM 
(Art 49) and are therefore also the bisectors of the angle between 
PL,PM 

Hence two rectangular conjugate lines through P are the 
common bisectors of the angles between (i) the focal distances, 
(n) the two tangents from P to the conic 

If P is on the conic at P l9 the tangent at P 1 and the line through 
PI perpendicular to the tangent, which is known as the normal 
at PI, are clearly conjugate lines through P! and also perpendicular 

Thus (i) if the normal and tangent meet the focal axis at 
0, T, then OGCT^OS*, and (11) the tangent and normal at 
any point on the come bisect the angles between the focal 
distances 

If PiT is here the tangent, then, since a real tangent to a conic 
necessarily lies outside the curve, T lies outside AA (and therefore 
outside SH) in the case of the ellipse, and inside AA (and therefore 
inside SH) in the case of the hyperbola 

The internal bisector of the angle SPfi is therefore the normal 
when the conic is an ellipse, and the tangent when it is a hyperbola 

In the parabola, H is at infinity on the axis Hence the tangent 
and normal bisect i 1 o &gt; jr between the axis and the focal distance , 
and for a point P not on the parabola the two tangents from P, 
and the diameter and focal distance, have the two rectangular con 
jugates through P as common bisectors Also, since H is at infinity, 
S becomes the middle point of GT 

EXAMPLES 

1 If the tangent and normal at P meet the non focal axis at T and Q f 
prove that 8, H, P, T , G are concyclic and GQ CT = - OS* 

2 Show that two parabolas which have a common focus and their axes 
in opposite directions intersect at right angles 

$ I a f ^^ord of a parabola, and the normal at P meets the curve 

f rf *f % 6etS a ^ throu ^ P P arallel to the axis at V, and U 
midpoint of P V, prove that UQ is the tangent at Q 

thr ^\ an y P ** P ^ the plane, two comes can be drawn 
and that of these two &gt; &lt;&gt;*e is an ellipse, and the other 
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5 Show that two parabolas with a given focus and axis pass through a 
given point P, and that they intersect at right angles 

6 Show that the two tangents from P to any conic are equally inclined to 
the tangent and normal at P to a confocal conic through P 

7 Having given three tangents to a conic and a focus determine the other 
focus and the points of contact of the tangents 

118 The eccentricity The polar of a focus is called a 
directrix Since a focus lies on an axis, its directrix is per 
pendicular to that axis Also, from the symmetry of the curve 




FIG 46 

with regard to the centre, and since the foci are symmetrical points, 
the directrices are symmetrically situated with regard to the centre 

Let S (Fig 46) be a focus of a conic s, XM the ( o r, ^on^mg 
directrix, X being the foot of the perpendicular from S on this 
directrix Construct the figure in plane perspective with s, when 
S is taken as pole of perspective, and the directrix as the \ amshing 
line i for the come, the axis of perspective 5 Z being any arbitrary 
line x parallel to the directrix 

The figure corresponding to s will be another come $ , m ^hich 
the point corresponding to S and the line corresponding to i are 
pole and polar But S is self-corresponding and i correspond -&gt; 

tr* t"hp linA at -m fin-it xr o /co TTAnr&gt;A 9 i&lt;? tlip ppntrf* of &lt;? 
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Further conjugate lines through S, which are at right angles 
since 8 is a focus, transform into conjugate diameters of s But 
lines through S transform into themselves by the property of the 
pole of perspective Hence all conjugate diameters of s are 
perpendicular, that is, every diameter of s is an axis Thus s 
IB a circle (Art 60) 

Let P be any point on s Join XP, meeting the axis of perspective 
at Z Then Z is at infinity on 8X, and ZZ corresponds to 
ZX, that is, it is the parallel through Z to SX Since P lies on ZX, 
P lies on ZX /co , but P also lies on 8P 9 and so is determined by the 
intersection of SP and the parallel through Z to SX 

Let PM be drawn perpendicular to the directrix, and let P Z 
meet the directrix at N 

Since PM , ZN are parallel 

PM ZN-PX ZX 
Since P Z, SX are parallel 

PX ZX=SP SP 

Hence PM ZN=SP SP 

or SP PM=SP ZN=SP YX, 

I being the intersection of x and SX 

Since P describes a circle with S as centre, SP is constant 
Also YX is the perpendicular distance between the axis of per 
spective and the vanishing line ^ 3 and is constant as P varies 

Thus SP 7Z=a constant ratio, which we will denote by e 

Accordingly SP =e PM, or 

The distance of a point on a conic from a focus is m a constant 
ratio to its distance from the correspond! n a directrix 

This ratio is called the eccentricity, and the symmetry of the 
two foci and directrices shows that it is the same for either focus, 
in the case of a central conic 

Let now the vanishing line/ of the circle meet SX at J (Pig 46) 
Then, since by Art 12 the distance of one vanishing line from the 
axis of perspective is equal to the distance of the pole of perspective 
from the other vanishing line, 

7X=J S 

and e =SP J S 

If / meets the circle in real points, the conic s is a hyperbola 

(Art S4^ 
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If f does not meet the circle in real points, the conic s is an 
ellipse We then have SP &lt;J S, so that e&lt;\ 

If/ touches the circle, the conic s is a parabola, and SP = J S, so 
thate=l 

The property that SP = e PM will be referred to as the focus and 
directrix property 

EXAMPLES 

1 Two points of a conic being given and also one of the directrices, show 
that the locus of the corresponding focus is a circle 

2 T is any point on the tangent at P to a conic of which S is one 
focus, and TB, TU are the perpendiculars drawn from T to SP and to 
the directrix corresponding to $ Prove that K TU is equal to the 
eccentricity of the come 




Hypeibola 
(b) 



FIG 47 



119 Relations between fundamental points and lengths 

Let Fig 47 represent the principal points and lines connected with 
the conic C is the centre, S, H the foci, x and x the directrices, 
meeting the focal axis at X, X 1 , A, A are the vertices on the focal 
axis, B, B those on the non-focal axis , the latter are sho^n only in 
Fig 47 (a), as they are not real except in the case of the ellipse 
The chord LH through a focus S at right angles to the focal ixis 
is called the latus rectum 
From the focus and directrix property 

SA=eAX (1) 

j Q-,, A Y n\ 
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where the formulae hold good for either type of central conic, if 
signs of segments are taken into account 
From (1) and (2), by addition, 



since C is the middle point of A A 

Hence CA=eCX (3) 

By subtraction of (1) from (2) 



or CS=eCA (4) 

giving the position of the foci 

Note that, in the ellipse, the foci are inside (cf Art 115), and the 
directrices outside, A A These relations are reversed in the hyper 
bola 

Since the directrices, being polars of internal points, do not 
meet the conic in real points, it follows that, in the ellipse, the 
whole curve lies between the directrices , in the hyperbola, the two 
branches are separated by the directrices , in the parabola, the 
whole curve lies to one side of the directrix 

Again \SL\=e\SX\ = \eSX\ 

= \e(CX-CS)\ = \CA-e2CA\=CA\l-e 2 \ (5) 

so that \SL\ =CA(1 -e 2 ) in the ellipse, and CA(& - 1) m the hyper 
bola, CA being taken as positive 
Further, by Art 76 

SI? CB* 

A 88A~CA* 

But SA=CA-CS = 



Therefore OB^A^l -*) (6) 

Note that A S SA = OB 2 (7) 

It follows that, in the ellipse, CB is real and less than CA Thus 
the focal axis is the major axis of the ellipse In the hyperbola CB 2 
is negative as is to be expected (Art 76) Denoting by CB l its 
absolute length 



and CBJ^CA^eP-l) (8) 
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Note that, in either case, the square of the absolute length of 
the non-focal axis is 

CA SL (9) 

In the parabola, only S 9 A, X, L, L survive as accessible points, 
and we have 

SL=SX=2SA (10) 

The latus rectum LL =4 8 A , this is often called the parameter 
of the parabola 

EXAMPLES 

1 Prove that a line pair may be looked upon as the limiting case of a 
hyperbola when the foci coincide with the centre 

2 Prove that a point pan: may be looked upon as the limiting case of a 
very flat ellipse or hyperbola, the foci being coincident with the vertices 
Show that the eccentricity of a point pan: is unity 

120 The sum and difference of the focal distances In 

Fig 47 let P be any point on the curve, and let the parallel to the 
focal axis through P meet the directrices at M , M! 
In the ellipse 

SP=ePM, 
HP=eM P 
By addition 

SP+HP=eM M=eX X=2eCX=2CA, 

or, the sum of the focal distances is equal to the major axis 

In the hyperbola, H being the focus inside the branch remote 
fromP, 

HP=eM P, 
SP=eMP 
By subtraction 

HP-SP=eM M = 2CA 

or, the difference of the focal distances is equal to the transverse 
axis 

Ex 4.MPLES 

1 The firmg of a gun at P is heard at stations A and B at tinier sepaiated 
by an interval during -which sound would tra\el a distance I (less than AB) 
Show how to construct the locus of P 

2 Find the locus of the focus of a parabola passing through t\\o fixed 
points A, B and the direction of whose axis is given 

121 Tangents from an external point subtend equal or 
supplementary angles at a focus Let TP, TQ (Fig 48) be 
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tangents from T to a conic, P, Q their points of contact, S a focus 
Join ST meeting PQ at Z, and let QP meet the directrix corre 
sponding to S at Y The pole of ST is the meet of the polar of T 
(that is, PQ) and the polar of S (that is, the directrix) Hence Y 
is the pole of ST, and F, 2 are harmonically conjugate with regard 
to P, Q, so that 87, SZ are harmonically conjugate with regard to 

SP,SQ 

Also SY, ST are conjugate lines through a focus and therefore 




perpendicular Hence (Art 28) they are the bibcctois of the &lt;mgle 
PSQ 

The point Y lies outside PQ unless the conic is a hyperbola and 
P, Q are on different branches (see Fig 47) Thus $T is the 
internal bisector of the angle PSQ in every case except when P and 
Q are on different branches of a hyperbola 

Therefore tangents from an external point to a conic subtend 
equal angles at a focus unless they are tangents to different branches 
of a hyperbola, when they subtend supplementary angles at a 
focus 

An important particular case arises when P and Q coincide , 
T then coincides with them and we obtain the following theorem 

The intercept on a tangent between the point of contact and 
a directrix subtends a right angle at the corresponding focus 
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EXAMPLES 

1 Prove that tangents to a conic subtend equal or supplementary angles 
at a focus by considenag a plane perspective which transforms the conic 
into a circle having that focus for centre 

2 Two comes with four real intersections have a common focus Prove 
that two of their common chords pass through the intersection of the 
directrices corresponding to the common focus 

3 Prove the following construction for the pole of any line q with regard 
to a conic, given the two foci S, $ and the two directrices s, s Let q meet 
s at P, s at P Through 8, 8 draw perpendiculars to JSP, S P respectively 
these meet at the point Q required 

4 Given a directrix and the corresponding focus of a conic and the 
direction of one tangent through a given external point 0, show how to draw 
the remaining tangent from 

122 The rays joining a focus to the intersections ol a variable 
tangent with two fixed tangents describe directly equal pencils 

"We may state the first 
theorem of Art 121 as 
follows IfTP,TQaretwo 
tangents to a come, of 
which S is a focus, twice 
the rotation (measured posi 
tively m a prescribed sense) 
which brings the line SP 
into coincidence with the 
line ST (or ST into coinci 
dence with SQ) will bring FlG 49 
the line SP into coincidence with the line SQ In this form 
the theorem applies to both cases, whether the angles sub 
tended by TP 9 TQ at S are equal, or supplementary We must, 
however, remember that the coincidences are here irrespective of 
the sense of segments measured positively on the lines, so that 
every rotation has an indeterminacy of an integral multiple of two 
right angles It follows that we cannot divide by two and say that 
half the rotation which brings SP to SQ brings SP to ST 

Let now A, B (Fig 49) be two fixed points on the conic, P a 
variable point, and let the tangent at P meet the tangents at A 
and B at L and M lespectively 
Then, by what h is just been stated 

2(rot*ition SL to SP) = rotation SA to SP, 
2(rotation SP to SM) = rotation SP to SB 
Adding 

2(rotation SL to SM) = rotation SA to SB, 
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and this must be true for any interpretation of the rotation SL to 
SM, and some interpretation of the rotation SA to SB 

There must clearly be a finite range of positions of LM over which 
these interpretations remain the same, for they cannot change 
abruptly unless one of the points , M , P passes through infinity 

Throughout this range of positions we have 

rotation SL to SM =a constant a, say 

Consider now two pencils S[L], S[M] of which the second is 
obtained from the first by this rotation a The pencils are equal 
and therefore proactive, hence [L]7t[M] and LM touches a come s, 
the tangents to which must coincide with those of the given conic 
over the above-mentioned range of variation Thus s and the 
given conic have an infinite number of common tangents and must 
coincide Accordingly the same two pencils give the whole of the 
tangents to the given conic, and we have, for all positions of P, 
L,M 

rotation SL to SM =the same constant a, 
which proves the theorem required 

The student will find it instructive to trace the relation of the 
rotation SL to SM to the angle ASB, (i) when the conic is an 
ellipse lying inside the triangle formed by the tangents, (n) when 
the conic is external to the triangle and touches all three sides 
along the same branch, (in) when A and B lie on different branches 
of a hyperbola, (iv) when A, B he on one branch of a hyperbola and 
P on the other branch 

EXAMPLE 

Prove the converse of the theorem of the present Article, namely that, if 
SL SM are corresponding rays of two directly equal concentric pencils 
through a fixed point S, meeting two fixed straight lines at L, M, then LM 
envelops a conic of \\ hich 8 is a focus 

123 Focal Chords Let PSQ (Pig 50) be a focal chord through 
a focus S, meeting the corresponding directrix at Y Since S is 
the pole of the directrix, {YQSP} = - 1, and, by Art 28 

-L _L _ 2 

YP + YQ ~ YS 

Let PM, QK, SX be the perpendiculars from P, Q, S on the 
directrix By similar triangles 

YP YQ YS=PM QK SX 

=ePM eQK eSX 
=SP QS SL 
by Arts 118, 119, LSL being the latus rectum 
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Hence 



-L _! _ A. 

SP + QS~SL (1) 

or, the semi-latus rectum is a harmonic mean between the 
segments of any focal chord 

The above will be found to hold good in all cases, even when S is 
outside PQ, provided the positive sense on the focal chord is taken 
from the focus towards the nearer intersection P with the curve 




IIG 50 

Another proposition on focal chords is easilv deduced Newton s 
Theorem gives at once 

QSSP C J 2 

L S SL OB 2 W 

where CD is the semi-diameter parallel to PQ 

Now, from (1), multiplying up, and remembering that QS+SP = 

QP 

2 SL 2 CD 2 



le QP = 

or \PQ\ = 



2 SL CD 2 
OB 2 

2 \SL\\CD\* 
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But \CB\* = \SL\ \CA\, by Art 119 (9) , 

2|OD| 2 
hence \PQ\ = -j^jj" 

or, the lengths of focal chords are proportional to the squares 
of the absolute lengths of the parallel semi-diameters 

124 Intersection of the normal with the focal axis Let 

tlie normal and tangent at P (Fig 50) meet the focal axis at G, T, 
and let PN be the ordinate through P 
We have seen (Art 117) that 



But also, PN is the polar of T, since, T being on an axis, its polar 
is perpendicular to that axis Thus {A 1 NAT} = - 1, and 

CNQT-QA* 
By division 

CG=e*CN (I) 

But CN-CX-PM, 

CG-CS-GS, 

there being here no need to discriminate between the cases of the 
ellipse and hyperbola, if attention is paid to sign 
Substituting into (1) 



But e 2 CX=e CA=CS (Art 119) 

Thus GS=e*PM (2) 

or, using Art 118 \8Q\ =e \SP\ (3 ) 

The distance GN is caUed the subnormal This also can be 
expressed in terms of SP, or PM For 

GN=CN-CG=CX~PM-CS + GS 

=SX-(l-e*)PM (4) 

These results are often useful 

EXAMPLES 

1 Prove that the orthogonal projection of the normal PQ upon cither 
focal distance is constant and equal to the semi latus rectum 

P me^h^f ? rPendlCUlar *? m n SP m ^ 50 &gt; and lf tho t*nff "* ^ 
f meet the directnx corresponding to S at U, prove triangles PK(f IMP 
similar and triangles 8X0, UXS similar , and w &gt; 80= eSpf 

2 Normals at the extremities of a focal chord PP 

P and p&gt; at - and 
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125 The feet of focal perpendiculars on a tangent lie on 
the auxiliary circle Let SY, HZ (Fig 51) be perpendiculars 
from S, H upon the tangent at P Let HP meet SY at F 

Consider the case where the conic is an ellipse 

The angle FPY=SPY, since PT bisects SPH externally by 
Art 117 Hence, the angles FYP, SYP being right angles and 
YP being common, the triangles FYP, SYP are congruent | FP\ 
= |/SP| and \FH\ = \SP\ + \HP\=2\CA\ Also C, Y being mid 
points of SH, SF respectively, \CY\~l\FH\ = \CA\ Hence Y 
hes on the auxiliary circle Similarly Z lies on the auxiliary circle 
The proof when the come is a hyperbola is precisely similar and may 
be left as an exercise for the student 




FIG 51 

If Y , Z be the feet of perpendiculars upon the tangent parallel 
to the tangent at P, Y and Z also lie on the auxiliary circle 

Also by symmetry 

\SY \=\HZ\ 9 \HZ \ = \Sl\ 

Hence SY HZ = Y SSY=A SS4 by the property of segments 
of chords of a circle 

But A S SA=CB* ( lit 119 (7)), so tint 

til UZ = CB* 

01, the product of focal perpendiculars upon a tangent is equal 
to the square of the non-focal semi-axis 
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If the conic be an ellipse SY, HZ are drawn in the same sense and 
B* is positive 

If the conic be a hyperbola SY, HZ are drawn in opposite senses 
and GB 2 is negative and equal to - CB^ (Art 119) 

Hence SYZH-CBJ 

EXAMPLES 

1 Given both foci and a tangent to a conic, show that the conic is uniquely 
determined, and find the point of contact of the given tangent 

2 A focus and three tangents to a conic are given Construct the axes of 
the conic in position and length 

3 If CD be the absolute length of the semi diameter conjugate to CP, 
show that 

SPHP=CD* 

4 Show that points of contact of tangents from the foci to the auxiliary 
circle he on the asymptotes 

5 The focus of a conic slides on a fixed line, the conic itself sliding on a 
fixed perpendicular line Find the locus of the centre 

6 A variable line moves so that the product of the perpendiculars upon it 
from two fixed points is constant Show that it envelops a conic, of which 
the two fixed points are foci 

126 The normal PG is inversely proportional to the per 
pendicular GK from the centre on the tangent at P For since 
T, G (Fig 51) are harmonically conjugate with respect to S, H 
(Art 117), 

JL J: _ A 

TS TH TG 

But TS TH TG-SY HZ GP, 

-- - 
SY + HZ~GP 

SY+HZ 2 
SY HZ ~GP 

But SY+HZ_=2CK because C is the middle point of SH , 
125, 

2 



CB* = &P 
or CKOP=CB* 

127 Special properties of the parabola Many special 
properties of the parabola are deduced at once from those of the 

all TiOQ rV^ +1-,^ T-YTr^-r. k/-xlr I-VYT -/v rvtrTv* ,v /-x-^ ^ n ^4-^^r A n-nA +&gt; A 
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corresponding focus H to infinity The line HP then becomes a 
parallel to the axis Also e is put equal to unity when it enters 
into any formula, but (1 -e%)SA or 2(1 - e 2 )C ] A is to be put equal 
to the latus rectum 

It should be noted that, although the results may be thus obtained 
as limiting cases, the proofs given for the central comes cannot 
always be similarly obtained and may require modification for the 
case of the parabola 

The following are two examples of properties of the parabola 
deduced as limiting cases of corresponding properties of the central 
comes 

If, in the last theorem 
of Art 124, we write e=l, 
we have at once GN=SX, 
or the subnormal m the 
parabola is constant, and 
equal to the semi-latus 
rectum 

The auxiliary circle de 
generates into the straight 
line through A perpendicular 
to the axis, that is, into the 
tangent at the vertex The 
first theorem of Art 125 
now reads 

The foot of the perpen 
dicular from the focus 
upon any tangent to a 
parabola lies on the tan 
gent at the vertex 

Separate proofs of certain other properties of the parabola will 
now be given 

128 The intersection of perpendicular tangents to a parabola 
lies on the directrix Let PSQ (Fig 52) be a focal chord of a 
parabola Let the diameter conjugate to PQ meet the directrix 
at Y Then, since the pole of PQ lies on both this diameter and 
the directrix, it is the point Y Hence YP, YQ are the tangents 
at P and Q Let PL, QM be the perpendiculars from P and Q 
on the directrix 

By Art 117 PY bisects LPS and QY bisects MPS Thus 
YPO+YOP=^LPS+MQS)=a right angle, since PL and QM 




FIG 52 
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axe parallel The remaining angle PYQ of tlie triangle PQY must 
therefore be a right angle, which proves the theorem stated 

129 Parameter of parallel chords of a parabola We have 
seen (Art 76) that if QP (Fig 52) be a chord of a parabola bisected 
at N by its conjugate diameter and if this diameter meet the curve 
at D, then 

?_ =the parameter of the chords parallel to PQ 
DN 

To find its value take the chord QP to pass through the focus S 
From Fig 52, since the angle at Y is a right angle, the circle on 
PQ as diameter passes through Y, its centre being N, the middle 
point of PQ ThvaQN-JN 

Also, since YDN is parallel to the axis, it meets the curve again 
at , and, since PQ is the polar of 7, D is harmonically conjugate 
to .E 00 with regard to Y and N Hence DN = YD 

. , . QN* 4 YD* 

Accordingly 



by the focus and directrix property 

The parameter is therefore 4 &Z), where D is the extremitv of 
the diameter conjugate to the chords 

130 The circle circumscribing the triangle formed by three 
tangents to a parabola passes through the focus If, m the 
theorem of Art 122, we take for one of the positions of the variable 
tangent the line at infinity, which is possible in the case of the 
parabola, the points L } M become the points at infinity on the other 
two tangents a and b at A and B respectively The lines SL, SM 
are then parallel to a and 6, and it follows that, when c varies, the 
value of the constant angle LSM is one of the angles between a and & 

If now a, 6, c are any three tangents, forming a triangle LMN , 
where N is the intersection of a and 6, we have LSM is equal or 
supplementary to LNM, or the points i, M, N, S are concychc, 
and the circle LMN, which circumscribes the triangle formed by 
the three tangents, passes through the focus S 

EXAMPLES 

1 TP, TQ are two tangents to a parabola Show that the circle touching 
TQ at T and passmg through P passes through the focus 

2 Given two tangents to a parabola and their chord of contact, construct 
the focus and the directrix 

3 PQE being a triangle circumscribed to a parabola, prove that the 
perpendiculars from P E to SP SO SB are concurrent 



FOCAL PROPERTIES OF THE COmC 165 

4 Parabolas are drawn touching the sides of a given triangle , show that 
the pairs of parabolas, which have their axes perpendicular, have then: foci 
at opposite ends of a diameter of the circumcircle of the triangle 

5 A parabola is given by four tangents Without finding any point on 
the curve construct its focus 

6 Show that the four circles circumscribing three of the sides of a complete 
quadrilateral have one common point 

131 The orthoeentre of the triangle formed by three tangents 
to a parabola lies on the directrix This is readily proved from 
Bnanchon s Theorem 

Let a, &, c be the three tangents, & , c the two tangents per 
pendicular to 6, c, and i the line at infinity 

Consider the hexagon oft&Wc Then (ab, ic ) (&& , cc ) (6^, 
ca) are concurrent 

But (ab, i^c ) is the parallel to c f through a&, ^ e the perpendicular 
from ab on c 

Similarly (ac, ^ co b ) is the perpendicular from ac on & 

Hence the Bnanchon point is the orthocentre of the triangle 

But (&& , cc ) is the directrix, since perpendicular tangents & and 
& , c and c meet on the directrix 

The orthocentre therefore lies on the directrix 

EXAMTLE 

TP, TQ are two tangents to a parabola , perpendiculars to TP, TQ are 
drawn through T and P respectively Show that they intersect on the 
directrix 

132 Focal chord of curvature of a parabola The investi 
gation of the circle of curvature (Art 84) shows that, if the diameter 
through P meet the circle of curvature at 7, then PV is equal 
to the parameter of the chords conjugate to this diameter 

If the focal radius PS meet the circle of curvature again at U, 
PU is termed the focal chord of curvature at P By Art 117, 
PU, PV are equally inclined to the normal to the parabola at P, 
that is to the diameter of the circle through P Hence, by the 
symmetry of the circle, P/=P7 = parameter of chords parallel to 
the tangent at P 

But this parameter has been shown (Art 129) to be 4 SP Thus 
PC7 = 4 PS and the point U is readily constructed when the focus 
is known This gives a point U on the circle of cur\ature A 
perpendicular through U to PU meets the normal at the other 
extremity of the diameter of the circle through P, and the circle is 
determined 
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EXAMPLES 



1 If the normal at P to a parabola meet the directrix at H, then the 
radius of curvature at P 2HP 

2 In the plane perspective relation between the parabola and its circle of 
curvature at P, in which the tangent at P is the axis of perspective, prove that, 
if is the centre of the circle and the pole of perspective, then if 00 meet 
the vanishing line of the circle at K, PK is the diameter of the parabola 
conjugate to chords parallel to the tangent at P 

3 Using Ex 2 prove directly that the focal (or diametral) chord of curvature 
is equal to the parameter of the chords parallel to the tangent at P, without 
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1 Show that the asymptotes of a hyperbola meet the directrices at points 
on the auxiliary circle 

2 On the transverse axis AB of a hyperbola as diameter a circle is drawn 
(the auxiliary circle of the hyperbola) A ray through A meets the circle and 
hyperbola in P, P Show that the tangents at P, P meet on the tangent 
atJ5 

3 Having given a focus of an ellipse, a tangent and its point of contact, 
and one other point on the curve, find the other focus Show that, when the 
construction is possible, it leads to two solutions 

4 If TP 9 TQ be tangents from a point T to a central conic, 8 9 H the foci, 
show that the bisectors of the angle PTQ meet the non focal axis in two 
fixed points when T describes a circle through 8, H 

5 Show that if & H be fixed points and through a point P lines PT 9 PU 
be drawn so that the angles SPH 9 TPU have common bisectors, a conic can 
be described with S, H as foci to touch PT and PU 

6 If the normal at P meet the non focal axis at G , show that the projection 
of PG upon either focal distance is equal to the focal semi axis 

7 Prove that if the normal at P to a central conic meet the focal axis at 
G and the non focal axis at # , then PG PG=CA* CB 2 

S Prove that the pole of the tangent at P to a central conic with regard 
to the auxiliary circle lies on the ordinate of P 

9 If SY, SZ be perpendiculars from a focus S to tangents TP, TQ the 
perpendicular from T to YZ passes through the other focus H 

10 PQ, PR are two focal chords of a come Show that QR meets the 
tangent at P at the pole of the normal at P 

1 1 PQ PR are the two focal chords through a point P of a conic Prove 
that the pole of QR lies on the normal at P 

12 Prove that the perpendicular drawn through a focus S of a conic to any 
chord PQ meets the directrix corresponding to S in a point of the diameter 
conjugate to PQ 

Given a triangle ABC, with an acute angle at C, show that there is only 
one conic *hich has AB for a directrix and CA, CB for a pair of conjugate 
diameters , and show how to determine the auxiliary circle and the points of 
intersection of this conic \\ith CA and CB 
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13 Two parabolas have a focal chord in common and have their axes 
parallel Prove that they intersect at right angles Conversely prove that, 
if two parabolas have their axes parallel and intersect at right angles at a 
point, they have a common focal chord which passes through this point 

14 Two parabolas have a common focus Show that they cannot have 
more than two real common points, which he on the internal bisector of 
that angle between the directrices which contains the common focus 

15 A rectangular piece of paper ABCD is folded so that the corner G falls 
on the opposite side AB Show that the crease envelops a parabola of which 
is the focus and AB the directrix 

16 The vertex of a constant angle moves on a fixed straight line, while 
one of its sides passes through a fixed point S Show that the other side 
envelops a parabola, of which S is a focus 

17 Prove that a focal chord of a parabola is equal to 4 SP, where S is the 
focus, and P is the point where the tangent parallel to the given chord touches 
the curve 

18 From a point T on the directrix of a parabola tangents TP 9 TQ are 
drawn and the chord PQ meets the directrix at K and the diameter through T 
at E Prove that 

(i) SPSQ=SRSK, 
(u) PQ*=4RSRK 

19 If TP 9 TQ are tangents from a point T to a parabola having S as focus, 
prove that the triangles SPT 9 STQ are similar, and that ST*=SQ SP 

If tangents from a point on the axis of a parabola meet any other tangent 
at points L and M, prove that SL=SM and that S, L, 0, M are coney chc 

20 A fixed tangent c to a parabola I is met at P by a variable tangent t, 
and u is the perpendicular to t through P in the plane of I Prove that u 
always touches a second fixed parabola s 9 whose axis is perpendicular to that 
of Jc , and that each of k, s touches c at a point on the directrix of the other 

21 Prove that chords of a come s which subtend a right angle at a fixed 
point not on s envelop a conic of which is a focus and the polar of 
with regard to s is a directrix [Use Exs "VTlA, 13 ] 

22 Show that, in any conic, the focal chord of curvature at P is equal 
to the focal chord of the conic parallel to the tangent at P 

23 S is a focus of a conic s, and S Y is the perpendicular from S on the 
tangent at P If & is the circle centre 8 and radius SY, and if Z be an niter 
section of SP with k, show that the tangents at P, Z to s, I respectively meet 
on a common chord of k and s and that the point of contact of the second 
tangent to s from this intersection lies on SY 

24 Given one focus S of & hjperbola one asymptote and a tangent t, 
show how to construct the other asymptote and focus Show also how to 
find the second tangent to the hyperbola from an} point of the given tangent t 

25 Show that the hyperbola c, ^hich has foci at two given points, P Q of 
an ellipse I and passes through one focus S of A must ak&gt;o pas& through 
the other focus H and that the directrix of c corresponding to the focus P 
meets SH at its intersection with the normal at P to A 

Show also that if the normals to I at P Q meet SH at G A respectively 
the line joining the middle points of PQ, GL is perpendicular to PQ 

26 A variable conic k has one focus at a fixed point S and passes through 
two other fixed points A and B Prove that the second focus H describes a 
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composite locus, composed of an ellipse and hyperbola passing through 8 and 
having A, B for foci 

Show that the directrix of Js corresponding to the fixed focus 8 must pass 
through one or other of two fixed points on the line AB , and that, for any 
particular position of A, the intersection of this directrix with AB is on the 
normal at to that part of the composite locus upon which the other focus 
#hes 

27 Prove that, if p, q are two fixed perpendicular diameters of a conic lc, 
the meet of conjugate lines with respect to I, which are parallel to p, q, lies 
on the rectangular hyperbola which has p, q for asymptotes and passes 
through the foci of k 

EXAMPLES VIIlB 

[Except where otherwise stated, the axes of co ordinates are rectangular ] 

1 A right circular cone of semi vertical angle 60 is cut by a plane inclined 
at an angle of 15 to the axis of the cone and whose perpendicular distance 
from the vertex is 4 mches Construct the asymptotes, foci and vertices of 
the section 

2 Draw the hyperbola whose directrix is x= 0, focus (2, 0) and eccentricity 
25 

3 Draw a triangle SPH with sides SH4: niches, &P=3 inches, HP= 

2 mches Draw the tangent at P to the ellipse which passes through P 
and has S, H for foci , and by geometrical construction find the four vertices 
of the ellipse, and its directrix corresponding to S 

4 A hyperbola has its vertices at the points (0, 0), (4, 0) and passes through 
the point P (5, 4) Construct the tangent at P, the foci and the asymptotes 

5 A hyperbola has the lines y 1 5x for asymptotes and passes through 
the point (5, 4) Construct its foci and vertices 

6 Construct the directrices of the possible comes which have the origin 
for focus and pass through the three points ( 1, 1), (3, 3), (5, 0) 

7 The asymptotes of a hyperbola are parallel to the lines # 2 42/ 2 =0 
One focus is the point (3, 0) and the semilatus rectum =2 Find the 
asymptotes in position and draw the curve 

8 A come has the axis of?/ for directrix, the point (1 5, 0) for corresponding 
focus and eccentricity =2 Draw a chord through the focus which shall be 

3 5 units long 

9 Draw a circle of radius 1 5 mches, and mark a point JS distant 1 inch 
from the centre Construct the polar z of 8 with respect to the circle, using 
the ruler and pencil only 

Mark a point 7 on the circle (but not on the diameter through S) and 
find a tangent from 7 to the ellipse which has 8 for a focus, z for corresponding 
directrix and the circle for its auxiliary circle 

Find also the points in which this tangent (i) touches the ellipse, (n) meets a 
perpendicular tangent to the ellipse 

10 A parabola touches the straight lines 



Construct the focus, axis and vertex of the parabola 

1 1 The focus of a conic is the origin and the come passes through the 
point (3, 4) If the semi latus rectum =35 and the eccentricity = \ construct 
the second foci of the comes which satisfy the 
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12 Given the foci S, H of a hyperbola are 4 inches apart and a tangent 
making an angle of 60 with SH divides SH internally in the ratio 3 1, find 
(i) the point of contact of the given tangent, (u) the vertices, and (in) the 
asymptotes 

13 ABC is a triangle with jBO=4 niches, (Li = 3 niches, JJ?=3 5 niches 
Find the foci of the conic which has CA, GB for a pan: of conjugate diameters 
and AB for a directrix , and determine the intersections of this conic with GA 
and OS 

14 A conic has a focus at the point (2, 0) and touches the lines x 4- 2y=4, 
%y - x = 4 and x 4- y - 3 Construct the centre, the other focus, the vertices, 
the directrices and the extremities of the latera recta 

15 A hyperbola touches the co ordinate axes and the line rcH-2y=3, and 
has one focus at the point (2, 1) Find its asymptotes, the other focus, and 
the directrices , and its points of contact with the three given tangents 

16 A conic touches the axis of x at the point (3, 0), and also touches the 
axis of y , and it has the point (2, 3) for a focus If the angle between 
the axes of co ordinates be 75, construct it as an envelope 

17 The angle between the positive directions of the axes of co ordinates 
being 60, a conic having a focus at the point (3, 2) touches the axis of y 
at the pomt (0, 3) and also touches the axis of x Construct the point of 
contact of the x axis, the second focus, the directrices, the auxiliary circle, 
the tangents perpendicular to the co ordinate axes, and the vertices 

18 ABGD is a rectangle, AB2 niches and BG 1 inch A conic touches 
AD, AG, BG and has one focus at the middle point of AB Construct the 
points of contact of AD, AG, BG and the axes of the conic in position and 
length 

19 A parabola touches two lines AB, AG at B and C, where AB5 em , 
AC= 7 cm , and the angle BAC= 45 Find its focus and directrix 

20 A parabola has the axis of y for directrix and touches the line 2y=x 
at the point (4, 2) Find its focus and axis, and the other extremity of the 
focal chord through (4, 2) 

21 A parabola has three point contact with the circle z 4-2/ 2 =4 at the 
point (2 0) and touches the line x ~ 32/4-4=0 Find the point of contact 
of this line with the parabola, and the axis focus and directrix of the parabola 

22 An ellipse has the points (0 0) (6 0) for the extremities of the major 
axis, and passes through the point P (1, 15) Construct the tangent at P 
the foci and the circle of curvature at P 

23 AGB is a tnangle right angled at C with sides CB=2 niches 4 = 4 
mches , and D is the pomt on AB produced such that the angle BCD =30 
The tnangle ABC is self polar with respect to a parabola whose axis is parallel 
to CD 

Construct (i) the points P Q R in -which the parabola meets the parallels 
to the axis through A, B, G respectively , (u) the focus , (in) the circle of 
curvature at P 



CHAPTER IX 
IMAGINARY ELEMENTS 

133 Point and line co-ordinates in a plane The position 
of a point P in a plane may be defined by two co-ordinates x, y 
given by the intercepts cut off, on two fixed axes, between their 
intersection or origin and the parallels through P to the axes In 
this system of co-ordinates the co-ordinates of the points of any 
straight line satisfy an equation of the first degree 

Ax+By + 0^0 
If we divide this equation by C it takes the form 



A straight line is therefore completely defined when we know the 
two coefficients I, m These may then be spoken of as the 
co-ordinates of the line 

The co-ordinates of the points of a curve satisfy a relation which 
is called the Cartesian equation of the curve 

In like manner the co-ordinates of the tangents to a curve satisfy 
a relation which is called the tangential equation of the curve 

If the co ordinates I, m of a line satisfy a relation of the first 
degree, this can be put into the form 



and this shows that the line whose co-ordinates are 1 9 m passes 
through the point whose co ordinates are a, & 

An equation of the first degree in I, m is therefore the tangential 
equation of a point and the lines whose co-ordinates satisfy this 
equation are rays of a pencil 

If Z=0, w=0, x or y or both must be infinite if Ix+my is to 
be equal to the finite quantity -1 Hence Z = 0, m-0 are the 
co-ordinates of the line at infinity Similarly if z=0, y=0 the 
Imes through the origin must have I or m or both infinite 

Notice the duality implied by this arrangement of point and 
line co-ordinates By giving the symbols a different interpretation 
nnd talmor J m as P 
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line and bearing in mind the symmetry of the relation of incidence 
h+my + l=Q in x, y and Z, m respectively, we see that to any 
geometrical theorem corresponds another in which points and lines 
are interchanged This is the principle of duality which we have 
already deduced from the theory of reciprocal polars in Art 57 
The present result shows that this principle is entirely independent 
of the theory of reciprocal polars 

134 Point and plane co-ordinates m space In like manner 
the position of a point P in space may be defined by taking three 
axes OX t OY, OZ through an origin and drawing through P 
planes parallel to YOZ, ZOX, XOY to meet OX, 07, OZ respec 
tively at L, M, N Then the segments OL, OM, ON taken with 
proper sign are denoted by #, y, z and called the co-ordinates of the 
point It is shown in treatises on analytical geometry (see Salmon, 
Geometry of Three Dimensions, or C Smith, Solid Geometry) that in 
this system of co-ordinates a plane is represented by an equation 
of the first degree m the co-ordinates which may be put into the 
form 

Ix+my+nz 4-1=0 (1) 

and conversely that every such equation defines a plane 

(Z, m, n) may be called the co-ordinates of the plane and the 
above equation expresses that the plane (Z, m, n) and the point 
(x, y, z) are incident 

The co-ordinates of a point on a surface satisfy a single equation 
in x, y, z which is called the Cartesian equation of the surface 

The co-ordinates of a plane tangent to a surface satisfy a single 
equation in I, m, n which is called the tangential equation of the 
surface 

The equation (1) expresses, when x, y, z are treated as constants 
and I, m, n as variables, that the co-ordinates of the planes passing 
through x, y, z satisfy the equation (1) of the first degree in I, m, n 

Therefore such an equation of the first degree in 7, m, n represents 
a set of planes through a point Such a set ot planes is called a 
star of planes and the point through \\hich they pass is called 
the vertex of the star 

An equation of the first degree in I, m, n is therefore the JL n M. 
equation of a point 

As m Art 133, 1 = 0, m = 0, n =0 are the co ordmates of the plane 
at infinity, whereas x = Q, ?/=0, z=0 correspond to infinite plane- 
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135 Principle of duality in space The symmetrical form of 
the equation 



implies that if the point (x 9 y, 2) and the plane (I, m, n) are incident, 
so are the plane (#, y, z) and the point (Z, m, n) Thus to any theorem 
connecting points and planes, there corresponds a reciprocal 
theorem connecting planes and points, obtained from the first by 
interchanging the interpretations of x, y, z and Z, m, n In this 
translation the join of two points corresponds to the meet of two 
planes Hence a straight line corresponds to a straight line To 
the set of lines through a point, which is called a star of lines, 
corresponds the set of lines m a plane, which is called a plane of 
lines To a star of planes through a point corresponds the set of 
points of a plane, which is called a plane of points To a range 
of points on a line corresponds a set of planes through a line or ax^s, 
which is called an axial pencil To a set of lines through a point 
and lying in a plane (a flat pencil) corresponds a set of lines lying in 
a plane and passing through a point (another flat pencil) To 
a point on a surface corresponds a tangent plane to the corresponding 
surface To the tangent plane at a point corresponds the point of 
contact of the corresponding tangent plane 

To the points where a straight line cuts a surface correspond the 
tangent planes drawn through a line to the corresponding surface 

136 Cross-ratio of an axial pencil An axial pencil of four 
planes a, j8, y, 8 through a Lme x, has a definite cross-ratio For 
cut it by any two straight lines u is u 2 These meet oc/3yS in ranges 
AiBiCiDi, A 2 B 2 C 2 D 2 respectively On x take two points V 1} V 2 
The planes u^V^ u 2 V 2 meet in a line U B which cuts a/JyS in a range 
A^C^ Then the ranges A^CiD^ A 3 B 3 C 3 D 3 are perspective 
from 7 l , and the ranges AJB^CJD^ A 2 B 2 C 2 D 2 are perspective 
from V 2 Hence we have 



That is, {A^C^} ={A 2 B 2 C 2 D 2 } 

Hence all straight lines meet an axial pencil of four planes m 
ranges ha\ing the same cross ratio This cross-ratio is defined 
to be the cross-ratio of the axial pencil 

An axial pencil, like a range and a flat pencil, is known as a one- 
dimensional geometric form of the first order We shall refer to 
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the axis of such a pencil as its base, and axial pencils with, a common 
axis will be termed cobasal 

137 Imaginary elements We are now in a position to intro 
duce into Geometry a new set of ideal elements, which are called 
imaginary elements In Art 4 elements at infinity were introduced, 
in order to enable us to state theorems on the straight line in all 
their generality, without having to consider cases of exception 
Thus, after the introduction of the elements at infinity, we were 
able to state, quite generally, that coplanar lines always have a 
point of intersection, that a straight line and a plane always have a 
point of intersection, that two planes always have a straight line in 
common 

But, as we proceeded, we met another set of cases of exception 
which could not be dealt with in the same manner For example, 
two collmear projective ranges might have two real self-corre 
sponding points, or they might have none Nevertheless the 
nature of two such ranges is not intrinsically different in the two 
cases, as appears from the fact that any property which we prove 
for two such ranges which have self-corresponding points holds 
equally for ranges not having self-corresponding points, provided 
the property does not involve the reality of the ^ &lt; iir 

points 

In like manner a straight line may cut a circle or conic in two 
points, or it may not cut the curve at all Two tangents may be 
drawn from a point to a conic, or none may be drawn 

The validity of the results we have reached therefore depends 
on the elements of the figures having certain relative positions, 
without which some of the results apparently disappear 

Now it would be extremely convenient if these restrictions could 
be removed and if, bv introducing a new set of ideal elements, which 
have no visual existence, we could state our theorems in a perfectly 
general manner 

Such ideal elements are provided for us by the method of 
co-ordinates explained in Arts 133, 134 

For any geometrical theorem can be translated into an algebraic 
theorem connecting point and line co oidmatcs (or point and plane 
co ordmates) If m this theorem eutam leal elements ippeir, the 
co ordmates ot thest dtmuits cm be deduced fiom the solution 
of certain algebraic equations invoking the data It b} iltering 
the numerical values of these data, \\ithout altering their nature, 

4-V.rtr,^ ~1~^-.&lt;-,-, A ,-.-. -^ -P^rtwk 4-"U/- rr /M^^-ff/^ol f Ti /irvTom tli&lt;:\ "U ill 
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not disappear from the algebraic theorem, for an algebraic equation 
continues to have solutions, even when its constants are such 
that these solutions are not real The algebraic solution will 
therefore still give values for the co-ordinates of those elements 
which have disappeared from the geometrical solution, but these 
co-ordinates will be complex, that is of the form a+ib, where 
^V^-l and a, I are real The points, straight lines or planes 
defined by such co-ordinates have no visual existence , nevertheless 
all analytical theorems remain true of them and therefore all 
geometrical operations, which are interpretable by means of analysis, 
will continue to hold for such imaginary elements And this is 
true not only of points, straight lines and planes, but of all curves 
and surfaces of higher degree 
Thus the locus 



is not a real circle nevertheless it possesses, analytically, all 
the properties of a circle and, if we admit imaginary elements, 
we may perform with it the operations which we can perform 
with an ordinary circle 

We will therefore, from this point onwards, assume the existence 
of such imaginary elements, so that if a construction which leads to 
certain elements in one case fails to lead geometrically to such 
elements in another case, we shall say that those elements are still 
there, but are imaginary 

Thus we know that two proactive collmear ranges will generally 
have two self-corresponding points This shows that the problem 
of determining the self-corresponding points of two such ranges is 
analytically capable of two solutions Hence it will have two 
analytical solutions in all cases We shall then say that two such 
ranges have always two self-corresponding points, but that these may 
be real or imaginary 

In the same way a straight line will be conceived as always 
cutting a conic at two points, real or imaginary , and from a point 
two tangents, real or imaginary, can always be drawn to a conic 

Again we know that, in general, two distinct comes will intersect 
in four points The problem of finding the intersections of two 
comes has therefore four analytical solutions We shall say that it 
has always four geometrical solutions, that is, every two comes 
have four points of intersection, real or imaginary 

The student may object that this introduction of imaginary 

" 
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verbal delusion, for in what way can we derive help in practice 
from a construction in which one or more steps are imaginary ? 
The answer is that these imaginary elements cannot, indeed, be 
used in drawrng-board constructions, but it may, and does, happen 
that a demonstration, involving such imaginary elements, leads to a 
result which is free from them Thus by means of nna.gmfl.Ty 
points and lines we can obtain real theorems, precisely as we can, 
by means of points and lines at infinity, obtain theorems relating 
to figures at a finite distance 

It is true that in all cases such theorems might be obtained 
by reasoning with purely real elements But such proofs are often 
exceedingly complicated , also two theorems which, when we use 
imaginary elements, are only particular cases of the same theorem, 
require, if we restrict ourselves to real elements, proofs which 
are not infrequently quite dissimilar The simplicity and unity 
obtained by the introduction of imaginary elements add very greatly 
in power to the methods of geometry 

138 Conjugate unaginanes If the co-ordinates of an element 
are of the form a + ib, the element whose co-ordinates are obtained 
from those of the first by changing the sign of i is said to be a 
conjugate imaginary to the first element 

Thus the point (0, --&, 1+i) is the conjugate im&lt; gin n\ point 
to(0,*,l-t) 

If two elements are incident, their conjugate imaginary elements 
are also incident 

For any equation involving j i ^ may be reduced to the 
form 7 + ^7 = 0, where U and V are real We ha\ e therefore U = 0, 
7=0, and therefore U-iV=Q, that is, the equation obtained by 
changing the sign of i everywhere is also satisfied 

It follows similarly that if a real and an imaginary element 
are incident, the real element and the conjugate imaginary element 
are also incident For a real element may be looked upon as itb 
own conjugate imaginary 

If an element A of any nature is determined by t\\ o othei element^ 
P, Q (points, planes or intersecting lines), its conjugate imaginary 
element A is determined by the conjugate imaginary elements* 
P , Q For since A, P are incident A , P are incident , and 
since A 9 Q are incident A 9 Q r are incident Hence A =P Q 
In particular if Q - P Q = P or A = P P = A Hence the element 
(if any) determined by two conjugate imagmar} elements* i& ih\a\s&gt; 
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In particular the join of two conjugate points or the meet of two 
conjugate planes is a real line Two conjugate lines which intersect 
determine a real point of intersection and a real plane 

The elements determined by a real element A and two conjugate 
imaginary elements P, P are conjugate imaginary For A being 
its own conjugate imaginary, AP is the conjugate imaginary to 

AP 

Also, if 8 be any locus or envelope which is real or into whose 
analytical equation only real coefficients enter, and P be any 
imaginary element incident with S tye lying on or tangent to 8), 
the relation of incidence is expressed by an equation 



This implies U-iV=Q 

But the latter is what we obtain if we change the sign of i in 
the co-ordinates of P, since the coefficients of the equation for S 
do not contain ^ Hence P is also incident with S 

It follows that if two real loci have one imaginary intersection P, 
the conjugate imaginary point P is also an intersection, since it 
must lie on both curves The corresponding chord PP , being 
determined by two conjugate elements, is real 

EXAMPLES 

1 Prove that, if 7, J are two conjugate imaginary pomts on a straight 
hne, the middle point of IJ is real and J 2 is real and negative 

2 If 7, J are two conjugate imaginary points on a straight hne, prove 
that the^ can be obtained as the imaginary double points of an elliptic 
involution 

3 Show that any two conjugate imaginary elements of a form with a real 
base can be obtained as the double elements of an elhptic involution on that 
base 

4 Prove that if an imaginary hne Z do not intersect its conjugate imaginary 
l t the hne drawn from a real point P to meet I and l f is always real 

5 Show that the reciprocal elements of two conjugate imaginary elements 
are themselves conjugate imaginary when the reciprocal elements of real 
elements are real 

6 Show that conjugate imaginary elements project into conjugate imaginary 
elements \ihen the projection is real 

139 Number of real elements incident with an imaginary 
element An imaginary point has only one real line through it, 
namely the one joining it to its conjugate imaginary point For if it 
had two it -Kould be the intersection of two real lines and therefore 
a real point 
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Similarly an imajrmaiv plane has only one real line lying in it, 
namely its intersection with its conjugate imaginary plane For 
a plane through two real lines is a real plane 

An imaginary line, for a similar reason, cannot ha\e two real 
points on it But imaginary lines may be of two lands A line 
of the first kind has one real point on it A hne of the second 
kind has no real point on it 

By the last Article the conjugate imaginary line p to a line p 
of the first kind passes through the real point on p p, p therefore 
intersect and, being conjugate, determine a real plane 

Thus a line of the first kind has one real plane passing through it 
It cannot have a second, for it would then be the meet of fr&o real 
planes and so be a real line 

Conversely, if an imaginary line p has one real plane passing 
through it, its conjugate imaginary line j&gt; lies in this plane and 
meets p at a real point, so that p is of the first kind 

A line of the second kind has therefore no real plane through it, 
as well as no real point on it, and it does not intersect its conjugate 
imaginary line 

Such lines may be obtained by taking conjugate imaginary 
pairs P, P and Q, Q on non-intersecting real lines a, b respectrv ely 
Then P, P , Q, Q cannot be coplanar and the lines PQ, P Q are 
conjugate imaginary lines which do not intersect 

140 The circular points at infinity Consider the two 
(imaginary) points in which the line at infinity ^ v - in a plane meets 
any circle in the plane Since the pole of ^ LO is the centre C of 
the circle the involution of conjugate points on ^ uc is grven by the 
intersection of i with the m\olution of conjugate rays through C 
But since conjugate diameters of a circle are at right angles (Art "A] 
the latter involution is the rectangular involution through C 

The two intersections O, O of ^ uc \\ith the circle are therefore 
the double points of the m\ olution in ^hich the rectangular 
involution through C meets i* 

But if we take any other point in the plane and join to 
the points of the im olution on i^ we obtain an involution through 
whose raj s are parallel to the coi responding ra&gt; s of the m\ olution 
through C The m\ olution thiough is therefore aLo lectangular 
Thufe the double it^b ol all rectangular nnolutumb pas^ thiough 
the same t\\o points ft, 1 it mfimt\ These points Q Q are 
therefore determined quite independent 1\ ot the particulai circle 
chosen Hence ill nrrlp^ r^cw +1* -i* -*-^ x ~ 
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Conversely every conic which, passes through Q, G is a circle 
For let s be such a conic and let A, B, G be any three other points 
on s Describe the circle c through A, B, Then it passes 
through Q, Q c and s have five points A, B, C, O, G common 
and therefore coincide 

For these reasons the pouits O, Q, are called the circular 
points at infinity Being the intersections of a real line (the line 
at infinity) with a real curve, they are conjugate imaginary points 
by Art 138 

Two interesting cases of circles arise when the conic through 
O, Q degenerates into a line-pair If Q, Q are on the same com 
ponent of the pair, the latter consists of the line at infinity and an 
accessible straight line Thus any straight line, together with 
the line at infinity, may be regarded as forming a circle of infinite 
radius 

If &, O be on different components of the pair we see that any 
pair of lines through O, Q form a circle 

If their point of intersection P be real, every line through P is 
a tangent to the curve at P (see Art 44) and the circle is then a 
point-circle (see Art 112) 

141 Circular lines The lines joining any point of the plane 
to O, O are called the circular lines through the point Jf 
the point be real, the circular lines through it are conjugate 
imaginanes From the last Article the circular lines through 
a point are the double rays of the rectangular involution through 
the point 

Hence any pair of lines at right angles are harmonically c OTIJ ugoie 
with regard to the circular lines through their intersection 

It follows that if in any involution pencil the circular rays are 
mates, the double rays are at right angles Conversely if the double 
rays are at right angles the circular rays are mates 

Since by Art 52 the self-corresponding rays of conjugate pencils 
through a point C, that is, the double rays of the involution of 
conjugate lines through C f , are the tangents from C to the conic, it 
follows that, when the come is a circle and C its centre, so that the 
conjugate lines through C form a n c j intrul n involution, the circular 
lines through C are the tangents from C to the circle, and the 
points Q, O , uhere they meet the polar of 0, are their points of 
contact Thus two concentric circles have the same tangents 
at o, a and are to be regarded as touching one another at 
these points 
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142 The arms of an angle of given magnitude determine 
with the circular lines through its vertex a constant cross-ratid 

Consider an angle of given . rotating about its \ertex 

Its arms trace out two directly equal concentric flat pencils of which 
the self-corresponding rays are by Art 91 parallel to the asymptotes 
of a circle, that is, they are the circular lines through Thus if 
POP , QOQ be any two positions of the angle, (OP, OP ), (OQ, OQ ) 
are two pairs of corresponding rays , they determine therefore the 
same cross-ratio with the circular lines through (Art 88) 

If on the other hand two angles with different vertices 0, 
have their arms parallel, the parallel arms and the circular lines 
through 0, determine the same range on the line at infinity 
They form two perspective flat pencils and the cross-ratios are the 
same 

Comr uins the above two results, if an angle of given magnitude 
be moved about in its own plane anyhow, it defines a fised cross- 
ratio with the circular lines through its vertex 

The converse theorem that, if a moving angle determine with the 
circular lines through its vertex a constant cross-ratio, the magnitude 
of the angle is fixed, is readily proved 

EXAMPLES 

1 Show that any two concentric projeetive pencils in a plane can ahrai s 
be projected into directly equal pencils 

2 Show b^ considering the circle as the product of two directlj equal 
pencils and applying the construction of Art 91 for its asMnptotes that 
each of the circular lines thiough a point ma^ be looked upon as making any 
given angle with itself 

3 Sho\\ analytically that the circular lineb are parallel to the lines y^ix 

and verify that the} make the same angles itan^i -suth every straight line 

in the plane j 

4 Discuss the foini assumed b\ the anharrnonic properU of four fixed 
points and one ^ anable point on a conic \Ahen tuo of the fixed points arc the 
circular points 

5 Pro\ e that if O 4 OB be i\\ o lines intersecting at the cro&gt;s ratio 

}=fi 0, \\here 6= angle WE 



143 The circular points are conjugate \\ith regard to any 
rectangular hyperbola For m a lectmgular hvpeibola the 
double rays* of the m\olution of conjugate diameters ^re tt right 
angles Therefore the circular lines through the centre are con 
jugate The points \\here they meet the polar of the centre (i e 
the line at infinity) are therefore also conjugate \Mth regard to the 
hyperbola But these are the circular points O 
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Conversely if &, & are conjugate points with regard to a hyper 
bola, the circular lines through the centre are conjugate lines and 
the asymptotes are at right angles 

144 The orthoptic circle Consider the pencils of conjugate 
rays \vith respect to any conic s through the circular points Q, G 
These pencils are projective by Art 52 Their product is therefore 
a conic passing through G, & , that is, a circle 

Let P be any point on this circle Then P&, P& being lines 
through P i &lt; r 1 j \ with regard to s are harmonically conjugate 
with regard to the two tangents from P to s (Art 52) Therefore 
these two tangents are at right angles (Art 141) 

Conversely if these two tangents are at right angles PQ, PQ, 
are mates in the involution of conjugate rays through P, and P 
lies on the product of the conjugate pencils through Q,, Q We 
have then the theorem 

The locus of the intersection of perpendicular tangents to a 
conic is a circle 

The circle is called the orthoptic circle of the conic, from 
the property that at any point of it the conic subtends a right 
angle It is also called the director circle, by analogy with 
its degenerate case when the come is a parabola, when the locus 
of intersections of tangents at right angles is the directrix (Art 
128) The explanation of this from our point of view is that in 
the case of the parabola QQ touches the curve and is therefore a 
self-corresponding ray of the conjugate pencils through O, Q 
These are accordingly perspective and the locus breaks up into 
Q.Q, (the line at infinity) and another straight line, which is the 
directrix 

The orthoptic circle is concentric with the conic For the 
tangent at 0, to the orthoptic circle is the line through O conjugate 
to && with regard to the conic (Art 39) It must therefore pass 
through the pole of GQ , i e through the centre of the conic Similarly 
the tangent at Of to the orthoptic circle passes through the centre 
of the come The pole of && with regard to the circle ^ e the 
centre of the circle, QQ being the line at infinity) is thus the centre 
of the conic 

The radius of the orthoptic circle is immediately found by 
drawing the (perpendicular) tangents at the extremities of the 
axes The semi-diagonal of the rectangle so formed is the radius 
required It is VC4 2 +CB* In the hyperbola CB* = - CB^, so 
the radius of the orthoptic circle = \/CA 2 ~CB^ If C 
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the orthoptic circle is imaginary If OB^^CA 2 , or the hyperbola 
is rectangular, it shrinks into a point at the centre Thus the 
only real perpendicular tangents to a rectangular hyperbola are the 
asymptotes 

145 The four foci of a come By the definition of a focus 
the involution of conjugate lines through it is rectangular Thus 
the tangents from a focus to the conic, being the double rays of 
such an involution, are the circular lines through the focus and pass 
through G, Q Conversely a point F which is the intersection 
of tangents from O, Q, must be a focus, for the double rays of the 
involution of conjugate rays through F will be the tangents from F, 
namely _FG, F& But these being the circular lines, the involution 
denned by them must be rectangular, or F is a focus 

Since two tangents t ly t% can be drawn to a conic from Q, and 
two tangents ti 9 t% can be drawn from & , a conic will have four 
foci, namely ttf i, t^ 9 ttfi, t 2 t 2 Of these two are real and two 
imaginary, as follows Take one tangent t\ from O This bemg 
an imaginary line in a real plane, has a real point F l on it (Art 139) 
The other tangent from FI must be a ( onjugaie imaginary line to t i9 
for two imaginary tangents from a real point to a real conic must be 
conjugate imagmanes, as can be shown from icr on ing similar to 
that used in Art 138 to prove that intersections of a real line and a 
real conic are conjugate imaginaries 

This other tangent from F l9 being a conjugate imaginary to 
ti, i e to Ffo, must be F& Call it then ti Let t 2 be the 
other tangent from Q If F 2 be the real point on it, then F 2 & ~ 
t 2) and t 2 , t 2 are conjugate imaginary lines FI, F 2 are the two 
real foci of the curve tit 2 3 t$i, which we may call F s and F, are 
the intersections of non-conjugate imaginary lines and are imaginary 
points They are, however, themselves conjugate imaginary 
points, being intersections of two &lt; o ij ij &gt; * imaginary pairs (Art 
138) Hence F 3 F is a real line 

Now by Art 50 the diagonal triangle of the complete quadrilateral 
t\t\t${ circumscribed to the conic ib self-polar \\ith regird to the 
conic But the sides of this dngonal triangle are F 1 F 2 , F 3 F^ OQ 
The meet of F 1 F 2 , F 3 F 4 is therefore the pole of OQ , i e the centre C 
oi the come , F 3 F, F 1 F 2 are then conjugate diameterb By the 
harmonic property of the complete quadrangle FiF^F^F^ the two 
sides of the diagonal triangle through C, MZ C&, CO , ne har 
monically conjugate to the t\\o sides of the quadrangle through C, 
namely F\F^ F^F^ CO, CO bemg circular lineb F^ 2 F^F^ 
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are perpendicular and so must be axes The two imaginary ioci 
therefore lie on what we have called hitherto the non-focal axis of the 
curve 

They are, in fact, the jnugman intersections of this axis with 
the conic I of Art 115, and the double points of the elliptic involution 
of orthogonal points on the non-focal axis (Art 116) Any two 
rectangular conjugate lines meet this axis in a real pair of mates 
Q, Q f of this rnvolution, of which C is the centre, and F B , F^ the 
double points We have therefore 

CF Z * = CQCQ (1) 

Thus CF$ 2 is real, and so must be negative, or F s would be real 
Clearly CF$ is the semi-diameter of the rectangular hyperbola k 
perpendicular to CFi (Fi being a real focus) By Art 83, CF l 
and CF$ must be equal in absolute length 

Thus C F = - CFJ = -e* CA* (2) 

146 The two eccentricities of a conic The reasoning of 
Art 118, which establishes the eccentricity property, still holds 
good formally of the foci F 3 and F and of the corresponding 
(imaginary) directrices , an eccentricity e corresponding to these 
foci therefore exists, but now the discrimination of the different 
types of conic from the reality of the intersections of the circle with 
the vanishing line has no longer any meaning 

We may find this eccentricity e f as follows If the non-focal 
axis, on which F$ lies, meets the curve at B, B r and the directrix 
corresponding to F 3 at 7, we have, since {F^BYB } = - 1, 



(CY-CB) 
CJ 3 CB 9 



so that CF% =e CB, which gives a relation symmetrical with CF l 
e CA Using (2) of Art 145, we have 



or e ^l-^+^o, 

T\hich leads to the more symmetrical form 
1 1 
5 + 7" 1 

A conic has therefore two eccentricities, corresponding to the 
two pairs of foci, and connected by the above relation If the come 
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is an ellipse, e f is a pure imaginary , for the hyperbola e and e f are 
both real and greater than unity For the parabola e r = 

147 Confocal conies If two foci F l3 F 2 of a conic lying on 
the same axis be given, the other foci JF 3 , F 4 are determined For 
they are the remaining vertices of the complete quadrilateral formed 
by the four lines J^O, F& , F Z Q, FZ& 

In particular, comes which have the same two real foci have 
all their foci the same Such comes are called conf ocal comes 
They touch four fixed lines, namely the sides of the quadrilateral 
mentioned above 

148 The circular points are foci of a parabola In the case 
of a parabola the line at infinity QQ is a tangent Thus t*, t* 
coincide with Q& The quadrilateral of tangents from &, & 
reduces therefore to a triangle F lt le fati), remains as the 
only accessible real focus of the curve, F 2 is the point of contact 
of the line at infinity, ^ e the point at infinity on the axis jF 3 and 
F become intersections of x and t{ with the line at infinity, that 
is, they coincide with O, O which are thus foci of the cur\ e 

We have therefore an exception to the theorem of the last Article, 
for the giving of O, Q does not here determine the other foci 

EXAMPLE 

Show that two parabolas with a common focus, but different axes, have one 
real accessible common tangent, and one only 
Discuss the case where both the focus and axis are common 
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j^f^y AJilAClftlJLIC** Jr fcf* **JV W*V**W J ***^- *****-&gt; v -- -**** ~ - ~ ~~-. j~ ._-, 

a number of important theoretical results in projection can be 
deduced 

Thus any two comes can always be projected simultaneously 
into circles 

For let A, B be any two of the intersections of such conies Then 
by projecting A, B into the circular points in anv plane, the comes 
are projected into circles 

This result is of great importance, since it enables us to apph 
to a pair of comes any projective theorem pro\ed for a pair of 
circles 

This projection of t^o given points into the circular points is of 
course imagmaiy if the two given points are real If the two gi\ en 
points are conjugate imaginary points, they \ull in general be gi\en 
as the intersections of a real straight line j, \\ith a real conic s 
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when x and s do not cut in real points Take the pole of x with 
regard to s and t\\o pairs (OP, OP), (OQ, OQ ) of conjugate lines 
through with regard to s Project x to infinity and the angles 
POP, QOQ into right angles (Art 19) projects into the centre 
of the conic and (OP, OF), (OQ, OQ ) into pairs of conjugate 
diameters at right angles, ^ e into axes But since a conic with 
more than one pair of axes must be a circle, s projects into a circle 
and its intersections with x into the intersections of a circle with the 
line at infinity, that is, into the circular points Thus a real pro 
jection transforms a pair of conjugate imaginary points into the 
circular points 

Alternatively the two conjugate imaginary points may be given 
as the double points of an elliptic involution on a real line x Take 
two pairs of mates (P, P), (Q, Q ) of this involution, and join to 
any point outside the line Then proceed as before 

Again two comes can always be projected simultaneously into 
rectangular hyperbolas, by projecting two of their common points, 
A y B into rectangular points at infinity This can be done in 
an infinite number of ways by taking AB as vanishing line in a 
plane perspective, and the pole of perspective to be any point of 
the circle on AB as diameter If A, B are real, the perspective 
is real 

Also two comes can always be projected into two confocal 
comes, by taking two opposite vertices of the complete quadri 
lateral formed by their common tangents and f roj CTIMJ; these 
\ertices into the circular points The two projected comes have 
the same tangents from the circular points and are therefore 
confocal Accordingly all projective properties of confocal comes 
are properties of any pair of comes 

An important case of frequent occurrence is that of two comes 
touching one another at two points A and B By projecting A, B 
into Q,, Q, the comes transform into circles The pole of AB, 
which is clearly common to the two conies, transforms into the 
pole of the line at infinity QQ , so that the circles are concentnc, 
and any projective proposition which is true of concentric circles 
is also true of any two comes having double contact, real or 
imaginary The comes, of course, may not have real common 
points at all 

150 The eight tangents to two conies at their four common 
points touch a conic We will take an example of the deduction 
of theorems for t\\o comes from theorems for two cncles 
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Let two circles whose centres are S a (Fig 53) intersect at A 
and B A and B are syinmetrically situated with regard to SO 
Let C be the middle point of SO The circle whose centre is C 
and which passes through A also passes through B Construct the 
conic having S 9 for foci and the circle with centre C and radius 
CA for auxiliary circle This conic touches the tangent at A to 
the circle centre S, for this tangent is perpendicular to SA and A 
is a point on the auxiliary circle of the conic (see Art 125) Similarly 
the conic touches the tangent at B to the circle centre S and the 
tangents at A, B to the circle centre 

Consider now the other intersections of the two grven circles, 




FIG 53 

namely Q, Q The tangents to the circle centre S at &, & pass 
through S since S is the pole of OO \\ith regard to the circle 
They are therefore S&, SO, But these are also tangents to the 
come, since S is a focus 

In like manner the tangentb it O, Q to the circle centre ire 
tangents to the conic 

Hence the eight tangents at the four common point b of two 
circles touch a conic Projecting the circles back into an\ two 
comes w e obtain the result 

The eight tangents to two comes at their four common points 
touch a conic 
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T this theorem we obtain the following 

The eight points of contact of the four common tangents to two 
conies he on a conic 

EXAMPLES IXA 

1 Prove that, if the circular hues through a point P on a come meet the 
come again at Q, Q , then QQ is the polar of the Fregier point of P and is 
equally inclined to the axes with the tangent at P 

2 If PiOQ l9 P^PQz are two conjugate diameters of a conic, show that it is 
possible to give a rule enabling us to select an extremity of each, so that the 
ranges [PJ 2 , [P 2 ] 2 are projective 

[Project the points at infinity on the asymptotes into the circular points ] 

3 Show that four comes can be drawn through two fixed points 7, J to 
touch the sides of a given triangle ABC 

If P, Q, R, S are the poles of IJ with regard to these four conies, show 
that the triangle ABC is self polar with regard to any conic through P, Q, 
R,S 

4 Two comes 7^ 2 ^ ave double contact and a tangent t to & x meets Jc 2 
at P, P Show that [P] 7x [P 7 ] 2 

5 Two comes l v J 2 have double contact and from a point P of k : tangents 
t, t are drawn to A 2 Show that flpTTPT 

6 A and B are too fixed points on a come and PT 9 PT the tangents 
from a variable point P Prove that if the cross ratio of the pencil P(ABTT ) 
is constant the locus of P consists of two other comes touching the given 
conic at 4 and B 

I Show that if P and Q be the frw o distinct points of contact of a common 
tangent to two comes ^hich touch at L, and R be the point at which the 
tangent at L to the comes meets PQ, then {RPUQ}= l,U being the point 
\s here the chord through the other intersections of the two comes meets the 
common tangent 

[Project the t^ o comes into circles ] 

8 Pro\ e that the polars, with respect to the comes which touch CA , CB 
at A, B respectively, of a given point Q in the plane of the triangle ABC 
concur at a point of the line 4.B 

If P is the point of contact of a tangent from Q to one of these comes, prove 
that PQ y PC are harmonically conjugate Avith respect to P 4, PB and bhow 
that the locus of P is the conic through Q, A, B, C, foi ^vhich QC is conjugate 
to AB 

Express this theorem in metrical form when* the comes are rectangular 
hyperbolas v ith the same as^ mptotes 

[For fiist tao parts project 4, B into O, Q, ] 

9 Prove from Art 138 Ex 2 that any t\\o conjugate imaginary points in a 
plane can be projected into the circular points by a real projection 

10 Pro\ e that if t\\ o real comes have only two real mterbcctioiib, they have 
onl} t\\ o leal common tangents and conversely 

II Show that the four points where the tangents from O, O touch a 
conic he on the orthoptic cucle 

12 Prove that any point P on a come and the pole of the normal at P are 
conjugate points \uth regaid to the orthoptic circle of the come 
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13 Prove that a conic is uniquely determined when its orthoptic circle 
and two tangents, not at right angles, are given Show how to construct the 
foci from the above data 

14 A, B 9 C are three points on a come s Show that the lines through 
A, B, C which are conjugate lespectively to BO, CA, 4.B with regard to s 
meet at a point H 

The point A is fixed on s and B and C are a variable pan? of a given 
involution on s, whose double points are L and M Show that the locus of H 
is a conic s , which passes through L and M and touches 5 at A 

Prove also that if now the pomt A moves on s, then the conic s moves in 
contact with s and with a fixed conic which touches s at L and M 

[Project L, M into the circular points ] 

15 P, Q are any two real points inside a real conic 5 and (p, p f ), (g, q ) 
are the imaginary tangents from P Q to s Prove that the diagonal triangle 
of the complete quadrilateral pp qq is entirety real, and show how to construct 
it 

Hence prove that, by a real projection s and P, Q may be transformed into 
a real conic s : and two real points P l9 Q^ which are the real foci of s t 

16 A conic passes through three real points A, B, G and the imaginary 
double points of a given elliptic involution on a real straight line x Show 
how to construct at least two other real points on the conic (and therefore 
any number of such points) 

17 A conic touches three real lines a, &, c and the imaginary double rays 
of a given elliptic involution pencil of vertex Show how to construct 
the conic by tangents 

18 A conic passes through a real point A and the imaginary double 
points of two given elliptic involutions on real lines it, t intersecting at 
Find the two tangents from and their points of contact, and hence construct 
the conic 

[Conjugate ranges on the common mates p, q of the involution pencils 
through A incident with the given involutions have A for a self corresponding 
point and are perspective from If X, Y are the mates of m the given 
involutions, X Y is the polar of and meets p, q at the points of contact P, Q 
of tangents from to the come, since on OP there are at least t\\ o points, 
namely and (q, OP) \\hich are conjugate to P , and similarh for Q ] 

19 A come touches a real line a and the imagmau double lines of two 
given elliptic involution pencils of \ ertices U I Find the intersections of 
U1 \\ith the conic and the tangentb at these intellections 

Interpret youi construction \\hen the involution pencils are rectangular 
and state the theoiem to \\mch it leads 

20 A B A I aic four fixed points on a conic Shou that a point 
and a sti light line c can be found in the pi me of the conic such that, if I 
is a variable point of the conic and I i I B meet c at P, Q respective!} then 
O {PQXJ } is equal to a given cioss latio 

What does the above theorem become -when \ 1 ait the circiilai points ^ 

21 Show ho\v to deteimme the conic \\lnch pisses tlirouj.li a giun point 4 
and touches a gi\en conic / at its mugmu s mteisu tions. \\ith a c r i\en uil 
line / 

22 If an&gt; tangent to a conic \\hose ctntio is (. meets the uithoptic cnck 
at P and Q shou that CP CQ he along conjugate diameters 

23 Pro\e that tho ioins of pans ot c on expending points of t\\o prujtctue 
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ranges on the same conic I envelop a second conic, having double contact 

The sides AB, BC, CD of a simple quadrilateral ABCD inscribed in a given 
conic pass respectively through fixed points J, K t L Prove that, in general, 
DA touches a second fixed conic , but that, if /, K, L are colhnear, then 
DA passes through a fourth fixed point in the line JKL 

24 a and b are two tangents to a conic s, x any line through their inter 
section, P and Q a pair of points on x, conjugate with respect to s A conic 
s is drawn to pass through P and Q and the points of contact of the tangents 
a and b Prove that the tangents to $ at the other pair of common points of 
s and s intersect at db 

25 The tangents to a conic k at fixed points A 9 B meet at C and P, Q 
are any two points of I Prove that P(ABGQ)7\Q(ABPC) , and show that, 
if P, Q move on k so that P{ABCQ}= const , the chord PQ is always tangent 
to a certain fixed conic, which touches L at A and B 

26 If (p, p ) are a pair of mates in the involution of lines through a fixed 
point conjugate for a given come k, and if #, p meet a tangent t to the conic 
at P, P , then if P describes a fixed line Z, P describes a conic having double 
contact with I 

[Project into the circular points the points of intersection of k with the 
line through conjugate to I ] 

EXAMPLES IXs 

[The axes of co ordmates are rectangular throughout ] 

1 A conic has # 2 + 2/ 2 =9 for its orthoptic circle If the conic touches the 
line x+2y=3 at the point (1, 1), construct its foci and axes 

2 A parabola touches the x axis at the origin 0, touches the line x 1, 
and has its axis parallel to the hne x+2y=Q Find the point of contact 
of the hne x+ 2y= 2 with the come c which touches this line and has four point 
contact with the parabola at Construct the orthoptic circle of c 

3 A conic passes through the points (4, 5), (0, 1), (2, 2) and the pairs of 
points (0, 0), (4, 0) , ( - 1, 0), (2, 0) are conjugate with regard to it Construct 
two more points on the come and the tangents at these points 

4 A conic passes through the point (2, 3) , the following pairs of points 
are conjugate with regard to it (-2, 0), (1, 0) , (0, 0), (3, 0) , (0, 0) (0, 2) , 
(0, 1) (0, 5) 

Construct the tangents to this conic from the origin and their points of 
contact 

5 A conic passes through the point (0, - 3) and has double contact with 
the circle (a?-l) 2 +(2/-5) 2 =3 at the imaginary points where it is met 
by the axis of x Obtain four other real points on the conic 

6 The semi axes of an elhpse are 4 cm and 3 cm respectively With an 
extremity of the major axis as centre and radius 5 cm a circle is described 
Constiuct the two real common chords of the circle and ellipse 



CHAPTER X 
HOMOGKAPKY 

151 Homographic ranges Let x be the distance of a point P 
on a line u from a given origin on tlie line Let x be the distance 
of a point P on another line u from an origin on that line 

Let a correspondence be established between the ranges of such a 
nature that to any point P (real or im,igin r\) corresponds one 
point P (real or imaginary) and one only, and conversely to every 
point P corresponds one point P and one only And let the corre 
spondence be ilgi bi a( that is, let the relation between P and P 
be expressible by means of a rational integral algebraic equation 
between x and x , that is, an equation in which only sums of positi\ e 
powers or of products of positive powers of x and x appear equated 
to zero No transcendental functions such as sin x, log x, f, etc , 
are to appear in the relation between x and x r 

Since for a given value of x there is one value of x and one only, 
the equation can involve only the first power of x , and since for a 
given value of x there is only one value of x, it can involve only the 
first power of x 

It will therefore take the form 

Axx + Bx + Cx f + D = (1) 

Two ranges between which such a one-one correspondence exists 
are said to be homographic 

Projective ranges are clearly lion &gt;_n&lt; ^ \ for their correspond 
ence is one-one and the relation between the co ordinates of a point 
and of its projection on any plane is certainly algebraic and rational 

152 Homographie ranges are equi-anharmome The re 

lation (1) of Art 151 leads to 



Let AI, oc 2 , #3, 2 4 be the x s ot four points P l5 P 2 , Pa, P 4 on u , and 
1, Xj , # 3 , j? 4 the jJ s of the foui coriesponding points P/, P-/, 
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Now 



* ence 



the other factors all cancelling Therefore 



or in homographic ranges corresponding sets of four points have 
the same cross-ratio 

It follows from the above that homographic ranges are projective 
For given two homographic ranges construct two protective ranges 
having two corresponding triads the same as in the two homo- 
graphic ranges Then since both the projective and the homo- 
graphic relation are eqm-anharmonic, to any fourth point of one 
range will correspond the same fourth pouat of the other, whether 
protectively or homographically The two given homographic 
ranges are therefore projective ranges 

It follows that, if in two homographic ranges, the elements of 
one pair correspond doubly, the same is true of all pairs of such 
elements (see Art 95) and the two homographic ranges form an 
involution 

In this case equation (1) of Art 151 must be symmetrical in x, x , 
that is, of the form 



If x, x are the roots of the quadratic 



then x+x f = -j8/a, xx =y/a, so that the necessary and sufficient 
condition that the above quadratic should determine a pair of mates 
in the given involution is that a, j8, y satisfy the linear equation 



Thus the quadiatics whose coefficients satisfy a linear equation 
define the pairs of mates in an involution 

153 Homographic flat pencils If the rays of two flat pencils 
are connected by a one-one correspondence such that, if m be any 
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parameter in terms of which the co-ordinates of any ray of one 
pencil can be expressed linearly (and, conversely, ^hich is uniquely 
determined when this ray is given), and if m be a similar parameter 
for the corresponding ray of the other pencil, then m and m are 
related by a rational algebraic equation linear in both parameters 
and therefore of the form 

Amm +Bm+Cm +D =0, 

the two flat pencils are said to be homographic 

Usually m, m r are the tangents of the angles made by the rays 
with fixed lines m the planes of the pencils 

It is clear that the ranges in which two such pencils will cut 
any transversals u 9 u are likewise homographic For the distances 
x, x of the points of section measured along t(, u r are connected 
with m, m (and therefore with each other) by rational algebraic 
relations , and also the correspondence between x, x is seen to be 
one-one 

Since these homographic ranges are equi-anharnionic and pro- 
jective, the two homographic pencils which stand on these ranges 
are also equi-anharmomc and projective 

Conversely projective pencils are homographic, since the corre 
spondence between the rays is one-one and the relation between 
the co-ordinates of corresponding rays must clearly be both algebraic 
and rational 

Here again, if the relation is symmetrical in m, m } and therefore 
of the form 

Amm + B(m + m ) + C = 0, 

then every pair of elements correspond doubly, and the two homo- 
graphic pencils form an involution pencil 

So far the term " homographic " has been found to be synonymous 
with " projective " We now pass on to cases where it enlarges the 
notion of protective forms 

154 Homographic axial pencils In like manner two axial 
pencils whose planes correspond uniquely, while the co-ordinates 
of corresponding planes are connected by an algebraic relation, are 
said to be homographic 

The flat pencils in which t\vo homographic axial pencils meet 
any two given planes are themselves homographic and projectnt 

The ranges in which two jio" &lt; ^ f| axul pencil b are met 
by any two given straight lines are homogiaphic and piojectne 
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Note that we cannot use the term projective of homographic 
axial pencils, since these are not plane forms and cannot therefore 
be projected into one another 

Two homographic axial pencils are entirely determined by two 
corresponding triads For take two straight lines meeting the 
axial pencils in projective ranges, two corresponding triads of planes 
of the axial pencils determine on the lines two corresponding triads 
of points of the ranges These determine the relation between the 
ranges and therefore the relation between the axial pencils 

Notice that if two homographic axial pencils have a common 
axis they have two self-corresponding planes, which correspond 
to the two self-corresponding points of the projective ranges in 
which the axial pencils are cut by any straight line 

155 Involution axial pencil We may now apply our definition 
of involution (Art 95) to an axial pencil If we have two cobasal 
axial pencils (the base, in this case, being the axis) which are 
homographic, and such that one pair of corresponding planes corre 
spond doubly, then all pairs of corresponding planes correspond 
doubly, and their aggregate constitutes an involution axial 
pencil 

The properties of an involution of planes through an axis are 
closely similar to those of an involution of coplanar ravs through a 
point Such an involution determines corresponding involutions, 
of points on any straight line which cuts it, of rays on any plane 
which cuts it By constructing the double elements of either of 
these the double planes of the axial pencil may be found As 
before, if two involutions of planes have the same axis they have 
one pair of common mates, which is always real unless the two 
given involutions have two pairs of real double planes which are 
separated by one another 

The relation between the dihedral angles of six planes in involution 
is found by taking a section by a plane perpendicular to the axis 
The angles of the flat pencil so found measure the dihedral angles 
of the axial pencil These are therefore connected by the loimulde 
of Art 102 

Also planes at right angles form an involution of which the double 
planes pass through the circular points at infinity in the pi me 
perpendicular to the axis 

Precisely as is done in Art 109 we can show that t\uy 
m\olution of planes through an axis has one pair of perp&lt; ndicul ir 
elements 
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156 Homographie unlike forms If there be a one-one 
algebraic correspondence between the rays of a flat pencil and the 
points of a range, the two forms will still be spoken of as homo- 
graphic 

Similarly a range and an axial pencil, or an axial pencil and a 
flat pencil, may be homographic 

Clearly from two unlike homographic forms may be dern ed, by 
projection or section, two like hoixiojn iphic forms 

A particular case of homographic unlike forms is furnished by 
the principle of duality, the correspondence between any element 
and its reciprocal being obviously one-one and algebraic 

Also what we have called incident forms are necessarily homo- 
graphic Thus a flat pencil is II ^OL j 1 1 with the range which 
it determines on any straight line 

157 Homographic ranges and pencils of the second order 

If there be a one-one correspondence between the elements of 
two forms of the second order (ranges or pencils) which is expressible 
by an algebraic relation between the co-ordinates of the elements 
the forms are said to be homographic A form of the second 
order may also be homographic with a form of the first order 

It is easy to show that if the forms of the second order are both 
ranges, or both pencils, such homographic forms are protective 
forms of the second order as defined in Art 85 

For example, if we join two homographic ranges [PJ 2 , [P 2 ] 2 
to vertices 0, 8 lying on their respective bases, we obtain two 
pencils related by a one-one algebraic correspondence These 
pencils are accordingly h&lt;mioL rr I|&gt;MI&lt; and projeeti\e and the ranges 
[Pi] 2 , [P 2 ] 2 are projective 

Again, the pencil of the second order formed by the tangents 
to a conic is homographic \Mth the range of the second oider formed 
by their points of contact, since, by Chasles Theorem, the two are 
equi-anharmonic 

158 Geometrical evidence of homography It mav be 

asked when may we assert, from pmely geometrical evidence, 
that the correspondence between two forms i^ homographic * For 
if we had to h we recourse to analyse e\ery time in oicki to apph 
the test \\ htthei the connectmgiehtionis of the homogiaphic t\pe, 
the labour of calculation would m many casOb be consult! ibk and 
the pnnciple would be of little \alue 111 puie geometn 
We shall therefore suppose that oiu attention ib to be confined 
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to what are called algebraic curves or surfaces, that is, curves or 
surfaces whose equations are rational and integral in the co 
ordinates The conditions (a) that a point shall lie on such a 
locus, (6) that a straight line or plane shall touch such an envelope, 
are rational integral algebraic in the co-ordinates of the point, Ime, 
or plane Therefore if a correspondence be established by means 
of the following processes (1) taking joins of points or meets of 
planes, or planes through points and lines or meets of planes and 
lines , (2) finding intersections of algebraic curves or surfaces with 
straight lines or with other algebraic curves or surfaces , (3) drawing 
tangent lines or planes to such algebraic curves or surfaces, or finding 
points of contact of such tangent lines or planes (note that this 
includes finding common tangents to two curves or surfaces and 
also constructing polars) at each step, provided we nowhere 
introduce an arbitrary restriction on our choice of alternatives, an 
algebraic condition is brought in, which is rational and integral 
In the process of elimination no radicals and no transcendental 
functions can be introduced (for the complete ehmmant of two 
algebraic equations for any variable is known to be a rational 
integral function of their coefficients) Hence the final relation 
between the co-ordinates is algebraic and rational 

The above justifies the statements made in Arts 151, 153 that 
the co-ordinates of two corresponding points or lines of two 
projective forms are connected by rational MJ i r n&lt; relations 
For clearly the processes of projection fall under the above 
headings 

We may note in passing that the same type of reasoning will 
show that any curve obtained from an algebraic curve by processes 
of this kind is likewise an algebraic curve Thus the projection 
of an algebraic curve is an algebraic curve In paiticular, the 
circle being an algebraic curve (its equation referred to rectangular 
axes through its centre being aJ 2 +2/ 2 =r 2 ), the conic is also an 
algebraic curve 

Next, as to being certain from geometrical evidence that the 
correspondence is really one-one It should be borne in mind 
that the correspondence must be intrinsically, and not accidentally, 
one-one, that is, the fact of its being one one must depend on the 
intrinsic nature of the curves used, such as their deqree or class, 
and not on accidental characteristics, such as their position or shape 
In this way alone can we be sure that the correspondence is still 
one-one when elements are taken into account, and 
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without such assurance we cannot be sure that v,e are dealing with 
a homography 
For example the relation 

z-o/s 

is a one-one relation between x, x so far as real values are concerned, 
but it is not a hoirogjaphu relation 

We may describe it geometrically thus 

Take a point P on the axis Ox whose co-ordinate is x Draw 
through P a parallel to Oy meeting the straight line y=x at P l 
Through PI draw a parallel to Ox meeting the cubic curve y=x* 
at P 2 Through P 2 draw a parallel to Oy meeting Ox at P P 
is the point corresponding to P 

Put in this form the reason why the correspondence is not 
homographic is geometrically obvious For although PjPo meets 
y=x*&gt; in only one real point, the cur\e being of the third degree 
must be met by any straight line in three points Thus there will 
be three points P 2 and therefore three points P corresponding to 
one point P, but two of these are i&gt; jn \ 

Again, if a line AB of constant length moves with its extremities 
on a fixed conic the pencils 0[A], 0[B], where is a fixed point 
on the conic, are not 1 * r &gt;_", "", &lt; For the given condition is 
equivalent geometrically to stating that B is the intersection 
with the conic of a circle of fixed radius and centre A This circle 
has four intersections with the conic, any one of which may be 
taken for B Therefore to one ray OA should correspond four rays 
OB, and it is only by an arbitrary contention (to secure continuity of 
sliding motion) that this number is reduced to unity 

If, however, the conic is a circle, the geometrical conditions that 
the chord AB is of constant length, and the arc AB is alwavs 
measured in the same sense, may be expressed in another manner, 
as follows Let A l B l be a given position of AB Gi\en any other 
position of OA } draw A^Q parallel to OA to meet the circle again 
at Q Then OB is parallel to BQ In this form the corres 
pondence is clearly one-one 

The above will give the reader some notion of the linntb -\\ ithui 
\\hich the application of the principle of one-one correspondence 
is valid, but rapidity and certainty in recognising these geometncall} 
will be best ensured by the consideration of examples 

159 Every curve of the second degree is a come Foi kt 
0, be two points on a curve o the second degree Di u\ am 
ray OP through it meets the curve at one other Doint P sin&lt; P 
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is already on the curve Join O P Then if we start from OP 
O P is uniquely determined Conversely if we start from O P, 
since is already on the curve, O P meets the curve again at one 
point only, hence OP is uniquely determined 0[P], [P] are 
therefore homographic pencils Hence they are proactive There 
fore by Art 41 the locus of P is a conic 

In like manner we can show that every plane curve of the second 
class is a conic For let t, t be two tangents to the curve On 
t take any point T Through T one other tangent p can be drawn 
to the curve and one only, meeting t at T T, T are seen to 
correspond uniquely Hence [T], \T ] are homographic and 
therefore proactive by Art 42, TT envelops a conic 

160 Notation for homography The symbol TZ which was 
introduced in Art 24 for " is projective with " will now be extended 
to } u 10.21 n i forms and be read " is homographic with " This 
notation will not contradict the previous, since projective forms 
are homo^rr phi( 

161 Homographic plane fields The notion of homography 
need not, however, be restricted to geometric forms of one dimen 
sion In future, if a correspondence is established between the 
points of two planes, which correspondence is not limited to 
particular figures but embraces the aggregate of the points of the 
planes, we shall speak of the elements of the planes, connected by 
this relation, as forming corresponding plane fields, in the same 
\\ay that the points of two straight lines may be arranged in 
corresponding ranges We have already had examples of such 
fields, thus we have seen that space or plane perspective, for 
instance, establish a relation which is not limited to selected points 
and lines In fact we have frequently used the term figure in the 
sense here given io field, and it will often be convenient still to do 
so, Tvhere no ambiguity is likely to result A figure, however, is 
only part of a field, and it is sometimes desirable to have distinct 
A\ ords to denote them 

If too plane fields &lt;, &lt;f&gt; correspond point to point m such a 
manner that the points of a straight line m correspond to the 
points of a straight line m f the fields are said to be collmear, or 
related by a collineation (cf Art 3) 

If, further, the correspondence between the points of &lt; and ci 
is one-one md algebraic, the fields are said to be directly homo- 
graphic, or, more briefly, homographic The relation between 
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them is then homography As a special case, too homographic 

fields may be in the same plane 

Let x, y be the co-ordinates in the plane of ^ of a point P of &lt;f&gt; 
Let % , y be the co-ordinates in the plane of &lt;/&gt; of the corresponding 

point P 1 of $ 

Then if the correspondence between x, y and # , y is to be one- 

one, x , y , when solved for, must not involve radicals containing 

x, y, that is, they must be rational functions of z, y Reducing 

them to the same denominator we have 

/ p , Q 

*-R&gt; y=R a&gt; 

where P, Q 3 R are polynomials in x, y 
To the straight line 



of the figure &lt;f&gt; corresponds the locus 

+ l-O (2) 



of the figure (f&gt; 

This locus (2) is not a straight line unless P, Q, R either reduce 
to expressions of the first degree in x, y or else have a common 
factor, such that when it is divided out of P, Q, R, the remaining 
factor is of the first degree 

In either case equations (1) reduce to the form 

, A l x+B l y + C l , 



and then the locus (2) becomes the straight line 



\\ hich being reduced to the form 

h+my + l = 0, 
gives 



sho\\ mg that the line co ordmates transform according to a similar 
law 

The equations (3) can be written 

C^-C l } =0, 
- C 2 ) = 
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Solving these for % we find 



(A 2 B 3 -A B B 2 )x 
and similarly 

(C*Ai - C 3 A 2 )x + (0^ - C^y + 
y 



-B 2 ) - (A s y r -A 2 )(B 3 x -Bi) 

(5) 



Equations (5) show that the transformation from x, y to x , y is 
of the same type as the transformation from x } y to x, y We 
deduce that to a straight line of &lt;f&gt; corresponds a straight line of 
&lt; , and one only, which can be otherwise established by solving 
back equations (4) for V 9 m 

It is clear from the definition that corresponding ranges and 
corresponding pencils in two homographic fields are themselves 
homographic 

162 A plane tomography is determined by two corresponding 
tetrads Let AiBiOiD l9 AJS^GJD^ be two tetrads or sets of four 
points in the plane fields (f&gt; l9 &lt;f&gt; 2 These tetrads may be arbitrarily 
given, with the one restriction that no three points m either tetrad 
are to be colhnear Then a homographic correspondence can be 
established between fa and &lt;f&gt; 2 as follows 

Let P l be any point of fa Draw through A 2 a ray A 2 P 2 such 
that 



There is only one such ray by Art 25 

Also draw through B 2 a ray B 2 P 2 such that 

B 2 {A 2 C 2 D 2 P 2 } -BiiAidDtPd (2) 

P 2 , being the intersection of A 2 P 2 , B 2 P 2 , is determined uniquely 
when P l is given, and conversely This construction then 
establishes between fa and (f&gt; 2 a one-one point to point correspond 
ence, ^hich is easily verified to be algebraic 

To piove that it is a homography we have to show that if P l 
describes a straight line, P 2 describes another straight line 
from (1) and (2) above 



A 2 B 2 corresponding to A&, and 

B 
B 2 A 2 corresponding to BiAi 
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Now if PI describes a straight line, A^Pfi, BfiPfi are perspecti\ e, 
iBi being self-corresponding Hence 



and A 2 B 2 is self-corresponduig that is, .4 2 [P 2 ], B 2 [P 2 ] ar 
perspective and P 2 describes a straight line The given construction 
therefore determines a homography 

Also it is the only homograph in which A ly B l9 C l9 D l correspond 
to A 2 , B 2 , C 2 , D 2 respectively For if P x , P/ be corresponding 
points in any other homography satisfying the given conditions, 
P l9 P 2 must satisfy the relations 

^*CB a &lt;WV} -AdBiC&Pd (3) 

B 2 {A 2 C 2 D 2 P 2 } -BdAiC&PJ (4) 

since in a homography corresponding pencils are protective 
Comparing (3) and (4) with (1) and (2) we see that P2 /= P 2 

The construction cannot fail unless two of the rays of one of the 
pencils -4i(J?i&lt;7iDi), A 2 (B 2 C 2 D 2 ), B^A&DJ, B 2 (A 2 C 2 D 2 ) coincide, 
that is, unless three of the points of either tetrad are in one straight 
line In this case no homography can exist unless the three 
corresponding points are also in a straight line But then the 
homography is no longer completely determined For if A 1} B lt GI 
be points on a straight line p l and A 2) B 2 , C 2 the corresponding 
points on a straight line p 2) the triads A^C^ A 2 B 2 C 2 determine 
completely the , &gt; * jr points of p l3 p 2 If now a fourth 
point D l be given corresponding to a fourth point D 2 and P l be 
any fifth point to which P 2 corresponds, the point in which D 2 P 2 
meets p 2 corresponds to the point in which D l P l meets p l and is 
known Therefore D 2 P 2 is known, but the position of P 2 on it is 
indeterminate 

In like manner it may be shown that a homography is determined 
when four lines of one field, no three of which are concurrent, are 
made to correspond to four lines of the other field, no three of which 
are concurrent 

163 Vanishing lines The equation* ol the vanishing lines 
of the homogiaphy &lt;ire easily \vnttcn clo\\n from equations (3) 
and (5) of Art 161 For if a/, y r are to be infinite ^ e must ha\ e 



This then is the vanishing line of the field &lt;/&gt; If ^, y are to be 
infinite, then 

(A,B,-A 3 B,)x f + (A& -A.B^f +A 1 B&gt; - IB, =0, 
and this gives the vanishing line of the field 
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164 Any four coplanar points can be projected into any 
four coplanar points Let AI, B l9 GI, D l be four points, no three 
of which lie in a straight line, in a plane a x , and A 2 , B 2 , 2 , D 2 be 
four points, no three of which lie in a straight line, in a plane oc 2 
Through AI draw a plane oc 3 not coincident with a x Project 
A*, B 2 , C 2 , D 2 on to a 3 from a point S on A^ 2 other than ^4 2 
Let the projected points be AI, B& C^, J9 3 

Let (4A, CiA) =^i &gt; M A, WO =#3 

Because the straight lines A&Ei, AiB B E 3 intersect, JB l9 5 3 , 
#!, 3 are coplanar Therefore B^, E 1 E 3 meet at a point Z7 

Through the line AiBiEi draw a plane a 4 not coincident with a x 
Let the projections of AI, 5 8 , 8 , Z&gt; 3 , ^3 from u on to a 4 te AI, 
B l9 C 4 , D^ E l 

The points 4 , ^4, J?i are collinear, since C 3 , J5 3 , E 3 are collmear 
Hence the lines C&E^ C 4c DE l are coplanar 1 C 4 , ^^ 
meet at some point F 

Projecting AiBiCJ) from F on to a x we obtain AiB l GiD l 
Thus we may pass from A 2 , 5 2 , 2 , D 2 to ^t 1? jB l9 O l9 D l by three 
projections 

It has been assumed that the line A^A^ does not lie in a 2 , unless 
the two quadrangles are coplanar, we can always find at least two 
pairs of which this is true, and one of these may be denoted by 
AI, A% If however A 1 B 1 C 1 D 1 and A^B.CJD^ are coplanar, 
let one of them be first projected from any vertex on to another 
plane, and we have the case already dealt with Four projections 
then enable us to pass from A 2 , B 2 , C 2 , D 2 to AI, B i9 GI, D l 

Similarly any four coplanar lines a 1? 6 l9 e l9 d^ no three of which 
pass through a point, can always be projected into any four coplanar 
lines a 2 , 6 2) c 2) d 2) no three of which pass through a point For 
in this case the four points a{t&gt;i, 6^, c^d^ cZ 1 a 1 are distinct and 
no three of them are collinear, and the same holds of the four 
points 2 & 2j 6 2 c 2 , c 2 d 2 , d 2 a 2 These two sets of four points are 
therefore projective by the first part of the present article, and the 
lines which join them are likewise projective which proves the 
proposition 

165 Every plane homography is a projective transformation 
and conversely For consider any plane homography Take two 
corresponding tetrads such that no three points of each a,re collmear, 
and construct a projective transformation m which these are coi re 
sponding tetrads Since both homography and projection preserve 
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cross-ratio constant, the construction given in Art 162 for finding 
the point P 2 corresponding to any given point P 1 applies to both 
the protective and homographic transformations These two 
transformations therefore determine the same correspondence 
between the two fields, or any corresponding figures which are part 
of them, that is, the given homograph\ is identical with the 
projective transformation 

Conversely every projective transformation is homographic, 
for it is a one-one algebraic transformation in which points corre 
spond to points and straight lines to straight lines 

It follows from Art 162 that two corresponding tetrads of points 
or lines entirely determine the projective correspondence between 
two planes 

Two coplanar projective fields with four self-corresponding 
points, of which no three are collinear., or with four self-corre 
sponding lines, of which no three are concurrent, must therefore 
be identical 

166 Deductions from the above If we are gi\ en three points 
A i, BI, Ci on a conic s x and three points A*, B 2 , 2 on a conic s 
the conic $i can always be projected into the conic s 2 and at the 
same time the three points A i3 B i9 GI into the three points A*, 
B 2 , C 2 

For draw the tangents to Si at AI, BI meeting at DI and the 
tangents to s 2 a ^ -^2? -^2 meeting at D 2 Project the four points 
AI, B ly Ci, D l into the four points A 2 , B 2i C 2 , D 2 Then s l projects 
into a conic which touches D 2 A 2 at A 2 , D 2 B 2 at B 2 and passes 
through C 2 But this conic must be s 2 for two pairs of coincident 
points and another point determine a conic uniquely 

In like manner if a ls 6 1? c l be three tangents to a conic Sj , a 2 , 
6 2 &gt; 2 ^ ree tangents to a conic s 2 , let di be the chord of contact 
of ai&i, d 2 the chord of contact of a^bj Project (tib\Cidi into 
a 2 b 2 c 2 d 2 Then s l projects into a conic touching a 2 at a 2 d 2 , b 2 
at b 2 d 2 and also touching c 2 Vnd this conic can be none other 
than s 2 

These two results show that t\vo ranges or pencils ol the second 
order can always be actually projected into one another so that 
any two given triads correspond Equi-anharmomc ranges of the 
second order are therefore actually projective, \vhich justifies the 
name given to them in Chapter VI 

Notice that the projective correspondence between tuo gnen 
ranges of the second order, or two given pencils of the second order 
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determines entirely the projective relation between the two plane 
fields to which they belong 

167 Self-corresponding elements of two eoplanar projeetive 
fields Consider two eoplanar projective fields cf&gt;, &lt; Let 
be any point of the plane which is not self-corresponding To 
considered as a point of &lt;/&gt; let QI correspond in &lt; , to considered 
as a point of &lt;f&gt; let 2 correspond in &lt;f&gt; 

Let p 9 p be any pair of corresponding lines of &lt;f&gt;, &lt;/&gt; through 
(?!, respectively , then Ip^lp ] and pp describes a conic u 
passing through 1? This conic passes through every self- 
corresponding point P of (f&gt;, &lt; , since X P of &lt;/&gt; corresponds to OP 

off 

Similarly if q, q be corresponding lines through 0, 2 , qq describes 
a conic v passing through 0, 2 and through every self-corresponding 
point of ^, &lt; 

Hence all self-corresponding points must be intersections of 
u, v , conversely every intersection of u, v other than is a self- 
corresponding point For, if P be such an intersection, then 
OiP, OP of &lt;/ correspond to OP, 2 P of &lt; respectively Their 
intersections must also correspond, but both are identical with P, 
which must therefore be self-corresponding 

Since the comes u, v already intersect at 0, they have, in general, 
three other intersections P, Q, R, which are the three self-corre 
sponding points of $, &lt;f&gt; 

Similarly, by considering a line x, which is not self-corresponding, 
and its two correspondents x ly x%, we can prove that there are, in 
general, three self-corresponding lines p, q } r, which are the three 
common tangents other than x to the conic envelopes s, t of ]oms 
of corresponding points on x ls x and on x, x 2) respectively These 
are evidently the lines QR 3 RP, PQ joining the self-corresponding 
points P, Q, R 

If the relation between &lt;, &lt; is real, so that to real points and 
lines correspond real points and lines respectively, the comes u, 
v, s, t are all real, and since one intersection of u and v is real, a 
second intersection (say P) is always real, the other two, Q and R, 
being either real or &lt; _: i imaginary In like manner 9, t 
have always one real common tangent besides x Thus must 
be QR, the other two, PQ and PR, being either real or conjugate 
imciginary 

In general on a self coirespondmg line p there are only two 
self-corresponding points Q, R, the self-coi responding points of 
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the proactive ranges formed by corresponding points on p If 
however a third self-corresponding point on p exists, then every 
point of p is self-corresponding and corresponding hues must meet 
on p We have then the case of fields in plane perspective, p 
is the axis of perspective and the so^-corro^oTx^ng point P not 
on p is the pole of perspective 

In this case 00 1 (or OP) is * &lt; ( i i j S o that u becomes 
the line-pair (OP, p) and v coincides with the same line-pair The 
only self-corresponding points on OP, however, are P and the inter 
section of OP with the axis of perspective p , these may coincide 
as a special case 

168 Harmonic perspective If in a plane perspective in. which 
is the pole and x the axis of perspective, a given pair of corre 
sponding points A, A are harmonically divided by and a,, the 
same holds of every other pair of corresponding points 

Denote the field to which A belongs by (f&gt; and that to which A 
belongs by &lt;f&gt; Let P be any other point of the field &lt; Join AP 
meeting x at 7 , then VA f meets OP (see Art 16) at the point P 
of (j&gt; f corresponding to P of $ 

If OP, OA meet x at X, B respectively, then by hypothesis 
{OABA }= -1 , but OABA and OPZP are in perspective from 
7 Hence {OABA }={OPXP f } so that (OPAT H-1, that is, 
P, P r are haimonically divided by and a 

Such a plane poispective is termed harmonic perspective 

169 Involutory plane field It is clear that, if in a harmonic 
perspective P is taken at P, then P is at P Thus ev ery pair of 
corresponding points correspond doubly , and it is then obvious 
that every pair of corresponding lines correspond doubly The 
two plane fields are then mvolutory 

Conversely we will now prove that there can be no mvolutory 
plane homography other than harmonic perspective 

For if, in a homography, i pair of points A, A correspond doubly, 
then AA corresponds to i A ind so is a self corresponding line j. 
All pairs ot coi responding points on JL then correspond doublv and 
form an involution of \\hich the double points 0, L ire self- 
coriespondmg points But this miy happen without anv pair of 
points not lymg in JL corresponding doubly, that is, without the 
homography being generally mvolutory If, however, a second 
pair of points B, B f tying in inothci straight line y iKo coiRspond 
doubly, then ?/ is anothei sell coiiespondmg line, on v\hich pui^ of 
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corresponding points form an involution Further y must meet 
x at a self-corresponding point This is either or U , denote 
it by Let V be the other double point of the involution on y , 
V is a third self-corresponding point 

Let now p, p be any pair of corresponding lines meeting x at 
P, P , y at Q, Q Since x is self-corresponding, P and P are 
corresponding points, and so are Q, Q Hence by the property 
of the involutions on x and y, {OPUP } = - 1 ={OQVQ } Since 
is a self-corresponding point of these ranges, PQ, P Q , UV are 
concurrent, that is, any two corresponding lines p, p meet on UV 
The homography is therefore a plane perspective with UV as axis 
The point where A A and BB meet is then the pole of 
perspective And since P, P are harmonically divided by and 
x, the same is true, by Art 168, of any other pair of corresponding 
points, and the perspective is a harmonic perspective 



EXAMPLES XA 

1 The angles 6, 6 which two lines through a fixed origin make with an 
initial line are connected by the equation 



Explain carefully why the two lines do not describe homographic pencils 
2 If the angles Q, Q in the last question be connected by the relation 

A smd+B 



show that the lines do not describe homographic pencils 

3 Through the vertex of a flat pencil planes aie drawn perpendicular 
to the rays of the pencil Shcro that the axial pencil so formed is homographic 
with the given flat pencil 

4 A variable cncle cuts a fixed circle at a constant angle a and passes 
through a fixed point If the points of intersection of this circle with the 
fixed circle be P, P , show that the ranges [P] 2 , [P ] 2 are homographic, the 
angle a being measured by the rotation, in a prescribed sense which bungs 
the tangent to the variable ciicle upon the tangent to the fixed circle 

5 The co ordinates of t\\o points on a straight line are connected bj the 
relation 

a b c 

;+*-/ 

Show that the points describe homographic langes 

6 A variable conic thiough four fixed points, two of which lie on a fixed 
come s meets s again at P P is a fixed point on s Prove that OP OP 
describe homographic pencils 

7 A. variable conic thiough four points A B C D meets fixed lines 
through 4 ind B at P and Q Sho\\ that P, Q describe homographic ranges 
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8 If in a homographic relation the points (0 0), (0 1), (1, 0), (1, 1) m 
the plane of (x, y) correspond respectively to the points (0, 0), (1, 3), (2, 2), 
(2, 4) 111 the plane of (x f , y ), show that the point (0, 2) in the plane of (a, y) 
corresponds to the point (|, 4) m the plane of (a- , y ) 

9 In a homography the points of a quadrangle ABCD correspond with 
themselves in the order BCD A Prove that one of the diagonal points of 
the quadrangle is a self corresponding point and the opposite side of the 
diagonal triangle is a self corresponding line 

further that the other " ., 



10 TUG homographic coplanar figures have the circular lines through 
as self corresponding lines Show that one of the figures can be brought 
into plane perspective with the other by a suitable rotation in its own plane 
about 

1 1 Prove that, if the circular points at infinity are self corresponding points 
of a homography, corresponding figures in the homographic fields are directly 
similar, but not similarly situated 

Show further that these are the only homographies in which every circle 
in the plane transforms into a circle 

12 Given the three self corresponding points of two protective coplanar 
figures and a pair of corresponding points, give a construction for the point 
corresponding to any given point, and also for the vanishing lines 

13 Given three parrs of corresponding points of two homographic pkne 
figures and one of the self corresponding lines, construct the intersection 
of the other two self corresponding lines 

14 Show how to set up a one one correspondence of a plane into itself 
such that a circle in the plane is transformed into itself and three assigned 
points P, Q R of it into Q, E, P respectively 

Discuss the transformation when Q and R are the circular points at infinity 

15 In to\o homogiaphic plane figuies the lines at infinitv correspond 
show that the areas of corresponding figuies are in a constant ratio 

Deduce that the area of the segment cut off from a parabola b\ am chord 
is two thirds of the area of the triangle foimed b\ the chord and the tangent* 
at its extiemitics 

1C In t\\o homographic fields (\\hich nted not be coplanai) thiee pans 
of conesponclmg points \ie given not hang on one pan of corresponding lines 
and also one pair of couesponding lines not incident -with am of the given 
points Pro\e that the homogiaphv is completeh determined nd sho^ 
ho\\ to constiuct the line of eithoi figure couesponding to a gi\en line of 
the other 

17 Pio\e that in haimonic peispectne iiu conic \uth le^aid to \\hich 
the pole and axis of peispectuc ne pole and pulir ti uisfoim-s into itself 

IS Piove tint pxns of couesponding points in a liaimonic peispecti\e 
\\lnch aie \Ko conjugate foi a conic 9 \\hich is self cone^poiulin^ he on a 
second conic \\hich Ins double contact \\ith s 

19 In a haimomc pcispcctivc it is gi\en that tuo comes tianstoim into 
themselves bhcnv tint theic xte tlnee possible petitions of tin pole and 
axis of puspcctive and gi\e a method foi ioiibtuu.tm^ them 



206 PROJECTIVE GEOMETRY 

EXAMPLES XB 

1 OUV is the self corresponding triangle of two coplanar homographio 
fields fa $ , *7F=5 inches, OU= 3 inches, 07=4 inches On two lines OX, 
07, making angles of 30 with OU, points A, A. , respectively, are taken 
such that OA=OA =2 inches, A being inside the triangle OUV 

If A, A are corresponding points of fa &lt;/&gt; , construct (i) the point of &lt; 
corresponding to the middle point of AV in $ , (11) the point of &lt;f&gt; corre 
sponding to A of $ , (in) the vanishing lines of cj&gt; and tf&gt; 

Verify that the last two intersect at the middle point of UV 

2 ABGD is a plane convex quadrilateral AB~^ inches, AD=DB=4: 
inches, J5C=OD = 2 5 inches On AB as side, and on the opposite side to 
CD, a square ABC D is described, the corners A, D being adjacent 

Obtain the third self corresponding point of the homography in which 
A, B, C, D correspond to ABC D respectively 

3 Two homographic fields tf&gt;, $ are referred to rectangular axes Ox, Oy 
and 0V, O y respectively 

The axis of a- corresponds to the axis of a/ and the points (1, 1) (2, 3), (4, - 1) 
of &lt; correspond to (0, 2) (4, 1) (3, -2) of $ 

Construct (i) the line of &lt;j&gt; corresponding to + 2/=0 of fa (n) the vanishing 
line of fa (111) the points of fa &lt;]/ corresponding to (0, 0) m the other field 

4 ABGD is a quadrilateral inscribed in a circle of ladius 2 inches, the 
successive arcs AB, BG, CD subtending angles at the centre of 75, 60, 
135 respectively A B C D is a rectangle with A B = I inch, B C =2 niches 

A, B, C, D correspond to A , B , C , D in two homographic fields fa &lt;/&gt; 
Construct, m their own figures, (i) the vanishing line of fa (u) the vanishing 
line of &lt; , (m) the point of &lt;j&gt; which corresponds to the centre of the circle in &lt; 

5 In a harmonic perspective the pairs of points (2, 3), (1, 4) , (3, 1), 
( 2, 2) are corresponding pairs Construct the pole and axis of perspective, 
the co ordinates being rectangular 



CHAPTER XI 
RECIPROCATION AND INVERSION 

170 Reciprocal transformation or correlation If in the 

equations (3), (4) and (5) of Art 161 we interchange 1 9 m and 
& , y f we find, writing for shortness 

with corresponding meanings for /? s and y s 



Pi? + Ps + Ps 



+y 3 

These equations may be shown as in Art 161 to be the necessary 
equations of transformation in any one-one algebraic correspondence 
of plane fields in which lines correspond to points and points to 
jmes Clearly any pencil is homographic, and therefore equi- 
anharmomc, with the corresponding range This transformation 
is therefore of the type discussed in Art 56 

It is, however, much more general than this transformation , 
for the transformation by reciprocal polars is limited to fields in 
the same plane, whereas the present transformation is for any plane 
fields Also in the transformation by reciprocal polars the same 
line p corresponds to the same point P whether P be considered 
as belonging to one field or to the other Whereas here, if the fields 
be taken copUnai and the axes of cu ordmites identical, if ^\e put 
a =x, y r =y we do not in general obtain V = 1 01 m = m 

The piesent transformation is the most general case of a plane 
reciprocal transformation 

An obvious modification of the reasoning of Art 162 ^ ill sho\\ th it 
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such a transformation is determined when four points A l9 S^ 
C l3 DI of one field, no three of which are colknear, are made to 
correspond to four lines a 2 , 6 2 , c 2 , d 2 of the other field, no three 
of which are concurrent 
For if PI correspond to p 2 we have 



which determine a^ and btf^ and therefore p 2 

And it is easy to show that if PI describes a straight line, p z 
passes through a point 

Two such fields will be said to be reciprocal or correlative The 
relation between them may be spoken of as a reciprocity or a 
correlation 

171 Two reciprocal transformations are equivalent to a 
pro]ective transformation Consider two reciprocal plane fields 
fa, fa, and a third field fa reciprocal with fa fa and fa now 
correspond point by point and line by line and since the corre 
spondence between elements of fa and fa is one-one and algebraic, 
and that between elements of fa and fa is one-one and algebraic, 
the correspondence between elements of fa and fa is also one-one 
and algebraic 

Accordingly the fields fa and &lt;jf&gt; 3 are homographic and therefore 
proactive 

172 Any reciprocal transformation is equivalent to a 
projective transformation and a transformation by reciprocal 
polars For let fa and fa be given reciprocal fields Let fa 
be the reciprocal polar field of fa with regard to any conic in its 
own plane Then by the last Article fa and ^ 3 are piojective Thus 
a projective transformation transforms fa to ^ 3 and the transforma 
tion by reciprocal polars transforms fa to fa 

173 Locus of incident points and envelope of incident 
lines of two coplanar reciprocal fields If two reciprocal 
fields fa (f&gt; f be coplanar, we proceed to find the condition that a 
point and its corresponding line shall be incident 

If P be a point on its corresponding line p , P being considered 
as belonging to fa it also lies on its corresponding lino when con 
sidered as belonging to $ For let P = Q Then, since P, it 
Q , lies on p , q passes through P, % e through Q But it should 
be noted that q is, in general, distinct from p 
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In like manner, if a line pq passes through P it also passes 
through Q, but P , Q are, in general, distinct 

Such points and lines will be called incident points and lines of 
the correlation 

Consider now an incident point A of &lt;f&gt;, assuming for the moment 
that such exist Let a! be its corresponding line which is then 
an incident line, and on of take any point B distinct from A If 
B is incident, V passes through B, and, since A is distinct from J5, 
a! must be distinct from & , otherwise the correspondence would 
not be one-one 

But AB } which is identical with a , corresponds to a b in &lt;f&gt; , 
which is identical with B If then there were two such points 
B on a , incident and distinct from A, they would correspond 
to the same line of in c/&gt;, which is not possible Thus there can 
only be two points on of which are incident, namely A and one 
point 5, so that it is impossible for an incident line to contain 
more than two incident points Thus all the points of the plane 
cannot be incident points, nor all the lines incident lines 

Let now I be any line whatever, P any point of it, p the line 
corresponding in &lt; to P, P the meet of I and p If to P f in &lt; 
corresponds p in &lt;j&gt;, then since P 1 lies on p , p passes through P 
Each of the points P, P is thus uniquely determined as soon as 
the other is known The ranges [P], [P ] are therefore homo- 
graphic and have in general two self-corresponding points S, T, 
which may be real coincident or imaginary, and which are such 
that they lie on their corresponding lines and so are incident 
points 

The locus &i of incident points has thus two intersections Tnth 
any straight line in the plane Hence it is a conic by Art 159 

In like manner through any point M two incident lines can be 
drawn The envelope of incident lines is therefore a conic I 2 

The comes A, 1? k% correspond doubly in the correlation, since a 
tangent to & 2 , being an incident line, corresponds in either field 
to an incident point, which lies on i x 

The double character of this correspondence does not, ho^e\er, 
extend to the individual elements of the comcb 

A point P = Q r (Fig 54) of Aj corresponds, in general, to tao 
different incident lines p 9 q, which are the too tangentb from 
the point to 1 2 The tangent t = u to ^ at P = Q corresponds to 
the point T 1 of &lt; where p touches 1 2 &gt; and to lt} corresponds in 
$ the point U where q touches & 2 
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In like manner a tangent p =j to k 2 corresponds, in general, to 
two different incident points P 9 Q, which are the intersections of 
this tangent with &i The point of contact T = V of p &lt;f with 
& 2 corresponds to the line t f of $ which touches ^ at P , and 
to it corresponds in &lt;f&gt; the tangent u to ^ at Q It should be noticed 
that we can here use the same letters without confusion, because 
p has no necessary relation to p or T to T , the corresponding 
elements being p, P , P, p , T, $ , 2, T 

If P=(2 comes into coincidence with an intersection X of A 1} & 2 , 
the lines ^/, j coincide with the tangent x 2 to ^ 2 at JC , thus J? 
corresponds doubly to x 2 But, further, T and Z7 then both coin 
cide with -3T, and they correspond to the tangent Xi to \ at 




VL -t 



P = Q =X, thus A corresponds doubly to ct x Since the bwne 
point cannot correspond to two distinct lines, x l must be identical 
with 2 , and the comes 4 l9 2 touch at any intersection X 

Thus &!, & 2 either touch at two points X, 7, or else have four- 
point contact at a point X 

As a special case ^ may break up into a line-pair, in which case 
A 2 breaks up into a point-pair Neither the points of the pair nor 
the lines of the pair can be incident points or lines, so the point-pair 
cannot he upon the line-pair Each point of 1 2 corresponds to the 
two components of l b one in each field 

If the given correlation reduces to a transformation by reciprocal 
polars, the two comes Jc ly Jc 2 coincide with the base conic, since every 
point of the base come lies on its polar and every tangent of this 
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conic passes through its pole By analogy the comes i b 1 2 will 
be termed the base comes in the general case 

174 Correspondence of points and tangents on the base 
comes In Fig 54 it is clear that some rule of selection must be 
given, which enables us to discriminate which end of a chord of 
ki tangent to L 2 1S * be treated as P and which as Q For the 
correspondence is not here a double one , thus in Fig 54 two such 
chords are p and q, their intersection being P = &lt;2 If their other 
extremities are R , 7, it is clear that R belongs to p =r and 7 
to q=v Thus if, in this relation, P corresponds to R , the same 
point, treated as Q does not correspond to R but to a different 
point V 

Since, in the correlation, homographic ranges and pencils of 
the second order correspond to homographic pencils and ranges 
respectively, we have at once 



so that the ranges [P ] 2 and [Q] 2 are homographic ranges of the 
second order on the conic Jc L They are not, however, in involution 

But, if P approaches X, P Q approaches the tangent at X 
and Q approaches X Hence X is a self-corresponding point of 
the ranges [P ] 2 , [Q] 2 , and so is T Thus the common chord 
XY of contact of ki, k 2 is the cross axis of these ranges (Art 86), 
and cross-joins such as QR , P P meet at a point i of XI 

The above will still apply if the base comes have four-point 
contact at X 9 since the cross-axis of the ranges is still determinate, 
being the common tangent at X 

This shows that, once the discrimination has been effected in 
the case of a single pair of points on ij, the process of selection is 
determinate, for, by varying and keeping P, R fixed, we can 
make P , Q represent any required pair of corresponding points 
and identify the field to which each belongs Once the points 
have been identified, the tangents are also identified without 
ambiguity 

In the first instance, however, we have nothing to guide us in 
the identification of the original pair of points But a little 
consideration will readily show that the choice is realh 
immaterial For it amounts to interchanging the fields &lt;/&gt; and &lt;/&gt; 
consistently throughout This does not afiect the base conic b 
since they correspond doubly The correlation remains the 
the notation only being altered 
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175 A correlation is uniquely determined by the base comes 

Suppose the base comes Jc l9 Jc 2 of a correlation are given, and also 
the selection rule of Art 174 This fixes the order of the extremities 
of two chords such as P Q, R S (Fig 55), with the proviso that, if 
one pair be interchanged, so also must the other pair Let A=B 
be any point of the plane and let the two tangents from this 
point to & 2 be p = q , r = s , meeting \ at P , Q, R , S, 
respectively 

Now, in &lt;, A =pr and corresponds to PR a in $ Similarly 
B = q s in ft and corresponds to Q/S = 6 in &lt;f&gt; We have thus the 




FIG 55 

two lines which correspond to A=B when treated as a point of 
either field 

Again, let a =1 be any given line, meeting Si at P = Q and 
R-S (Fig 55) From these latter points draw tangentb j/, q 
and /, s to Jc 2) the identification following the selection rule 
Then p r =A f , qs=B, so that we have constructed the two 
points corresponding to the line a =6 , treated as a line of either 
field 

Thus the base comes, together with the selection rule, fix the 
correlation completely and uniquely 

Further, reversal of the selection rule interchanges P and Q, 
7? and S, a and &, A and B This simply amounts to interchanging 
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&lt;/&gt; and $ , as pointed out in the last Article Thus tie correlation 
is really determined by the base comes alone 

It is to be noted that, although the constructions here given fix 
the correlation theoretically, as dm i2-l&gt;(Mrd methods they are 
of limited application, since, in general, imaginary elements may 
enter into them 

The above argument has assumed that the comes A x and 1 2 ^re 
already known to be the base comes of a correlation If, however, 
ki and & 2 are "^ wo comes having either double or four-point contact 
and arbitrarily given, we may still, provided we definitely allot 
one of the extremities of a chord of fy tangent to A 2 to each the 
two fields in one particular case and so fix the homographic ranges 
on & l3 apply the above construction to find the line corresponding 
to any given point of the plane In order to show that we then 
obtain a correlation, it is necessary and sufficient to prove that, if 
a point A describes a straight line Z, its &lt; orn -no * r g line o! passes 
through a fixed point L 

In such a case the tangents p = q , r=s (Fig 55) form an in 
volution of tangents to k%, of which I is the axis Since there is a 
unique correspondence between p and P , r and R , the ranges 
[P ] 2 , [R ] 2 are homographic, moreover, if P is taken at R } 
p and r are interchanged and R is at P Thus P and R correspond 
doubly and so are mates in an involution on ki Hence P K =a 
passes through a fixed point i , which corresponds in &lt;f&gt; to I 
in &lt;f&gt; Similarly QS=b passes through a fixed point which corre 
sponds in &lt;f&gt; to Z in $ Thus the points of a line correspond 
to the lines through a point and the relation between the fields is 
a correlation 

If now the point A lies on a , it must coincide with either P f 
or R and so lie on ki , thus & x is the locus of incident points of the 
correlation Similarly if a contains A , it must coincide with either 
p or r and so be a tangent to k 2 , thus k 2 1S ^ ne envelope of incident 
lines of the correlation 

No distinction need be drawn between the cases where the 
points of contact of k iy k% are separate or coincident Thus any 
two comes having either double or four point contact determine a 
unique correlation, provided that (1) \\e assign \\hich is the 
incident locus & x and which the incident envelope 1 2 &gt; (2) ^e 
assign the intersections with ki of one tangent to A 2 each to it& 
proper field By varying the above assignments we obtain four 
possible correlations from two given conies 



I 



214 PKOJECTIVE GEOMETRY 

EXAMPLES 

1 Show that, in the case where & x , Jc z degenerate into a line pair and 
point pair respectively, the join of the point pan: passes through the meet 
of the line pair, and the points of contact X, Y of the general case coincide 
at this point 

2 Give a construction for the line and point corresponding to a given 
point and line, ^hen the base comes are a line pair and point pair 

176 The self-corresponding triangle Fig 55 gives us at 
once tihie condition that a point A =B shall have the same corre 
sponding line in the two fields For if a =&, then P = Q and 
Sf =5 and the lines p = q , r =s are tangents to ki But they are 
also tangents to Jc 2 and so are common tangents to the base comes 
There are only two such tangents, namely, those at X, Y (Fig 54) 
Moreover, if P = Q approaches X, P Q or p=q approaches the 
tangent at X So that the tangent at X is the line corresponding to 
X in either field Similarly the tangent at Y is the line corres 
ponding to Y in either field Calling these tangents x, y, and 
denoting XY by z, and its pole with regard to either & x or & 2 by 
Z, we have X, Y, Z corresponding to x, y, z in either field Thus 
the triangle XYZ corresponds to itself It should, however, be 
noted that only one vertex, namely Z, corresponds to the opposite 
side, the others being incident with their corresponding lines 

177 Reciprocation with respect to a circle "We have already 
dealt with polar reciprocal figures in Art 56 There is, how 
ever, one special case of polar reciprocation with respect to a 
come which is particularly important from the point of view of 
obtaining what are known as metncal properties, that is relations 
between magnitudes of lengths and angles, especially the latter 
This special case arises when the base come is a circle 

The centre of the circle with respect to which reciprocal polars 
are taken is called the origin of reciprocation and its radius the 
radius of reciprocation 

Any point P then corresponds to its polar p with respect to 
the base circle, and if p meet OP at N , then ON OP=k 2 , where 
Jc is the radius of reciprocation (Art 54) Similarly a straight line 
p corresponds to its pole P, so that if N be the foot of the per 
pendicular from upon p, P lies on ON and ON OP = k 2 

A change in the radius of reciprocation has merely the effect 
of altering the scale of the reciprocal figure Thus, if a figure ^ 
transforms into &lt;/&gt; when the radius of reciprocation is & x and into 
&lt;" \vhen the radius of reciprocation is 2 , the line p transforms 
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in the first case to P on ON where OP ON = k^ and in the second 
case to P" also on ON, where OP tf ON=^ Thus OP OP" 
=^2 Jfe 2 2 a nd the figures &lt; , &lt;" are similar and similarly situated, 
being the centre of similarity, and V L&gt;2 the ratio of similarity 
Hence results independent of the scale of the figure are independent 
of the choice of the radius of reciprocation and the latter may often 
be chosen so as to have any convenient value, or be left altogether 
unspecified 

"When this last is the case, the reciprocation is specified by the 
origin and is often described briefly as reciprocation with respect 
toO 

Note also that it is not essential that Jc 2 should be po^ve if 
i 2 is negative the construction still leads to a real reciprocal figure, 
only in this case a line and its reciprocal are on opposite sides of 
the origin 

The fundamental property of reciprocation with respect to an 
origin is the following 

If a, 6 be any two lines, A , B f their reciprocal points, then OA , 
OB are perpendicular to a, 6 respectively 

Since OA , OB are drawn either both towards or both away 
from a and b, A OB is egual to that angle between a, 6 which 
does not include and supplementary to that which does include 

Thus the angle between any two lines is equal (or supple 
mentary) to the angle subtended by their reciprocal points at 
the origin of reciprocation 

Other important properties relate to points at infinity Thus 
a point P reciprocates into the line through at right angles to 
OP 00 The line at infinity reciprocates into itself 

A circular point at infinity Q, therefore reciprocates into a straight 
line through perpendicular to OO But 0G, being a double ray 
of a rectangular involution (Art 141) is at right angles to 
itself Thus & reciprocates into OO and similarly Q reciprocates 
into 00 

178 Reciprocation of a circle with respect to an excentric 
origin Let C (Fig 56) be the centre of the grven circle, the 
origin of reciprocation, AB the diameter of the given circle passing 
through The reciprocal curve of the circle \\ill be a conic 
(Art 56) Also, by symmetry, one of the axes of thib conic will 
be along AB 

Since Q, Q, he on the circle, Ofi, 00, are tangents to the come 
Hence is a real locus of the conic, so that AB ib the focal axis 
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Now is the pole of the line at infinity with respect to the 
circle Hence in the conic the reciprocal c f of C is the polar of 
with respect to the conic, that is, the directrix corresponding 
toO 

Again, the centre of the conic is the pole of the line at infinity 
with respect to the conic, and so is the reciprocal of the polar c 
of with respect to the circle The second focus H is the pomt 
such that C bisects OH 

The tangents from H to the conic are circular lines ffO, H& 



c 




which reciprocate into points 7, J of the circle, where 07, OJ are 
perpendicular, and therefore, by the property of circular lines, also 
parallel, to ffO, HO, respectively Accordingly 01, OJ pass 
through O, O respectively, so that IJ and the line at infinity 
GO are opposite common chords of the given circle and the line- 
pair (OO, 00, ), which latter is (Art 140) identical with the point- 
circle IJ is therefore the radical axis of the given circle and 
0, and so is a real line h at right angles to 00 Thus H is the 
reciprocal of this radical axis, a property which we shall require 
hter 
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To find the eccentricity of the conic, reciprocate the tangents 
a, b at A, B This gives the vertices A , B of the focal axis 
Then OA f =L 2 /OA, B O =& 2 /50, leading to 



major axis = 
distance between foci = OA +OB f =1 2 (^7 - ^ ) 

\Ujfi JB\)/ 

BO-OA GO 
By division, eccentricity = BO + OA =^ nmnenc aUy 

The conic is therefore an ellipse, parabola or hyperbola ire ^Jirg 
as lies inside, on, or outside the circle 

A very important particular case is that actually shown in 
Fig 56 This is when the radius of reciprocation is so chosen 
that A =B and B =A This requires F =0.405, so that for 
the elliptic case as in the figure, & 2 is negative 

"When Jc 2 is so chosen, the given circle is the circle on the focal 
axis of the conic as diameter We see then that a come and its 
auxiliary circle are polar reciprocals with respect to an origin at 
a focus 

Note that in this case C and C coincide, and also c and c 

EXAMPLES 

1 Given a focus, the corresponding directrix and the eccentricity of a conic 
show how to construct, without drawing the curve, the two tangents from a 
given external point 

Prove that the angle between the tangents from a point to a parabola is 
cos~ 1 (g f /r), where r is the distance of from the focus, and q is the per 
pendicular distance of from the directrix 

2 Two circles meet at A and B Taking A as centre of reciprocation 
find the reciprocal theorem of the result that AB is perpendicular to the 
Ime joining the centres of the circles 

3 Reciprocate the theorem circles of constant radius which touch one 
straight line also touch a parallel Ime, and their centres he on the line midday 
between the two lines 

4 Given a circle centre C and radius r sho\\ how to determine the centre 
and radius of the circle of reciprocation so that the given circle reciprocates 
into a rectangular hyperbola of \\lnch the real axis is of length 2r 

5 If the reciprocal of a ciicle of ladius a and centie C is taken \\ ith respect 
to a circle of radius I and centre \vhere OC=c find the eccentricit\ and 
latus rectum of the conic obtained 

Comes ire described with a fixed focus 0, their lataa recta of the same 
given length Z, and then coi responding directrices tangent to a guen comt 
with focus and ]atus rectum I Prove that their en\ elope consists of tuo 
conies each of which has a focus at and that the reciprocals of the latera 
recta of these comes are the sum and difference of the reciprocals of I and I 
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179 Examples of focal properties of comes deduced by 
reciprocation with respect to a circle A number of the focal 
properties discussed in Chapter VIII are very readily deduced from 
simple properties of the circle by this form of reciprocation As 
they give valuable examples of the method, we shall set out the 
proofs of a few such properties It will be convenient to assume 
for Jc that value which reciprocates the circle into a come of which 
it is the auxiliary circle, so that C is the common centre of circle 
and come and the foci 0, H are symmetrically situated with respect 
to 

(a) Let v, q (Fig 56) be any two tangents to the circle, then 
they are equally inclined to their chord of contact VQ 

Using the fundamental property of reciprocation with regard to 
a circle (Art 177), OF, OQ are equally inclined to 0(v q ) 9 where 
v q is the intersection of the tangents at F , Q f to the conic 

Hence the theorem that two tangents to a come subtend equal 
or supplementary angles at a focus 

In the figure, which is drawn for the ellipse, the angles ZVQ 
and ZQV either both include or both exclude 0, and we get the 
case of equal angles 

If is outside the circle, the points of contact of tangents from 
reciprocate into the asymptotes, and divide the arcs of the circle 
which correspond to the two branches of the curve The reader 
will find the discrimination of the two cases for the hyperbola a 
useful exercise 

(6) Let PO (Fig 56) meet the circle again at T Then OP OT 
= OA OB -F The line through T perpendicular to OT is then 
a tangent to the conic , it meets the circle again at R, and, since 
PTR is a right angle, PR is a diameter Hence by symmetry HR 
is parallel and equal to PO, and 

HR OT=PO OT=BO OA -a 2 (l -e 2 ) =6 2 , 
where a is the semi-mapr and 6 the semi-minor axis 

We thus obtain the two theorems of Art 125 

(c) Let the tangent p at P meet IJ at Y By a well-known 
property of the radical axis of two circles, the lengths of tangents 
from Y to the given circle and to the point circle are equal 
Thus OPY is an isosceles triangle and PF, OY are equally inclined 
to OP Now Y is ph and reciprocates into P H, so that 01 
reciprocates into the point at infinity on P H Similarly OP 
reciprocates into the point at infinity on p Finally PY is p 
and reciprocates into P Hence by the fundamental property OP 
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and the parallel through to P H are equally inclined to the parallel 
through to p , i e OP , P H are equally inclined to p or the 
tangent and normal bisect the angles between the focal distances 

(d) If V, Q are fixed points on the circle, P a variable point, the 
angle VPQ is constant 

Hence, in the reciprocal figure, the angle between 0(v p ) and 
0(q p ) is constant, ^e the intercept on a variable tangent p 
made by two fixed tangents v , q f subtends a constant angle at 
the focus (Art 122) 

(e) The tangent p to the circle at P is perpendicular to the radius 
vector CP Therefore OP is perpendicular to 0(c p ), that is, 
the part of the tangent to a conic intercepted between the point 
of contact and a directrix subtends a right angle at " 

focus (cf Art 121) 

(/) Z7, ZQ being two tangents v 9 q to the circle are equally 
inclined to CZ Hence OF , OQ are equally inclined to 0{c ( I Q \] 
i e if a chord V Q meet the directrix corresponding to focus 
at, say -3T, then OX is a bisector of the angle V OQ (cf Art 121) 

(g) Two parallel tangents p, r to the circle are a constant distance 
apart 

But perpendicular distance of from p = 

and perpendicular distance of from r 

Hence ^-p + ^7^= const , where P OR is a chord of the conic 

through By taking this chord to be the latus rectum \\e find 
this constant = 2/(semi-latus rectum), and thus obtain the first 
theorem of Art 123 

(h) The locus of the intersection Z of tangents i, q to a circle 
which cut at a given angle a is a concentric circle this leads at 
once to the following 

The envelope of a chord V Q of a conic which subtends a gi\ en 
angle at the focus is a come having the same focus and directrix 

Further, in the above VQ touches another fixed circle concentric 
with the original circle Hence the locus of the pole v q r of a chord 
V Q subtending a constant angle at the focus of a conic is a conic 
having the same focus and directrix 

180 Case where lies on the circle When tht origin of 
leciprocation lies on the circle, the line at infinity touches the 
reciprocal conic, which thus becomes a parabola 

If through 0, now on the circle, two perpendicular chords OP, 
OQ of the circle are drawn, the join PQ passes through the centre C 
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We have then p 9 q are perpendicular and p q lies on the directrix 
c , i e the intersection of two perpendicular tangents to a parabola 
lies on the directrix (cf Art 128) 

If OA is a diameter of the circle, P any point on the circle, OP A 
is a right angle Therefore the reciprocal point (a p ) of AP lies 
on OP, so that a , p 9 OP are concurrent But p is perpendicular 
to OP, so that (p f , OP) is the foot of the perpendicular from the 
focus on the tangent p and this lies on a , which is clearly the 
tangent at the vertex (cf Art 127) 

There is a well-known theorem on the circle, known as Simson s 
Theorem, that if L, M, N are the feet of the perpendiculars from a 
point of the circle upon the sides /, g, h of a triangle inscribed 
in the circle, then L, M, N are collinear 

Reciprocating this result with regard to 0, we have V is a line 
through I perpendicular to Oi, that is, to OF Hence if, through 
the vertices F , &lt;? , E of a triangle circumscribed to a parabola 
of which is the focus, we draw lines perpendicular to OF , OG , 
OH , these are concurrent at some point U It follows that a circle 
on UO as diameter passes through F , G , H or the circumcircle 
of a triangle formed by three tangents to a parabola passes through 
the focus (Art 130) 

EXAMPLES 

1 Show that the vertices of a triangle can be reciprocated into the opposite 
sides if the origin of reciprocation be taken at the orthocentre 

2 Reciprocate the theorem that the orthocentre of a triangle circumscribing 
a parabola lies on the directrix, the origin of reciprocation being the ortho 
centre 

181 Coaxal circles reciprocate into confocal comes Con 
sider a set of coaxal circles k with real limiting points 0, K (Fig 57) 
Then 0, K are harmonically conjugate with regard to the points 
P,Qw which any circle of the set meets the line of centres, that 
is, the polars of 0, K with regard to any circle of the set pass 
through K 9 Also by symmetry these polars are perpendicular 
to the line of centres 

Therefore 0, K have the same polars with regard to all the circles 
of the coaxal system, and these polars are the perpendiculars to 
the line of centres through K, respectively 

No^v reciprocate the coaxal circles with regard to any circle 
centre The circles k reciprocate into comes k having for a 
focus 
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reciprocates into the line at infinity, and the line c ^hich 
is the common polar of with respect to the coaxal circles re 
ciprocates into a point C on the line of centres Thus G is the 
common centre of all the comes k r Since the comes i have 
for a common focus, and C for a common centre, their second 
real focus S is also common, so that they are confocal comes 
S lies on the line of centres, and OS =2 OC The reciprocal of S 
is a line x perpendicular to the line of centres If it meet this line 
at X } then 

OXOS-OKOC 

But since 0=20G r/ , therefore OK =2 OX, or X is the middle 
point of OK, that is, x is the radical axis 



x 



C 









FIG 57 



Accordingly the two foci are and the reciprocal of the radical 



axis 



Conversely, it is easily shown that confocal comes reciprocate 
with respect to one of the real foci, into a set of coaxal circles with 
real limiting points 

182 Inversion Let be the centre of a circle c, of radius i, 
P any point in the plane of the circle, P the point of OP conjugate 
to P with respect to c, so that 

OPOF=* 2 (1) 

The point P is then said to be the inverse point of P \\ith 
respect to c, and the symmetry of the relation (1) then shows that 
P is the inverse point oi P with respect to c The relation beta een 
the field formed by the points P and that formed by the points 
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P is termed inversion, either field being spoken of as the inverse 
of the other with respect to the circle , c, and k are called the 
circle, centre and radius of inversion respectively 

Since the polar of P with respect to a circle is perpendicular 
to OP, it is clear that the inverse point P is the foot of the per 
pendicular from on the polar of P 

Although the correspondence of the points is unique, inversion 

is not a homography, 
for a straight line does 
not correspond to a 
straight line, but to a 
circle through the origin 
To prove this, let a 
(Fig 58) be any straight 
line, A the foot of the 
perpendicular from on 
a, P any other point on 
a Let A , P be the 
inverse points of A, P 
Then OAOA =OPOP , 
or OP OA =OA OP 

Since the angle at 
is common, the triangles 
AOP, P 0.4 are similar, 
and the angle at P is 
equal to the angle at A, and therefore to a right angle Therefore 
P describes a circle on OA! as diameter 

183 The inverse of a circle is, in general, a circle Let c 

(Fig 59) be any circle whose centre is C and radius a Let P be 
any point of c, P its inverse point Let OP meet c again at Q 

Then 




58 



Hence OP OQ=k* 

\\hence the locus of P is similar and similarly situated to the locus 
of Q, being the centre of similarity, and the ratio of similarity 
bemgA, 2 /(OC-a 2 ) 

Since the locus of Q is the original circle, the locus of P is also 
a circle c , whose centre K is in the line 00 If is outside c, a 
pair of common tangents to c, c pass through it 

Thus every circle inverts into another circle, except when the 
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first circle passes through the centre of inversion, when, as in 
Art 182, it inverts into a straight line perpendicular to 00 

It should be noted that the centre of the circle c does not invert 
into the centre of the circle c , so that K is not C 

It is also important to remember that a conic does not, in general, 
invert into a conic For, consider the inverse s f of a conic s, and the 
intersections of s with a straight line t f This line t inverts into 
a circle t, which has four real or imaginary intersections with the 
conic s The inverse points of these four intersections are the 



P 








FIG 59 

intersections of t r and s These latter are thus four in number, 
so that s is, in general, a quartic curve 

EXAMPLE 

Given a point and a circle centre C and ladius r, shew hew to determine 
the radius of a circle of inversion centre 0, so that the circle centre &lt;7, inverts 
into another of radius 2r, and find the position of the centre of this inverse 
circle 

184 Circles through two inverse points Let P, P ( pbe[an} 
two inverse points with respect to a circle v of centre and radiu& 
/L, and let c be any other circle passing through P and P 

Let Q be in mtci section of v and c Then OQ=I , the ladms of 
inversion, and OP OF =00 2 

Hence, by a well-known piuputy ot the cncle, OQ i* a tangent 
from to tlic Glide 6, ami the circles t, e cut it light angles 

Thus any circle through two inverse points is orthogonal to 
the circle of inversion 

Conversely, if two points P, P f ait such thvb t\\o aides q, c&gt; 
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through P, P are orthogonal to the circle of inversion v, then P, p 
must be inverse points 

Let Qi be an intersection of v and Cj Since these cut at right 
angles, OQi is tangent to Cj. at d 

Join OP and produce it to meet c l again at RI Then by a well- 
known property of the circle, OP ORi = OQ 2 =k 2 RI is therefore 
the inverse point of P with respect to v 

Similarly, if OP meet c 2 again at R 2 , R% is the inverse point of P 
with respect to v, and so is identical with jR 1? which is thus an 
intersection, other than P, of the circles c l} c 2 Since, by hypothesis, 
this second intersection is P , P 7 is identical with RI and so must be 
the inverse point of P 

It follows that, if two circles through P, P are orthogonal to the 
circle of inversion, every circle through P, P 7 will be orthogonal 
to this circle 

EXAMPLES 

1 The limiting points of a set of coaxal circles are inverse points with 
respect to every circle of the set 

2 If the radius of the circle of inversion is made infinite, so that the 
accessible part of the circle is a straight line, show that any two inverse points 
are images of one another in the straight line 

3 Prove that a circle passing through two inverse points inverts into 
itself 

185 Homography on circular bases is preserved by inversion 

Although inversion, considered as a relation between plane fields, 
is not homographic, yet it preserves homographic properties as 
regards ranges on corresponding circles (including straight lines as a 
particular case) 

Referring to Pig 59, it is clear that, since P , Q are corresponding 
points in a similarity, and a similarity is a particular case of a 
plane perspective and therefore of a homography, we must have 



But, since OPQ is a chord of the circle c through a fixed point, P, Q 
are mates in an involution on the circle 

Hence [P] 2 ^[Q]* and [P] 2 7r[P ]2 

Thus a range of the second order on a circle inverts into a 
homopaphie range of the second order on the inverse circle 

The case of a range on a straight line follows immediately from 
Fig 58, here [P]-0[P]-A[P ]2 

Since straight lines do not invert into straight lines, this property 
it&gt; not applicable to pencils 
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If now we have, in any figure, t\\o ^omopriphc ranges 



, 

[P 2 ] 2 on circular (or rectilineal) bases, then the inverse ranges 
[Pi ] 2 &gt; DP* ] 2 are such that 



and since [Pi] 2 ^[P 2 ] 2 , therefore [Pi ] 2 ^[P 2 ] 2 5 or homographic 
ranges on circular bases invert mto homographic ranges on the 
inverse bases 

186 Angles invert into equal angles In Fig 58, let the 

tangent at P to the locus of P be drawn, as P T 

Then the angle T PO is equal to OA P in the alternate segment, 
and this again, by the similarity of the triangles AOP, P OA , 
is equal to OP A 

The line a and its inverse circle a! therefore make equal angles 
with OPP , but on opposite sides of it By considering small 
elements it is easily seen that the same holds good of any two 
corresponding curves 

If now we have two curves s, t intersecting at any angle at 
P, and the two con expending curves s , t f intersecting at the 
corresponding point P , then s, t make with OP, on one side of OP P, 
angles equal to those which s 3 t make with OP on the other 
side of OP P By subtraction, the angle between s, t at P is equal 
to the angle between s , t r at P 

Inversion is therefore what is usually termed a conformal 
transformation, that is, any elementary small figure urv erts into 
a similar figure It will be found, however, that they are oppositely, 
and not directly, similar, that is, they cannot be brought mto 
similar situation by a relative displacement m their plane, but one 
of them must be turned over as a preliminary 

Note that, as a particular case of the theorem of the present 
article, an orthogonal intersection of two curves imerts into an 
o i 1 10,10 i il intersection of the two in\erse cunes 

EXAMPLES 

1 Describe, with diagrams the possible geometrical configurations -which 
may be obtained by inverting the plane ngure formed In two parallel straight 
lines and a line meeting them at right angles, with respect to a circle in the 
plane 

Thiee ciicles touch one another m pair& Prove that the circle through 
the thiee points of contact cuts the thiee circles orthogonalh 

2 Show that if a G aie t\\o verj small corresponding areas at corre 
spending points P P in inverse fields then in the limit a a OP* / 4 
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187 Inversion of coaxal circles Let c l9 c 2 , c 3 , etc, be a 
set of concentric circles, whose common centre is All straight 
lines I through are then orthogonal to the circles c 

Now invert the field with regard to any given point The 
straight lines I invert into circles V passing through and through 
the inverse point C of 0, that is, into coaxal circles with real 
intersections 0, 

The circles c then invert into circles c which are orthogonal 
to the circles H and therefore, by Art 113, form a set of coaxal 
circles with imaginary intersections but real limiting points 

One of these limiting points is clearly C , since G is the point- 
circle of the set c, and a point-circle must invert into a point-circle 

To find the second limiting point, we note that, if c is the circle 
centre 0, of infimte radius, all the points of c invert into 0, 
which is therefore a point circle inverse to c 

Thus a set of concentric circles invert into a set of coaxal 
circles having for real limiting points the centre of inversion 
and the inverse point of the common centre 

Conversely, if we invert such a set of coaxal circles with respect 
to one of their him ting points, we obtain a set of concentric circles 
For the coaxal circles through the limiting points are orthogonal 
to the given coaxal circles, and invert into straight lines through 
the inverse of the second limiting point, which straight lines are 
orthogonal to every one of the new set of circles But a circle 
which is orthogonal to a pencil of rays through a point has that 
point for centre , the required result follows 

Note also that, since coaxal circles are circles through two 
fixed points (real or imaginary), coaxal circles necessarily invert 
into coaxal circles, whatever the centre of inversion 

We may therefore regard concentric circles as a particular case 
of coaxal circles In this case the (ordinary) common points 
A, B of the circles coincide \\ith O, & , so that the circles touch at 
Q, Q , as we should expect, and the common radical axis is the line 
at infinity 

Ex AJMPLES 

1 Piove that two cucles of a given coaxal system touch an arbitiaiy 
fixed straight line, and also that they are inveise with icspect to that tack 
of the s\ stein -which has its centie on the given sti light line 

2 If a circle touches two given circles c x c 2 the points of contact aic 
conc^chc \\ith the limiting points of the coaxal system determined by c x c 2 

3 If to\ o \ ariablc circles touch one another, and also each of two given 



RECIPROCATION AND DttERSION 227 

circles c 19 c , show that the locus of their mutual point of contact is a circle 
coaxal with c 19 c 2 

4 Tuo given coplanar circles a, I have centres 4, B, the m\erse of a 
point P 1 \\ith respect to a is P and the inverse of P with respect to b is P 2 
Prove that, -when P : describes a circle or a line the corresponding point p, 
describes either a circle or a line and show that, in the correspondence 
between the fields [PJ, [P 8 ] the s^ stem of coaxal circles with limiting pointe 
A, PI corresponds to the system of coaxal circles with limiting points , P 2 

5 Invert the theorem the locus of centres of circles \*hich touch two 
concentric circles is two concentric circles 

188 Inverse figures invert into inverse figures Let fa &lt; 

be two figures which are inverse with regard to a circle k 

Invert both &lt;f&gt; and &lt;f&gt; with respect to another circle s We 
obtain two new figures fa and fa , the circle L inverts, in general, 
into a circle ki 

Let P, P be any two corresponding points of &lt;f&gt;, &lt;f&gt; and let their 
inverses with regard to s be P 1} P x 

Let GI be any circle through P x , PI This corresponds, in the 
inversion with regard to s, to a circle c passing through P, P 

By Art 184, c and Jc cut orthogonally Hence, by Art 186, 
GI and ki cut orthogonally Thus any circle through P 1? P/ 
cuts ki v IT &gt; i 1 3 and, by Art 184, P l9 PI are inverse points 
with regard to x Since P l9 PI are an arbitrary pan* of corre 
sponding points, the figures fa, fa are mverse with regard to ij 

Thus two inverse figures invert into t\\ o inverse figures, the circles 
of inversion being inverted into one another 

EXAMPLE 

Prove that two fields inverse with respect to a circle can be inverted into 
two fields which are the reflection of one another in a straight line 



EXAMPLES X!A 

1 Show that a correlation projects into a correlation and the base comc& 
into base comes 

2 In tuo coplanar reciprocal fields ^ ^ 2 the lines a z , & c in &lt;_ which 
correspond to the vertices 4^ B C^ of a triangle in cj&gt; 1 coincide rebpectiveh 
\vith the opposite sides B^C-^ C 1 4. 1 A 1 B 1 Sho\\ that ever} point of the 
plane corresponds to the same line in eithei field 

3 Sho\v that the only correlation in which ever} point corresponds to the 
same line in either field is the tiansformation b} reciprocal polarb 

4 Discuss the characteristics of the correlation in ^hich the base COIHL& 
are concentric circles centre Show that the two lines ^hich correspond 
to any point P are equally inclined to OP and that thev mter&ect on OP 
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at a point P which hes on the polar of P with respect to the circle & x which 
is the locus of incident points 

Prove also that the angle between the two lines corresponding to P is 
constant and equal to the angle between the tangents to & 2 from any point 
of \ Hence show that, if the correlation is real, k z must be interior to k 

5 By projecting the circular points into any given points, deduce the 
results corresponding to those of Ex 4 in the case of a general correlation 

6 In a correlation three lines a, Z&gt;, c through a vertex U correspond to 
three points A , , G on a hne u through U Obtain a construction, using 
the ruler only, for the point V corresponding to the hne vu f 9 and also for 
the hne t corresponding to the point T =U 

7 Reciprocate the theorem, that the angle in a segment of a circle is 
constant, with respect to the point at which one of the arms of the angle 
meets the circle, and hence show that if through the focus O of a parabola a 
hne OP is drawn to meet a variable tangent to the parabola at P and making 
a fixed angle with this tangent, the locus of P is a fixed tangent to the 
parabola 

8 From the result that a chord of a circle which touches a concentric 
circle subtends a constant angle at the common centre deduce the following 
theorem 

If there be two comes having the same focus and corresponding directrix 
and if two tangents to one conic meet on the other conic and intersect the 
directrix at XT, then XT subtends a fixed angle at the focus 

9 If from a fixed point tangents are drawn to a series of concentnc circles, 
find the locus of their points of contact Hence obtain the following theorem 
by reciprocation A fixed hne meets a number of comes which have the 
same focus and corresponding directrix , then the envelope of the tangents 
at the points of intersection is a conic touching the fixed hne and also the 
common directrix 

Hence find the envelope of the asymptotes of comes having a common 
focus and directrix 

10 If the two common tangents to two comes having a common focus 
intersect at A and through A a line APQ be drawn meeting one conic at 
P and the other at Q then, if the tangents at P and Q meet at R, OR is a 
bisector of the angle POQ 

[Reciprocate the theorem that tangents to two circles from a point on 
their radical axis are equally inclined to the hne joining their points of 
contact ] 

11 A variable chord of a rectangular hyperbola subtends a right angle at 
a fixed point By reciprocation with respect to a circle having as centre 
show that the locus of the foot of the perpendicular from on the chord 
is a straight hne 

12 Prove that the polar reciprocal of a circle taken with regard to a 
rectangular hyperbola, is a conic of which the centre of the rectangular 
hyperbola is a focus 

13 A conic is inscribed in a triangle ABC and has one focus at the cir 
cumcentre Prove that the other real focus is the orthocentre 

14 Through a point in the plane of a circle perpendicular rays OP, OQ 
are drawn to the circle Show that PQ touches a fixed conic with a 
focus at 

[Reciprocate the property of the orthoptic circle ] 
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15 Prove that if through a fixed point inside a circle a straight line 
be drawn, meeting the circle at P and Q 9 the sum of the reciprocals of the 
perpendiculars from on the tangents at P, Q is constant 

Obtain from this the theorem that the sum of the focal distances in an ellipse 
is constant 

16 Show that if ABQ is a triangle and an} point in its plane, and if 
through perpendiculars OP, OQ, OR are drawn to OA, OB, OC to meet 
BC 9 CA, AB respectively at P, Q, R, then PQE are colhnear 

17 s is the reciprocal of a curve s with respect to a point 0, and P is 
the point of s f corresponding to the tangent to s at P If p, p are the 
radii of curvature of s, s at P, P respectivelv, prove that p/&gt; = Jl 2 cosec 8 &lt;, 
where k is the radius of reciprocation, and &lt;j&gt; is the angle between OP and the 
tangent to s at P 

Illustrate this result by using it to find the radius of curvature at a point 
of a conic 

18 A circle c touches an ellipse I at P, and has its centre on the orthoptic 
circle of k , the other common tangents q r of c and L touch the circle c 
at Q, E respectivelv By reciprocation with regard to c, show that there 
is one rectangular hyperbola which touches A, at P and passes through Q 
and It , and that its asymptotes are parallel to the tangents from to I 

Prove also that chords of this hyperbola \v hich subtend right angles at O 
touch a certain parabola whose focus is 

19 Prove by reciprocation the following 

A variable tangent p to a conic having S as focus meets two fixed tangents 
a and & at P and Q respectively , a line q through Q meets a at a point L 
such that the angle PSL is a constant angle Show that the envelope of 
q is a come having S for focus and touching a and b 

20 Prove that the reciprocal of a parabola I with respect to a circle c 
whose centre lies on I is another parabola I , which touches at the 
perpendicular from to the axis of A, and has its axis parallel to the normal 
at to k 

Show also that the directrix of If is the reciprocal with respect to c of the 
Fregier point of with respect to I 

If c has its centre at an extremity of the latus rectum of 7 , prove that 
the focus of If lies on the tangent at to A 

21 Reciprocate with respect to a circle with centre at a focus the propertv 
that confocal comes intersect at right angles 

22 If one conic s is its own polar reciprocal for another conic t then the 
conic t is its o\vn polar reciprocal for the come s 

[Show that the comes ha\ e double contact at 4 B and that if C be the 
common pole of AB then if a raj through meet t at L , T the tangent at 
U is the polar of T \\ith regard to s ] 

23 Show that given t\\ o points 4 B of a conic 6 a conic t can be found 
touching s at 4 B and such that s i& its own polar reciprocal with regard to t 

24 If a figure be inverted ^ith regard to am origin sho^ that an involution 
on a ciicle inverts into an involution on the corresponding circle 

25 Invert the theoicm tangents to a fixed circle cut a fixed concentric 
circle at a constant angle the centre of nweibion being a point in the en 
oumference of the second circle 

26 Prove that the aides \\hich pass thiouLh a ji\en point 7 ind cut a 
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fixed circle c at a given angle a all touch a second fixed circle I , and that L 
is a limiting point of the coaxal system determined by c and k 
Show also how to construct the circle I 

27 PQ is a common tangent to two circles and L, M are the limiting points 
of the set of coaxal circles determined by the two circles Prove that PLQ, 
PMQ are right angles 

Transform this result by inversion, (i) from L, (11) from M 
If PR, QS are chords of the circles passing through L, prove that US is 
also a common tangent 

28 P! and P 2 are the inverses of a point P with respect to two different 
circles &! and Jc z respectively If the inverse of P x with respect to Jc 2 coincides 
\vith the inverse of P 2 with respect to k l9 show that & x and & 2 are orthogonal 

EXAMPLES XIs 
[The axes of co ordmates are to be taken rectangular ] 

1 The points (3, 1), (-3, 0), (1, 2), (1, -2) correspond to the lines o;=3, 
a= 3, y= 2, 2/= 2 in a correlation 

Find (i) the other incident points on the four given lines , (u) the other 
incident lines through the four given points Hence construct the base 
comes 

2 With the data of Ex 1, construct (i) the lines corresponding to the 
origin , (u) the pomts corresponding to the hne at infinity 

3 The base comes of a correlation are the hyperbola 

a; 2 - 32/ 2 =l 

and its auxiliary circle Construct the conic corresponding to the coniueate 
hyperbola J & 

4 The circles (ic-2) 2 +2/ 2 =9,(a;+4) 2 +2/ 2 =l are reciprocated with respect 
to the circle $ 2 + (y- 1) 2 =: 1 e 

Without drawing the reciprocal curves of the first two circles, find their 
four intersections 

5 Two circles centres A and B have radii 1 inch and 2 inches respectively 
and A5=4 inches Find (i) a circle with respect to which they reciprocate 
into confocal comes, (u) the four intersections of these comes, (ui) the 
tangents at these four intersections 

6 Two circles centres A and B have radn 3 and 4 inches respectively and 
A=2 inches Find a centre of inversion which inverts the above circles 
simultaneous y into straight lines If P, Q are two points such that AP= 7 
inches, AQ= 1 5 inches and the angles BAP, BAQ are 30, 135 respectively, 
construct the circles orthogonal to the given circles and passing through P 
respectively Construct also the circles inverse to the last found circles 

7 A circle passes through the point P (3, 4), and touches the axis of x 
at the origin of co oidmates If its inverse circle passes through the point 

nf T2* / ^ the Ch rd f tlns mverse circle Corresponding to 
of length 4 units, construct the circle of inversion 



CHAPTER XII 
HOMOGRAPHIC PLANE FORMS OF THE SECOND ORDER 

189 Construction of coplanar homographie forms of the 
second order In what follows we shall extend the definition of 
incident forms, already given for projective ranges and flat pencils 
in Art 24, to cover all homographic unlike forms such that each 
element of one form is incident with the corresponding element of 
the other form Thus the pencil of the second order formed by the 
tangents to a conic is incident with the range of the second order 
formed by their points of contact, and a range of the second order 




is incident with the flat pencil determined by it at any point of its 
come base 

Let two projective ranges of the second order on two comes ^ 
and s 2 k e g lven by two corresponding triads A^C^ A^B 2 C^ 
(Fig 60) Corresponding points of the two ranges may be con 
structed as follows 

Join A^AZ meeting s l again at U and s 2 again at I Let B 1 
VB 2 meet at # 3 and VC lt VC 2 meet at C 3 Join 3 C 3 - w 3 meeting 
UV at A 3 Then if PI be any point on s l and VP l meets u 3 at 
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P 3 and 7P 3 meets s 2 again at P 2 , the ranges of the second order 
[PiP&gt; [Ps? are homographic and they have A^C^ A 2 B 2 C 2 for 
corresponding triads They are therefore the ranges required 

If one of the ranges, say A 2 B 2 C 2 , is of the first order, a similar 
construction holds, but this tune F may be taken any point on 

Similarly if two pencils of second order about comes s 1? s 2 be 
given by the corresponding triads a{biCi, a 2 b 2 c 2 (Fig 61), then 
from A(=a l a 2 ) draw the other two tangents u, v to $ 1? s 2 Let 




Pi 



FIG 61 



Let 



and let be their intersection , let OA =a 3 Then if pi be any 
tangent to s l meeting u at P l9 and if OP l be joined to meet v at 
P 2 and ;p 2 be the other tangent from P 2 to s 2 , the pencils of the 
second order [pi\ 2 , l^p^P are homographic and have a^c^ a 2 6 2 c 2 f r 
corresponding triads 

A similar construction holds if the pencil [p 2 ] is of the first 
order, only now v may be taken any line through A and p 2 1S 
joined to the vertex of the pencil [p 2 ] instead of being drawn tangent 
to a conic 
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If the given forms are unlike, say a range and a pencil of second 
order, we can correlate as above the given range of the second 
order with the range formed by the points of contact of the given 
pencil of second order In this way the two original forms are 
geometrically connected 

190 Number of self-corresponding elements of homographie 
forms of first and second order, not on the same base Clearly 
a range of the first order and a range of the second order homo- 
graphic with the first range cannot have more than two self-corre 
sponding elements since a straight line meets a conic in two points 
only They may have two f ) - x, &gt;] r elements, for if we 
take a flat pencil whose vertex is on a conic, the homographic 
ranges determined by this pencil on the conic and on any straight 
line have the intersections of the 

straight line and conic for self- 
corresponding points 

Conversely if such ranges have 
two self-corresponding points, say 
A, B, the lines joining their corre 
sponding points pass through a 
vertex lying on the base of 
the range of second order For 
let C 9 C be corresponding points 
on the straight line and conic 
respectively (Fig 62) Join CO meeting the conic again at 
Then if P, P are on a line through 0, the ranges [P], [P p are 
projective But they are determined by the same triads ABC, 
ABC f as the original ranges They are therefore identical with these 
ranges 

In like manner if a pencil of the first order be homographic 
with a pencil of the second order, they may ha\e two self-corre 
sponding elements, namely the tangents from the \ ertex of the first 
pencil to the conic ^hich is the base of the second pencil, but they 
cannot have more Also, when they do have two self-corresponding 
lines, we can show, by -o n j similar to that used for the ranges, 
that corresponding lines intersect on a tangent to the conic which is 
the base of the pencil of second order 

191 Two homographic forms of the second order cannot 
have more than three self-corresponding elements T\\o 
homographic ranges of the second order ha\e their bises ^ and i&gt; 2 
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intersecting in four points, but they cannot have more than three 
self-corresponding points 

In the first place we will show that they may have three self- 
corresponding points For let 0, A, B, C (Pig 63 (a)) be the four 
intersections of the comes * x , s 2 &gt; through draw any ray to meet s l 
again at P and s 2 again at P , then the ranges [P] 2 , [P ] 2 are homo- 
graphic and they have the points A, B, C self-corresponding 

In the second place two such ranges cannot have more than three 
self-corresponding points For let A, B, C be self-corresponding 
points Then the self-corresponding triad ABC determines the 
correspondence between the two ranges uniquely Now the ranges 



R 




FIG 63 

described on the comes by a ray OPP through satisfy the given 
conditions, since they have A, 5, for self-corresponding points The 
given ranges [P] 2 , [P ] 2 are therefore such that the join PP of 
corresponding points passes through If these ranges have a 
fourth self-corresponding point this can only be But the comes 
do not touch at 0, since they already have three other intersections 
A, 5, C Thus if P be at 0, P is at Q where the tangent at to s l 
meets s 2 , and if P be at 0, P is at R where the tangent at to s 2 
meets s l Therefore is not in general self-corresponding 

If the comes touch at 0, is indeed self-corresponding, but 
the comes, having already two coincident intersections at 0, can 
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have only two other distinct intersections , so that in any case 
there are not more than three self-corresponding points 

In like manner two homographic pencils of tangents to two 
comes s l} $ 2 (Fig 63 (&)) can have at most three self-corresponding 
elements, namely three of the common tangents to $ 1} s 2 For, if 
a, b, c be these common tangents, they determine, as in the case 
of ranges, the relation between corresponding tangents of the 
pencils, namely, that two such corresponding tangents p, p meet at 
P on the fourth common tangent u to $ 1? $ 2 But u is not self- 
corresponding , for if p is taken coincident with u, P is at the 
point of contact Q of u with &i and the second tangent q r from Q 
to s 2 is not coincident with u 9 unless s l and s 2 touch u at the same 
point But in this case two of the common tangents coincide with 
u and there are only two others remaining 

In the above, no distinction has been made between real and 
imaginary intersections or common tangents We shall follow this 
practice in future, except where the contrary is explicitly stated 

192 If a form of the first order has more than three elements 
incident with their corresponding elements of a homographic 
form of the second order, the two forms are altogether incident 

In the case of two forms of the first order, if more than two elements 
are incident, the forms are incident Thus, if three rays of a flat 
pencil, a l9 6 l9 c l9 pass through the corresponding points -4 2 , B 2 , 
C 2 of a homographic range on a straight line u, the range determined 
by the pencil upon u has three self-corresponding points with the 
original range and so coincides with it 

In the case of forms of the second order, howe\er, this no longer 
applies, because the points in which a pencil of the second order 
meets any straight line do not form a range homographic ^vith the 
pencil, unless the straight line happen to be a tangent to the 
conic which is the base of the pencil The student can easily 
convince himself of this by reversing the process, when he will 
find that, although to each tangent to the conic corresponds only 
one point of the straight line, to each point of the straight line 
correspond two tangents to the conic The correspondence is 
therefore not one-one 

Conssidei i lange of the second oulei [P] 2 on a come 6 homo- 
graphic with i pencil [//] of the fiist oidei \\host \eite\ is I 
Tike a vcitcx on s and join OP =p The pencil [p\ ib of the fir&t 
ordei and [p]^[P] 2 *A|&gt; ] The locus of Q =pp r is a conic t passing 
through and the vertex of [//] The conict&gt; *, t IUAC therefore 
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three other intersections besides 0, of which at least one is real if 
$, t and are all real, since by Art 138 imaginary intersections 
occur in pairs and is already one real intersection But at an 
intersection of s, t the ray p passes through, its corresponding point 
P, and, conversely, if p pass through P, P is an intersection of 5, t 
Hence there are three pairs of corresponding elements incident, of 
which one pair is always real 

This holds even if be on its corresponding ray, for then, if P 
be at 0, OP is tangent to the conic t (since it corresponds to the 
]oin of the vertices) But OP is also tangent to the conic s Thus 
$, t touch at and have only two other intersections 

If then there were a fourth pair of corresponding elements 
incident, the comes s 9 1 would have five points common and would 
coincide , the vertex of [p 7 ], which lies on t would then also lie on s, 
and every pair of corresponding elements would be incident 

Reciprocating this theorem we obtain the corresponding theorem 
for a range of the first order and a pencil of the second The proof 
is precisely similar to the one above if we interchange terms according 
to the rules given in Art 57 The result runs 

If a pencil of the second order and a range of the first order be 
Lo i iog vi ji i then, in general, three pairs of corresponding elements 
are incident, of which at least one pair are real If more than 
three pairs are incident, the two forms are altogether incident and 
the base of the range touches the base of the pencil 

193 The product of two homographie pencils of the first 
and of the second order respectively is a cubic If we form 
the product of two coplanar homographie pencils [p], [p ] 2 , we 
obtain a curve in the plane Draw any straight line u in the plane 
This meets [p] in a homographie range of the first order [P] Then, 
if Q=pp , a point P of u is on the locus of Q if it lies on its corre 
sponding line p By the last Article there are three such points P 
on every line u 9 of which one at least is real The locus is therefore 
one of the third degree, or, as it is called shortly, a cubic 

194 The vertex of the pencil of the first order is a double 
point on the cubic Let be the vertex of the pencil of the first 
order, s the come which is the base of the pencil of the second order 
Let u , v be the two tangents from to the conic, u, v their corre 
sponding rays through 

Then appears twice on the locus, once as uu and once as vv 
Also corresponding to these two interpretations of there is a 
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different tangent to the curve For if p approaches u , p approaches 
u and the point Q=pp approaches so that OQ approaches u 
u is therefore one tangent to the curve through Similarly if p 
approaches v , Q approaches as OQ approaches v So that v is 
another tangent to the curve at The curve has two branches 
which intersect at 

Such a point is called a double point on the curve and every 
line through is considered as meeting the curve in too coincident 
points at The only case of a double point which we have met 
with hitherto is that of the degenerate conic or line-pair, where the 
intersection of the two lines is a double point 

Observe that a ray through the double point meets the 
cubic again at one point only, as it should, to wit, at the point 
where it is met by the corresponding ray of the pencil of second 
order There are two exceptions, however, namely the rays u, v 
These meet the curve in three coincident points at and are 
known as the proper tangents to the curve at 

It may be shown that, in order that a cubic may have a double 
point, a certain condition must be satisfied Hence the cubic of 
the present Article is not of the most general type 

195 Construction of directions of the asymptotes of the 
cubic The points where the cubic meets the line at infinity i 
may be constructed as follows Draw a tangent a to s (Fig 64) from 
Let a be the tangent corresponding to the ray a through 
Let c be the tangent parallel to a, c its corresponding ray Let 
6, V be any other pair of corresponding lines Let a, 6, c meet 
^ 00 at A&gt; 9 B, C and a , V, c meet a at A 9 B , C (6 f/on = J) 
If p, p be any pair of corresponding lines (not shown in Fig 64) 
meeting ^ co , a at P 00 , P respectively the ranges [P 00 ], [P ] are 
projective, and A^B^C^ , A B C lc are two corresponding triads 
The parallel PP through P to p therefore envelops a parabola 
which touches a and t at A 1 , C 00 respectively, these being the 
correspondents to ai co (=C &lt;X) =A co ) This parabola also touches 
S jB 00 , i e the parallel through B to 6 We are therefore gi\ en 
one tangent 5 S 00 , another tangent a and its point of contact A , 
and the direction of the axis parallel to c The parabola can then 
be drawn by Bnanchon s Theorem The three common tangents 
to the parabola and to s, other than a, then gi\e the directions 
of the three asymptotes of the cubic For let t be an\ one of these 
common tangents, meeting a at T , and if t be the corresponding 
ray, meeting the line at infinity at T 00 , T T 00 is a tangent to the 
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parabola and therefore in the same straight line as t Thus tf 
is T, a point at infinity on the cubic 

196 The product of two homographic ranges of the first 
and of the second order respectively is a curve of the third class 
with a double tangent If [P], [P ] 2 are homographic ranges on a 
line x and a conic * respectively, and any point U is taken in 
the plane, then if p = UP, the pencil [p] and the range 








tl 



64 



are homographic They have three incident pairs which 
correspond to those cases where U, P, P are collmear, % e 
where UP is tangent to the envelope of PP The envelope is 
thus of the third class since from any point three tangents c in bo 
dra\vn to it 

Let the two points where ju meets s be T , V Let tht coi re 
sponding points on x be T, V Then x occurs twice as a tangent to 
the envelope It is therefore a double tangent and touches the 
envelope at T, V 
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197 Degenerate cases of the above If the two homographic 
pencils of Art 193 have one of the tangents from to s as a self- 
corresponding ray, the whole of this ray forms part of the locus 
The locus of the third degree breaks up therefore into a straight 
line and a come If the two tangents from are c 1 orn&gt;i&gt;ond nj? 
rays, the whole of each of these rays is part of the locus and the 
cubic breaks up into three straight lines, namely the two tangents 
from and a thud tangent to s (Art 190) 

In like manner if the ranges of Art 196 have a -r ir-c orn^ponrl i 
point, that point is an isolated part of the envelope The envelope 




FIG 65 

breaks up into this point and a curve of the second class, i e a 
conic If the ranges have two self-corresponding points, the 
envelope breaks up into three points, one of which is on the base 
of the range of second order by Art 190 

198 Two homographic unlike forms of the second order 
have four pairs of corresponding elements incident , and if 
they have more than four, they are alio.oMin incident Let 

M 2 &gt; [-P] 2 (Fig 65) be a homographic pencil and range respecti\ ely, 
of the second order, whose bases are s it s 2 , respecti\eh On s 2 
take a point Then the pencils 0[P], [p] 2 are homographic 
Let Q be the meet ol p, OP The locus ot Q ib a cubic of \ihich 



240 PROJECTIVE GEOMETRY 

is a double point Bub a conic and a cubic are known from analytical 
considerations to have six intersections Hence the locus of Q 
meets s 2 at six points Of these counts as two, since is a double 
point on the cubic, and the tangents at to the cubic are, in general, 
different from the tangent at to s 2 There are accordingly four 
others A, B, C, D Corresponding to each such intersection we 
have a point P on its corresponding line (since P and Q are then 
coincident) 

Or we may proceed as follows Let A be one intersection of 
$ 2 with the locus of Q (it being assumed that at least one such 
intersection, real or imaginary, exists) Through such a point A 
the corresponding line a passes Take for the point where a meets 
$ 2 again The pencils 0[P], [p] 2 have now a for a self-corresponding 
ray The locus of Q now reduces to a conic v through (a being 
irrelevant) This come v (shown by the dotted line in Fig 65) 
cuts s% at three other points B, C 9 D, which are incident with their 
corresponding hnes is not incident with its corresponding line, 
unless v touches $%%& , for if p is the second tangent to s l from 
0, then Q coincides with and P is the meet of s 2 with the tangent 
at to v P is then distinct from unless the last-named tangent 
is also tangent to $ 2 at But, if v 3 $ 2 touch at 0, they have only 
two other points of intersection and there are still only four points 
on their corresponding lines 

Hence if there be a fifth point E through which passes its corre 
sponding line e, the comes V, s 2 have five points in common and 
coincide entirely Thus every point lies on its corresponding line 
and the two given forms are incident 

In such a case the bases s lt s 2 have double contact For if, as 
has been proved, every point P lies in its corresponding line p, 
let r be the second tangent from P to 6 1? meeting s 2 again at R 
Then either R or P corresponds to r, and since P does not correspond 
to r, R must do so If now P coincide with a common point of 
$i&gt; $2&gt; P an&lt; i r both coincide with the tangent to Si at P Hence 
the corresponding points P and R also coincide and PR, that is r, 
is a tangent to s 2 &t P, or s l9 s 2 touch at every common point 

199 Product of cobasal homographic forms of the second 
order Let [PJ 2 , [P 2 ] 2 be two homographic ranges of the second 
order on the same conic s Let AI, A% be a given pair of corre 
sponding points of these ranges and ST the cross-axis (Fig 66 (a)) 
Then A^P^ A 2 Pi meet at U on the cross-axis Project S, 2 into 
the circular points at infinity Q, G s projects into a circle s 
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(Fig 66 (6)), U into a point Z7 Therefore AJPj, A^ are 
parallel, and the arcs A {P{, A 2 P 2 are directly equal The ranges 
[Pi ] 2 , [P^] 2 on the circle are thus determined by directly equal flat 
pencils whose vertex is on the circle The arc Pi P 2 subtends a 
fixed angle at the circumference and therefore at the centre 
Hence the chord F\T?z touches a fixed concentric circle t 

Now two concentric circles touch one another at O, G , as has 
been shown in the last paragraph of Art 149 Projecting back 
into the original figure, P\P^ touches a fixed conic t which touches 
the original conic at 8 and T 

Reciprocating this theorem, we see that the product of two 
homographic pencils of tangents to the same come s is a conic which 





FIG 66 

has double contact with the original conic, the common tangents 
meeting at the cross-centre of the pencils 

"We have already met a case of the above results in Chapter XI, 
Arts 173, 174, when dealing with the base comes of a reciprocal 
transformation 

In the special cabe T\here these homographic forms are in involu 
tion, the above envelope and locus i ^ i r&lt; into a point and a 
straight line respectively, the point appearing as the intersection 
of the two components ol a line pan and the line as the join of the 
components of a point-pair The line-pair in the fiibt case i& the 
pair of tangents from the centre of im olution to the come and 
the point-pair in the second case is the pair of point & at \shich 
the axis of involution meets the conic 
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The above theorems are of considerable importance and a 
number of interesting particular deductions flow from them In 
particular let there be two ranges on the line at infinity & denned 
by the intersections with * of two directly equal pencils in which 
corresponding rays make an angle a with one another, and let 
Q, Q /co be corresponding points of these ranges Since ^ c touches 
every parabola, the tangents from &lt;?, Q 00 to a parabola define two 
homographic pencils of tangents to the parabola Their product is a 
conic meeting ^ 00 at the two points corresponding to the point of 
contact of ^ co with the parabola Hence we have the theorem 
the locus of intersections of two tangents to a parabola which 
make an angle a (other than right) with one another is a hyperbola 
whose asymptotes make an angle a with the axis of the parabola 

200 Homographic involutions We may treat a pair of mates 
in an involution as a single entity and establish a one-one algebraic 
correspondence between the pairs of one involution and the pairs 
of another , such correspondence does not establish any one-one 
relation between the individual mates, but only between the pairs as 
a whole Two involutions correlated in this way will be called 
homographic 

We will first show how to derive two homographic involution 
ranges on the same conic s one from the other Let (P ]3 P/), 
(P 2 , PZ) (Fig 67) be two corresponding pairs , let 1? 2 be the 
corresponding involution centres and pi, p 2 the rays through 
1} 2 determining the corresponding pairs on s Then by hypo 
thesis the rays p^ p% are connected by a one-one algebraic corre 
spondence The pencils [pj, [p 2 ] are therefore homographic if 
Q=pip% the locus of Q is a conic which meets s at four points 
A, B, C, D 

When Q is at A, one point of a pair (P x , PI) of one involution 
coincides with one point of the corresponding pair (P 2 , P 2 ) f ^ e 
other involution, though it should be noted carefully that the pairs 
as a whole do not in general coincide Such a point as A will be 
spoken of as a self-corresponding point of the homographic involu 
tions Since there are four such points A, B, C, D two homogrdphic 
involutions of points on the same conic have four self-corresponding 
points 

But any two involutions, of any type, may always be uniquely 
correlated with two involution ranges on the same conic, e g two 
involution ranges on different straight lines may be projected 
from a \ertex as two concentric involution pencils and then cut 
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by a conic through the vertex, and two involution ranges on 
different comes may be projected from vertices on the comes into 
two non-concentric involution flat pencils and then cut by a conic 
through the two vertices , also two involution pencils of tangents 
to two comes are correlated with the involution ranges formed by 
their points of contact 

Hence the above method can ultimately be used to derive 
geometrically any two homographic involutions one from the 
other 

Also we have the general theorem that two cobasal homographic 
involutions have four self-eorrespondmg elements 

201 Harmonic envelope and locus Ronmiing to the case 
of two homographic involutions on the same come s (Fig 67), 
we have seen (Art 85) that 
(Pi, PI) are harmonically 
conjugate with respect to 
(P 2 , P 2 ) if the lines P^ , 
P 2 P 2 are conjugate for s 
Let ps be the ray through 
Oj conjugate to p 2 , then 

tPsl^M^tPi] The con - 
centric protective pencils 
tPsl [Pi] have, in general, 
two self-corresponding rays, 
each of which determines a 
pair (P ls PI) harmonically 
conjugate with respect to 
its corresponding pair (P 2 , 
P 2 ) m the homographic 
involution 

Thus any two liomojrriphK involutions on the same come, 
and therefore any two cobasal homomaohic involutions, have 
two sets of mutually harmonic conesponding pairs 

An important result immediately follows from this Let A l5 7 2 
be two comes in a plane, an arbitrary point of the plane, I an\ 
intersection of & ls A 2 A variable ray through meets i ls A 2 at 
pairs of points (P 1? P/), (P 2 , P 2 ) respecti\ ely, \\hich are clearly 
corresponding pairs of mates in two &gt; in\olutions on 

&i, & 2 Projecting these from V, we hTve t\\o concentnc homo- 
graphic involution pencils in \\hich (C^Pi t PI ) (t P 2 t P 2 ) 
are corresponding piirs of mites These t\\o imolution pcnciU 
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have, by the result proved above, two sets of mutually harmonic 
pairs of mates, for which (UP l9 UPtf are harmonically conjugate 
with respect to (Z7P 2 , UP* ), and therefore (P l3 PI) are harmonically 
conjugate with respect to (P 2 , P 2 ) Tlms from an 7 point 
in the plane two lines can be drawn, meeting ki and k 2 m two 
mutually harmonic pairs Hence the envelope of a line which meets 
two comes in pairs of points which are mutually harmonic, that is, 
which meets either conic at two points conjugate for the other conic, 
is a curve to which two tangents can be drawn from any point of the 
plane, that is, it is a conic This come is termed the harmonic 
envelope of the comes A 1} Jc 2 

Eeciprocating the above, we see that the locus of a point such 
that the tangents from it to a conic & x are conjugate for another 
conic Jfc 2 , an( i conversely, is a conic which is termed the harmonic 
locus of I l9 Jc 2 

If A be an intersection of 7c b Jc% and the tangent at A to Jci meet 
Jfc 2 again at 5, B and A are harmonically conjugate with respect 
to the two coincident points at A, in which the tangent in question 
meets \ Such a tangent is therefore a tangent to the harmonic 
envelope, which accordingly touches the eight tangents to k l9 & 2 
at their four points of intersection Thus the eight tangents at 
the intersections of two comes touch a conic, which is the theorem 
proved otherwise m Art 150 

Eeciprocating, we see that the eight points of contact of the 
four common tangents to two comes lie on the harmonic locus of the 
comes 

As a particular case the orthoptic circle is the harmonic locus of its 
conic and the point-pair O, O It therefore passes through the 
points of contact of the tangents from &, O to the conic 

202 Case where double elements correspond In general, 
in two homographic involutions, no homographic relation exists 
between the individual components of the pairs In the case where 
the double elements correspond, however, such a relation can be 
shown to exist 

We notice first that, since, from Art 200, the relation 
between two homographic involutions is determined by a relation 
between two homographic simple forms, which latter is itself 
determined by two corresponding triads, two corresponding triads 
of pairs can be arbitrarily assumed and completely determine the 
relation between two homographic involutions 

Suppose now that A i9 B l9 the double elements of one involution, 
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and A 2 , BZ, the double elements of another involution, correspond 
Let the pair (C l9 C^) correspond to the pair (C 2 , &lt;7 2 ) Then by the 
property of involutions that any pair are harmonically conjugate 
with regard to the double elements, we have 



and the sets of four elements AiC&Ci, .4 2 C 2 B 2 C 2 can be brought 
into homographic correspondence Now the homographic corre 
spondence thus defined will transform the involution (P b P z ) 
into a homographic involution (P 3 , P 3 ) cobasal with (P 2 , P 2 } 
and homographic with it But the cobasal homographic involutions 
(P& p $)&gt; ( P 2&gt; p z) taye three self-corresponding pairs, namely 
the double elements A 2 , B 2 and the pair (&lt;7 2 , C 2 ) Therefore they 
must be identical Hence this homographic correspondence 
connects PI with P 2 and PI with P 2 , i e there is a homographic 
correspondence between the individual components of the pairs 
Similarly a homographic correspondence exists which connects P l 
with P 2 and P^ with P 2 

203 Product of two homographie involutions of the first 
order If we form the product of two homographic involution 
pencils of vertices 1? 2 , that is, find the intersections pffi, pip^, 

PiP2&gt; Pi Ps wiiere (?i Pi )&gt; (Pz&gt; Pz) are two i pairs, 

these intersections lie on a certain locus 

As in Art 90 we proceed to find the intersections of this locus 
with any straight line x The two involution pencils determine on x 
two collmear homographic involutions of which (P 1? PI) (P 2 , P 2 ) 
are corresponding pairs, where PI=P\X, etc If either of the 
points PI, PI coincide with either of the points P 2 , P 2 / , the point 
of coincidence lies on a ray of each of two corresponding pairs of 
the given homographic involution pencils, that is, it lies on their 
product 

But, by Art 200, there are four such self-corresponding points 
of the collinear homographic involution ranges (P l9 PI) (Pi, P/) 
The locus therefore meets any straight line in four points, that is, 
it is a curve of the fourth degree 

Also the vertices 1? 2 are double points on this cune For 
let (w l9 V) be the pair of the pencil vertex 0\ &lt; - to 

the pair of the pencil vertex 2 of which 2 X is a component 
As the ray p 2 approaches 2 l9 (p l9 pi) approach (u l9 HI) and 
two points on the locus coincide at 1? moving ultimately along 
u l9 u{ O l is thus a double point, (u l9 u^) being the proper 
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tangents at Ox In like manner 2 is a double point and, if (v 2 , & 2 ) 
is the pair of the pencil through 2 corresponding to the pair of the 
pencil through Oi of which Oi0 2 is a component, then v 2 , v 2 are the 
proper tangents at 2 

If Oi0 2 happens to be a self-corresponding ray of the pencils, 
the locus breaks up into Oi0 2 and a cubic curve passing through 
1? 2 In this case, however, 1? 2 are not double points on 
the cubic, for the two mates to Oj0 2 are now the only tangents 
at O b 2 

Also if it so happen that the correspondence between the two 
involutions is of such a nature that individual mates can be 
brought into one-one correspondence (Art 202), the locus of the 
fourth degree breaks up into two comes, these being the products 
of the two pairs of homographic pencils formed by the individual 
mates 

Beciprocatrng the above theorems or proceeding directly in a 
similar manner, we have the result that the product of two homo- 
graphic involution ranges of the first order is a curve of the fourth 
class, to which the bases of the given involutions are double tangents 
If the ranges have a self-corresponding point this envelope breaks 
up into a point and a curve of the third class If the individual 
mates can themselves be homographically correlated, it breaks up 
into two comes 

204 Involution homographie with a simple form We can 

extend this method and define in an analogous manner homography 
between an involution and a simple form In order to establish 
the relations between these, we proceed as in Art 200, and consider 
a range on a conic s with a homographic involution range on the 
same conic The range may be defined by a pencil [p^ through a 
vertex Oj on s and the involution by a homographic pencil [p 2 ] 
through a vertex 2 not on the conic We obtain the figure if in 
Fig 67 we take O l on the come All points P^ then coincide with 
Oi, so that this is really a special case of the last The product t 
of the pencils [pj], [p 2 ] now cuts s at O l and at three other points, 
and it is easy to show, as in Arts 191, 198, that O l is not a self- 
corresponding point unless t, s touch at O l Hence in a homography 
between an involution and a simple form on the same conic there 
are, in general, three self-corresponding points , and the result 
can be extended to cobasal involutions and forms of any type as in 
Art 200 

Proceeding as in Art 203 we can show that the product of an 
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involution pencil of vertex O l and a homographic simple pencil 
of vertex 2 is a cubic having O l for a double point and passing 
through 2 If Oi0 2 be a ^ ,, , _ element the locus 

breaks up into the line OjOo and a conic through O l but not through 

Similarly the product of an involution range on a line MJ and a 
simple range on a line u 2 is a curve of the third class having HI 
for a double tangent and u 2 for an ordinary tangent If itiu* be 
a self-corresponding point the envelope breaks up into a point and a 



conic 



205 The product of two homographic pencils of the second 
order is a curve of the fourth degree Consider two homo- 
graphic pencils of tangents about two conies s l and s 2 Let u be 




any straight line in the plane Take any point P on u (Fig 68) 
and draw from P pairs of tangents to s x and s&gt; touching these 
comes at P 1? PI and P 2 , P 2 respectively Then the involutions 
(P l9 PI) (P 2 , PI } are homographic Let P 3 , P 3 be the points of 
contact of the tangents to s 2 which correspond in the gu en honio- 
graphy to the tangents &gt;t P 1? PI to Sj Then o\Mng to this 
homography, the pairs (P 3 &gt; P 3 ) form an involution homographic 
with that formed by the pairs (P 1? P/) 3 and therefore with the one 
formed by the pairs (P&gt;, P 2 ) Now there are four self-corresponding 
elements of the homographic cobasal involutions (P 2 , P&gt; ) (P 05 P$) 
To each of those self corresponding points correspond i point P y 
such that through P pass two tangents belonging to corresponding 
pairs of mates in the original involution pencils Comeibeh to 
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every such point P corresponds a self-corresponding point of the 
involutions (P 2 , P 2 ) ( p z&gt; p s) But the P omts P o through which 
pass corresponding tangents of the original pencils lie on the product 
of the pencils Any straight line u therefore meets such a product 
in four points Hence the locus is a curve of the fourth degree 

If one of the common tangents is self-corresponding it is part 
of the locus The latter then breaks up into this line and a cubic 
If a second common tangent is self-corresponding the locus breaks 
up into two straight lines and a conic The case where three common 
tangents are self-corresponding has already been discussed in 
Art 191 The locus then breaks up into the four common tangents 

Reciprocating the above we see that the product of two homo- 
graphic ranges of the second order is an envelope of the fourth 
class The student will have no difficulty in tracing the degenerate 
cases when one, two, or three points are self-corresponding 

EXAMPLES XIlA 

1 If M&gt; [#T b e t homographic pencils of the first and second orders 
respectively having a self corresponding ray a which touches the base s 
of |j/] 2 at A , and if u be any straight line in the plane, and up=P, ap P f 
prove that PP envelops a conic which touches s at A 

2 If two given homographic pencils of the first and second orders respec 
tively have a self corresponding ray, show how to construct the two inter 
sections of then: product with any straight line 

3 If two given homographic ranges of the first and second orders respec 
tively have a self corresponding point, show how to draw the two tangents 
to their product from any point 

4 From a point a ray OP is drawn to meet a fixed straight line I at P 
If be the point of contact of a tangent from to a fixed conic and O P 
meet the conic again at P , prove that the locus of the intersection of OP 
and the tangent at P is a come 

5 P, Q are two points on a tangent tfc a come s From P 9 Q tangents p, q 
are drawn to s, meeting at E If PQ be of constant length, find the locus 
of It 

6 Through a fixed point a ray is drawn to meet a given circle at P 
Find the envelope of a straight line through P which makes a constant angle 
with OP 

7 Show that if two comes have double contact any tangent to either 
determines on the other ranges homographic with each other and with the 
range described by the point of contact 

8 T\\o comes touch at A and B A chord PQ of one conic slides on 
the other Sho\v that the cross ratio of the four points A, B, P, Q is constant 

9 P is a point on a conic s , from P a tangent is drawn to a come t which 
has double contact with s to meet s again at P l from P l another tangent 
is drawn to t to meet s again at P 2 and so on After n operations we reach 
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a point P n by a chain of tangents If the chain of tansents slide round / 
prove that the ranges [P] 2 , [PJ 2 [PJ, [pj are all protective and have 
common self corresponding points Prove also that if for one position 
of P (other than a point of contact of 5, t) P n comcides with P, it will do so 
for all positions of P 

Deduce that if a polygon of n sides exist which can be inscribed in a conic s 
and circumscribed to a conic t having double contact with s, an infinite 
number of such polygons exist 

10 A straight Lne meets a conic at A, B On AB points P, Q are taken 
so that the cross ratio {ABPQ} is constant From P and Q tangents are 
drawn to the conic meeting at ft Show that R lies on either of two fixed 
comes having double contact with the original conic at A and B 

[Project A t B into the circular points ] 

11 Prove that a variable circle which cuts two fixed circles at nght angles 
determines on these circles two homographic involutions 

12 s lt s 2 are two comes, u a fixed tangent to $ x From a point Q of 
tangents Q 6i QoQz are drawn to 8 19 s z O lt 2 are fixed points on Sj s t 
respectively : Q 19 2 2 meet at Q Show that the locus of Q is a cubic 
having 2 for a double point and construct the proper tangents to the cubic 
at 2 

13 If in two homographic involution pencils of the first order the join 
of the vertices 9 is a double ray of each pencil and self corresponding 
prove that the remainder of the product is a conic with regard to which 0, 
are conjugate points 

[For the other double ray through meets its corresponding pair in the 
pomts of contact of that pair and so is the polar of ] 

14 A cubic curve is given as the product of a pencil of the first order 
and a homographic pencil of the second order Given the vertex of the 
pencil of the first order, the base of the pencil of the second order and three 
pomts on the cubic, show how to construct the cubic and prove that there are 
eight solutions 

15 Prove the following construction for the tangent to a cubic with a 
double point at any point P on it, given any other point L on the cubic 
and the points of contact A 9 B of the tangents from U to the cubic 

Let the conic passing through and touching L 4 IB at A 9 B meet 
OP at Q Let the tangent at Q to this conic meet L 4 LB at C and D 
Then the tangent at P to the come through O t U&gt;C,D P is also the tangent 
to the cubic 

16 If S be a double point on a cubic, another fixed point on the cubic, 
OPQ a ray through cutting the cubic again at P, Q show that SP, SQ are 
mates in an involution 

Hence show that if 0, A, B are collmear, and if C, D are colhnear, the 
locus of the points of contact of tangents from to all cubics having a common 
double point and passing through A, B, C D consists of two straight lines 
through the double point 

17 Show that the converse of Art 203 is not m general true that i& 
eveiy quartic with two double points 19 2 cannot be obtained as&gt; tht product 
of homographic involution pencils \\ith vertices O l ^ 

18 Prove that the product of two pencil*, of the firbt and second oidei& 
respectively, which are homographic and ha\e two self con expending ra\&, 
is a straight line touching the base of the pencil of the second oidei 
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19 Show that, through each of the vertices O lt 2 of two homographic in 
volution pencils, four tangents can be drawn to the quartic curve which is the 
product of these involutions 

20 If #1, 2 are the vertices of two homographic involution pencils, prove 
that, if (OiA, 0^), (0 2 A, 0%B) are the double rays of these involutions, and 
a conic s be drawn through 19 2 A, B, then the given involutions are 
obtained by projecting from 1 2 two homographic involutions on s with a 
common centre 7, and that the intersections of s (other than O l9 2 ) with 
the quartic which is the product of the involution pencils he on the self 
corresponding rays of the homographic pencils through U which determine 
the involutions on s 

21 Prove that any circle through the vertices of two homographic 
rectangular involutions meets the quartic which is the product of these 
involutions at the four corners of a rectangle 

22 If, in two homographic involution pencils, vertices O lt 2 , a double 
ray O^A corresponds to a double ray 2 A 9 prove that A is a double point on 
the quartic which is the product of the involutions, and that the proper 
tangents at A are harmonically conjugate with regard to A0 lt A0 2 

23 Show that the hyperbola which is the locus of intersections of tangents 
to a parabola making a constant angle a with each other has the same focus 
and directrix as the original parabola 

[Show that the points of contact of the tangents from & , Q to the parabola 
he on the hyperbola ] 

24 Prove that the product of two homographic involutions of tangents 
to the same conic is, in general, a curve of the fourth degree, together with 
four straight lines , but that, if the homography between the two given 
involutions is itself involutory, the product consists of four straight lines and a 
come counted twice 

25 If u and v are two tangents to a come k whose axes are x, y, and are such 
that % makes with x, y angles equal to those which v makes with y, x, but u, v 
are not at nght angles, prove that the locus of uv is a rectangular hvperbola 
whose vertices are the foci of Jc 



EXAMPLES XIIs 

[The axes of co ordinates are rectangular ] 

1 is a point on a circle of radius 2 inches, of which C is the centre , U is 
a point on the tangent to the circle at 0, distant 3 inches from V is a 
point on the internal bisector of the angle COU, distant 5 inches from 

P is a variable point of the circle and UP meets OC at Q, VQ meets OP at E 
Trace the locus of R, and find where it is met by the diameter of the circle 
perpendicular to OC Show that this locus has a cusp at 

2 The points A (0, 2) and A z (3, 0) are corresponding points of two 
homographic ranges on the ellipse 

x* */2 

0+T- 1 * 

of which r-f 2y=6 is the cross axis 

Construct by tangents the product of these ranges 

3 P is a point on a circle of radius 2 inches and centre C, and is a point 
outside the aide at i distance of 3 inches from C on a diameter of the circle 
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perpendicular to the diameter through L is the centre of an imolution 
on the circle, and a ray through U perpendicular to the join of t\\o mates in 
the above involution meets the circle at P 

Find the real self corresponding point of the range [P] 2 and the uuolution 
What are the imaginary self corresponding points ? 

4 An involution and a range on a straight line are homographic the 
homography being denned as follows 

The double point A(x=2) of the involution corresponds to P(a-=35), 
the double point B(x= -2) corresponds to Q(x= -7 6) , the pair of mates 
GI(X= 1) and (7 2 (a;=4) correspond to R(x=lj3) 

Construct the self corresponding points of the involution and the range, 
and prove that your construction must lead to the solution of the cubic 
equation 



5 is a point on a circle of radius 1 5 niches, and OP, OQ are tuo 
through inclined at a constant angle of 30 If the tangent to the circle at 
Q meet OP at R, construct the locus of R by points 

Find independently the points where this locus meets the lines perpendicular 
to the diameter through and distant 3 niches from 
Find also the directions of the real points at infinity on the locus 

6 OX, Y are two lines inclined at 45 to one another , A 9 B 9 C are points 
in order on OX, such that OAABBC=l inch , P, Q are points on 01 
such that OP= 1 5 niches, 0&lt;2=2 inches , AP, BQ meet at L and L meets 
OY&tR 

A range on OY is homographic with an involution on OX of \\hich A, B are 
double points, and P, Q, E correspond respectively to A, B and the pair of 
mates of which is one 

Construct by tangents the product of the range and the involution and 
find the points of contact of the double tangent to the envelope 

7 Two variable rays VP, VQ, at right angles to one another, are drawn 
through the point V (0, 2), to meet the circles (a- -3) -ry =4 and (#-f2) 2 
+ 2/ 2 =r 1 at P and Q respectively If A is the point (1, 0) on the first circle 
and B is the point ( 3, 0) on the second circle and AP, BQ meet at J?, 
trace the locus of R, and find its intersections with the straight line y~x-r 1 

8 U is the point (0 4), P is a point on the line ?/=0 T is the point (3, 3) 
on the circle (x- 3) 2 + (y- 2) 2 = 1 If VP meet the circle again at Q 9 and the 
tangent at Q meet UP at R, pro\ e that the locus of R is a cubic and draw it 



CHAPTEE XIII 
SYSTEMS OF CONICS 

206 Ranges and pencils of comes A set of comes passing 
through four fixed points A, B, C, D are said to form a pencil of 
comes 

Through, any fifth point E of the plane there passes one conic of 
the pencil and one only, since five points determine a conic 

The four points A, B, C, D may be referred to as the base points 
of the pencil, and as forming its base quadrangle 

The comes touching four fixed lines a, &, c, d are said to form a 
range of comes 

There exists one conic of the range, and one only, which touches 
any given line e of the plane 

The four lines a, 6, c, d will be said to be the base lines of the 
range and to form its base quadrilateral 

Special cases of pencils and ranges of comes are obtained when 
t\\ o or more of the four points A,B,C, D, or of the four lines a, b, c, d, 
are coincident 

Thus the comes which touch a line a at one of its points A and 
also pass through two other fixed points B and G f , form a pencil of 
comes Again the comes which touch a at A and touch two other 
lines b } c, form a range of comes 

A particularly important case is when two pairs of points, or two 
pairs of lines coincide Thus the comes which touch a line a at 
A, and a line 6 at B, form a pencil But they likewise form a 
range Thus such a system of comes, which touch at A and 5, 
possesses the properties both of a pencil and of a range of comes 
By Art 149 they can be projected into concentric circles, and they 
possess all the projective properties of such circles 

Again, we may make three points A,B,C coincide We then have 
comes, having three-point contact at A with a given come s and 
passing through a fixed point D These form a pencil of comes 
Or, if \\e make three tangents a, 6, c coincide, A being their point of 
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contact, we have comes having three-line contact (which, by Art 47 
is the same as three-point contact) at A with a gnen come s, and 
touching a fixed line d These form a range of comes 

Finally, by making all four points A, B, C, D, or all four lines 
a, 6, c, d, coincide, we obtain the set of comes having four-point 
contact (or four-line contact) with a gi\en come s at A Such a 
system of comes is both a pencil and a range, like a system of comes 
having double contact (of which it is a particular case) 

It is clear that, of the comes of a pencil, three are line-pairs, 
namely the three pairs of opposite sides of the base quadrangle 

Similarly, of the comes of a range, three are point-pairs, namely 
the three pairs of opposite vertices of the base quadrilateral 

Since by Art 50 the diagonal triangle of a quadrangle inscribed 
in a come is self-polar for the come, it follows that the diagonal 
triangle of the quadrangle ABCD which is inscribed in all the comes 
of the pencil is self-polar with regard to every come of the pencil 
Clearly the vertices of this triangle are the centres (z e the inter 
sections of the components) of the three line-pairs of the pencil 

In like manner the diagonal triangle of the quadrilateral abed 
is self-polar with regard to all the comes of the range defined by 
a, 6, c, d Its three sides are the lines joining the components of the 
three point-pairs of the range 

The above no longer holds good if to o or more of the base elements 
coincide In such cases it will be found that there is no proper 
diagonal triangle, except when the comes touch at A and B, \vhen 
the diagonal triangle is indeterminate, being formed bv the meet of 
the common tangents and by any two points harmonically c onjugare 
with respect to A and B 

EXAMPLE 

Prove that if all the ba&e points i, B, C, D of a pencil ol cornea coincide 
it in such a \\a\ that B CD coincide \\ith a determinate line OX, and 
AC BD comcide with a detei inmate line 1 , the pencil of comes reduces to an 
involution pencil of the first order, of \t hich OX 1 are the double ra\ s 

207 Involutions determined by pencil or range of comes 
with a straight line or point respectively C on^ider m\ straight 
line u not passing through a base point of the pencil Ltt P 
be any point of u The come of the pencil thiough P meetb a 
again at one point P , \\hich it&gt; therefore unique b ekttrmmtd 
if P be given Conversely if P f be gnen P is kno\\n Vlso 
since P and P determine the same conic of the pencil, \\htn P 
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is taken at P , P is at P The ranges [P], [P ] on u are therefore 
connected by a one-one correspondence in which the elements 
correspond doubly Hence they form an involution upon u 

The double points 8 9 T of this involution are the points of contact 
of the comes of the pencil which touch u This enables us to solve 
the problem to draw a conic through four given points A, B, C, D 
and touching a given straight line u We see that this problem 
has in general two solutions which are real only if the involution 
determined upon u by the pencil of comes is hyperbolic 

Three of the comes of the pencil degenerate into the line-pairs 
formed by opposite sides of the \ i j &gt; ABCD They are 

(AB , CD), (AC , DB), (AD , BO) We thus obtain the theorem 

The three pairs of opposite sides of a complete quadrangle 
meet any straight line (not passing through a vertex of the quad 
rangle) in three pairs of points of an involution (cf Art 95, Ex 6) 

Proceeding on similar lines, or reciprocating the above theorem, 
we obtain the result 

If (p, p ) be the tangents from a point U not lying on a base line 
of the range to any conic of a range, the rays (p, p ) form an involu 
tion, of which the double rays s, t are the two tangents at U to 
the comes of the range which pass through U 

The problem, to draw a conic to touch four given lines and to 
pass through a given point, has therefore in general two solutions 

Three of the comes of the range degenerate into the point-pairs 
formed by opposite vertices of the quadrilateral abed They are 
(db , cd), (ac , db), (ad , be) The tangents from U to these point- 
pairs are the joins of U to the points of the pair We have then 

The lines joining any general point to the three pairs of 
opposite vertices of a complete quadrilateral form three pairs 
of mates of an involution pencil 

From the property of the present Article follows at once the 
theorem that the orthoptic circles of a range of comes are coaxal 

For consider two such orthoptic circles, intersecting at G, H 
The involution of tangents to the system from G has two pairs 
of " u rays and is therefore rectangular Thus G lies on 
every orthoptic circle of the system Similarly for H 

EXAMPLES 

1 Piove that, in general, the condition that tao given points ti T are 
conjugate with respect to a conic of a pencil determines this conic uniquely 
Discuss the case of exception 
[The intersections of the required conic with ST are the common mates 
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of the involution determined by the pencil on ST and the involution of v* hich 
S, T are double points These involutions may coincide (see Art 210) ] 

2 Prove that, in general, the condition that two given lines s, f are con 
jugate with respect to a conic of a range determines this conic umqueh 

Discuss the case of exception 

3 The comes Jc, k intersect at four points .4, B, C, D , a line I meets 
AB, CD at X, Y respectively, and meets I at P, Q If P, X be conjugate with 
respect to L , prove that Q, Y are also conjugate with respect to L 

4 Four given points A, B, 0, D he on a line I , and GHJK is any quadrangle 
such that GH, JK meet at A, and GJ, GK, HJ pass through B, C, D, respec 
tively Prove that the intersection of HK with I is a fixed point, independent 
of the particular quadrangle GHJK 

If E is a fifth given point of I show that the second intersection of / with the 
conic EGHJK is also a fixed point independent of the particular quadrangle 
GHJK , and that this conic touches I if, and onlj if, (E, A) are harmonic with 
respect to (G 9 D) 

5 The comes of a pencil touch a fixed line I at A and pass through two 
fixed points B, C Prove that, if a conic of this pencil meets any other fixed 
come k touching I at A (but not passmg through B, C) at two other points 
P, Q, then PQ passes through a fixed point of BO 

6 Show that a pencil of comes which either (i) have three point contact 
with a fixed conic k at a given point A and pass through a fixed point B, or 
(u) have four point contact with k at A, determine an involution on a fixed 
conic s having simple contact with I at A 

7 Show that the circles on the three diagonals of a quadrilateral as diameters 
have a common radical axis 

[For these circles are orthoptic circles of the point pairs of the range ] 

208 Homographie ranges and pencils of comes Two pencils 
of comes [ki], [k%] will be said to be homographie if, grven one conic 
i x of one pencil, a conic k 2 is uniquely determined by any process 
which can be expressed by means of an algebraic correspondence, 
and, conversely, when 2 is given, k is uniquely known 

Thus, if the pencil [k{\ pass through the fixed points A ly B i} 
6 y l5 DI and the pencil [& 2 ] pass through the fixed points A 2 , B Co, 
Z) 2 , then, if [HI], [u 2 ] are homographic flat pencils through A^ A 
respectively, ki is entirely determined if it touches u l9 and L 2 1S 
entirely determined if it touches w 2 But u l9 u% are umqueh 
related, so that, if &j is given, the tangent w x to KI at AI is known, 
hence u%, and therefore 2 &gt; 1S determined Thus the pencils [ij, 
[k 2 ] are homographic Conversely, if t\\o pencils [ij], [ij are 
homographic, the tangents u i9 u 2 at base points A i9 A 2 are 
homographic 

It follows that the homographic correspondence between tv\o 
pencils of comes is entirely determined if three pairs of corre 
spending comcb (/, ^2 ) , (V, V) &gt; (*i "&gt; ^a" ) m the pencil, 
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are given For then in the homographic pencils [u{\, \u^\ we have 
three pairs of corresponding rays (u^, u 2 ) , (u^ r , u 2 ") , (u{ \ u 2 /f ) 9 
and these determine the homographic relation between [u^, [u 2 ], 
and hence between [&J, [k 2 ] 

Again, consider a fixed conic k through four points A 9 B, C 3 D, 
and the pencils of comes [ij through A ly B, C, D and [k 2 ] through 
A 2 , B, C, D, where A ly A 2 are fixed points different from A If 
the comes & l5 Jc 2 are so related that they both pass through the 
same variable point P of k t [jy and [k 2 ] are homographic Por, 
if LI is given, its fourth intersection P with k is unique and this 
fixes k 2} and conversely 

In the same way as for pencils of comes, so ranges of comes 
which have a one-one correspondence between them -will be said to 
be homographic 

In like manner a range of comes may be homographic with a 
pencil of comes, for example, such a one-one correspondence 
is given by associating the come through four given points A, B, C, 
D which touches a variable line u through A with the conic touching 
four fixed lines a, 6, c, d which touches the same line u or which 
touches the line v corresponding to u in a pencil of first or second 
order homographic with \u\ 

Again either a range, or a pencil of comes, may be homographic 
with any other type of one-dimensional geometric form, or with an 
involution 

209 The quartic and cubic derived from pencils of comes 

If [ki[, [A 2 ] be two homographic pencils of comes, these will determine 
on a general straight line u two homographic involutions, which 
have four self-corresponding points (Art 200) These self-corre 
sponding points are points of the product of the two pencils This 
product therefore meets any straight line at four points, and so is a 
quartic curve It is clear that the four base points of each pencil 
he on this quartic 

It will now be shown that any quartic q may be derived in 
this manner Take any four points A l9 B ly C lt D 1 on q and through 
these describe any conic V Using the proposition that two curves 
of degrees m and n intersect m mn points, k^ will intersect q at four 
point, P, Q, R 9 S, besides 4 l9 B l9 C l9 D l Take now a second 
conic A / passing through P, Q, R, S , k 2 will meet q again at four 
points A 2 , B 2 , C 2 , D 2 Let now I\ U be any two other points on q 
Let V, V be the comes of the pencil defined by the base quad 
rangle A&C& which pass through T, U respectively, and let 
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V&gt; 2 " be the comes of the pencil defined bv the base quadrangle 
A 2 B 2 C 2 D 2 which pass through T, U respectrvelv The triads 
(V, *i"&gt; V") and (i/, i 2 "&gt; 2 ") define a homograph\ between 
these two pencils of comes, which we now denote by [tj], [fcj] 
The product of [ij, [& 2 ] is a quartic, ^hzeh necessarily passes 
through the eight base points A^ 5 1} C\, JDj, A& J? 2 &gt; C T 2 , D& 
through the intersections P, Q, R, S of the corresponding comes 
ki, Je 2 , through the intersection T of the corn.- xmcln j comes 
*i*, V an( l through the intersection E7 of the corresponding comes 
LI "9 V These give fourteen points on the quartic locus But 
the general equation of a quartic contains fifteen coefficients, whose 
fourteen ratios determine the quartic Thus through fourteen 
points only one quartic can in general be drawn As, however, 
two quartics intersect in sixteen points, it follows that there must 
exist sets of fourteen points on any quartic through which more 
than one quartic can be drawn We notice, however, that, for this 
case of exception to arise, there must be some relation between 
the fourteen points But, in this case, we can obviously vary 
arbitrarily one of the points, say C7, without affecting any of the 
thirteen others, and therefore arrange so that the case of exception 
shall not arise Thus, in general, the quartic product of [ij] 5 [ 2 ] 
is identical with q 

It will be noticed that this does not necessitate that the quartic 
considered should have double points, as in the case of a quartic 
obtained as the product of homographic involution pencils of the 
first order 

Note also that the twenty points obtained from the eight base 
points of two pencils of comes and the t\\ehe intersections of an\ 
three pairs, each consisting of one conic from each pencil, lie on i 
quartic 

If now ^e consider a cubic c and proceed in a similar manner, 
taking four arbitrary points A 9 B, C, D on c and a conic 7 through 
them, If will meet the cubic at two other points P Q Join 
PQ=u , meeting the cubic again it Z If R, S be two other 
points on the cubic and \\e denott b&gt; A" V" the conies 4BCDR, 
1BCDS ichpectneh, mil b\ u , it" tht line* //? Z^ rebpectnelv 
thtn if i homogi iphic eoirebpondeiict is tstibli^hed between the 
pencil ol corner [L] thiough J B C D aid tlu pencil of ia\5 [u\ 
thioughZ, in \vhic h , u", it " cone^pond to/ / / uspecti\eh 
the product cleaily pa^seb thiough the nine pomtb Z -i, B C D 
P, Q, R, S Now nine pomtb, m general, determine a cubic here 
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arise, which may be removed by varying R or S Thus, generally, 
the product of [ft] and [] is the original cubic c 

We obtain at once the following important theorem on the cubic 
if, through four given points A, B, A , B of a cubic a pencil of comes 
be drawn, and any conic of the pencil meets the cubic again at 
points P, Q, the lines PQ pass through a fixed point Z of the cubic 

Take the line-pairs (AB, A B ) and (AA , BB ) as two of the 
comes Let them meet the cubic again at (7, C and at X, Y 
respectively Then CC , XY meet at Z on the cubic Thus 
if any two straight lines meet a cubic at A, 5, C , A , B 9 C 
respectively, and if AA , BB , CG / meet the cubic again at 
X, Y, Z, then X, 7, Z are colhnear 

As a particular case let the two straight lines coincide Then the 
tangents at the three points where a line meets a cubic intersect 
the cubic again at three colhnear points If the line is the line at 
infinity, we have the result that the intersections of a cubic with its 
asymptotes are collinear 

It should be noticed that the point Z can be arbitrarily selected 
on the cubic, instead of the four points A, B, (7, D For we can 
draw any line through Z meeting the cubic again at P, Q and 
through P, Q a conic & meeting the cubic at A } B, C, D, and then 
proceed as before 

In a similar manner we can derive the general envelope of the 
fourth class from two homographic ranges of comes and that of the 
third class from a range of comes and a homographic range of 
the first order 

EXAMPLES 

1 Show that a quartic determined by two homographic pencils of comes 
or a cubic determined by a pencil of comes and a homographic pencil of first 
order cannot have double points unless one of the pencils of comes reduces 
to an involution pencil of the first order 

2 Show that through any 13 given points on a quartic a pencil of quartics 
can in general be drawn, which meets the original quartic at three other fixed 
points, and that, through any other given pomt of the plane there passes 
just one quartic of the pencil, in general 

3 If k l9 Jc z 8 19 s 2 be four comes, prove that through the 16 intersections 
of type SK pass an infinite number of quartics, and that 10 of these 16 points 
may be arbitrarily assumed 

4 Prove that, if & x & 2 be two comes of a pencil through A, B, C, D and 
u l9 u z two rays of a pencil of the first order vertex , and if u^ meets ^ 
at P 19 Q 1 and v 2 meets L 2 at P 2 , Q 2 an infinite number of cubics can be 
described through the nine points A, B C D P l P 2 Q 19 Q z , and that 
through any general point of the plane there passes just one of these cubics 
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210 Points conjugate for a pencil of comes If two points 
S, S are conjugate for two comes lj, L 2 f a pencil, they are con 
jugate for every come of the pencil For let I l9 k meet SS f at 
p i&gt; Qi&gt; P* Qz respectively then, since S 9 S are harmonic with 
respect to P l9 Q l and P 2 , Q^ they are the double points of the 
involution determined on SS by the pencil (Art 207) Hence, if 
any other come k of the pencil meets SS at P, Q, these latter are 
mates in the above involution, and S, S are harmonic with respect 
to P, Q and therefore conjugate for k 

Clearly there must be in general one pair of points conjugate for 
the pencil of comes on every straight line I of the plane , they 
are the double points of the involution determined by the pencil 
uponZ 

To any point S of the plane corresponds, in general, one point S 
and one only For let Sj, s 2 be the polars of S for k l9 JU respec 
tively Then S 7 must be a point common to s l7 $ 2 In general 
there is only one such point The only exception arises when $i and 
s 2 coincide, in which case S has the same polar s for all the comes of 
the pencil If this happens, then by joining S to a base point A of 
the pencil and producing to A , where AA is harmonically divided 
by S and s, we obtain a point A which lies on e\ery conic of the 
pencil, and so must be another of the base points, B, or D 
Such points S then, which have the same polar with respect to 
every conic of the pencil, are necessarily at an intersection of 
opposite sides of the base quadrangle It follows that, if this quad 
rangle be not degenerate, the pencil of comes can ha\e only one 
common self-polar triangle, namely the diagonal triangle of the base 
quadrangle, as in Art 206 

If, however, the comes touch at A and pass through B and C, 
there are only two points S having this property, namely A and 
the intersection of BC and the tangent at A If, in addition, B or C, 
or both, coincide with A, so that the comes ha\e three- or four- 
point contact at A, then A is the onh point which has the same 
polar for all the comes But if C coincides with B, as well as D 
with A, so that the comes ha\e double contact, S may be either 
the intersection T of the tangents at 4 and B, or am point of IB 
In this case any tv\o points U, V of AB which are harmomcalh 
conjugate \\ith respect to A, B are conjugate for the pencil and 
every triangle TUV is self-polar for the pencil 

Returning no\\ to the general cise, \\e see tint the polar^ * of & 
for the comes of the pencil [k] form a pencil [&] of the firbt order 
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with vertex 8 Clearly if Jc is given, s is uniquely determined 
Conversely, if s is given and 8 A is joined, we find on SA, as 
before, a point A which must lie on Jc Since by hypothesis 8 is 
not now a vertex of the common self-polar triangle, A does not 
coincide with any of the base-points The conic Jc is now uniquely 
determined by the five points A, B&gt; C, D, A It follows that 
the polars of S form a pencil of first order homographic with the 
given pencil of comes 

We find an immediate application of this result in the case of 
the cubic If S is any point of a cubic c, we have seen that the 
cubic is obtainable as the product of a pencil [p] of the first order 
through S and a homographic pencil [&] of comes If now s is the 
polar of 8 for the come , [s] 7\ [&] by what has been proved above 
Thus fs]~[p] and sp = R describes a come through S, S But if p 
meets Jc at P and Q, R is harmonically conjugate to S with respect 
to P and Q Now P and Q are points on the cubic Thus if through 
a point S of a cubic a chord SPQ be drawn, meeting the cubic 
again at P, Q, the locus of the point harmonically conjugate to 8 
with respect to P and Q is a conic passing through S This is 
known as the polar come of 8 with respect to the cubic 

EXAMPLES 

1 Prove that if two comes of a pencil have their axes parallel, all the 
comes of the pencil have their axes parallel and one of these conies is a circle 

2 A coaxal system of circles being given, show that (i) Any given straight 
line is touched by two circles of the system , (n) The polars of a given point 
with respect to the circles of the system pass through a fixed point 

3 A pencil of comes has three point contact with a circle at A (AT being 
the common tangent) and passes through a pomt B on the circle Prove 
that the axes of the two parabolas of the pencil are parallel to the internal 
and external bisectors of the angle TAB 

4 Prove that the polar conic of a point on a cubic touches the cubic at 

5 Show that from a point on a cubic four tangents can in general be 
drawn to the cubic, and that the conic through and the four points of contact 
touches the cubic at 

211 Lines conjugate for a range of comes Proceeding m a 
similar manner, or reciprocating the results of the last Article, we 
can show that 

If two lines s, s are conjugate for two comes k l9 JU of a range, 
they are conjugate for every conic of the range 

Two such hnes pass, in general, through any given point P of the 
plane 

To any given line s of the plane corresponds in general one line s 
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and one only, which is conjugate to s for all the comes of the range, 
except when s has the same pole for all the conies of the range, m 
which case s is a diagonal of the base quadrilateral, provided the 
latter is non-degenerate 

The poles of a given line $ with respect to the comes of a range 
form a range of the first order homographic \vith the range of comes 

If the base quadrilateral is non-degenerate, its diagonal triangle 
is the only common self-polar triangle of the range 

If , however, the base lines a and d coincide, the only lines which 
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ha\e the same pole for the comes of the range are a and the line 
joining be to the point of contact of a If three or four of the 
base lines coincide with a, a is the only line having the same pole 
for all the comes In either of the abo\ e cases there is no proper 
common self-polar triangle 

If the base lines coincide in pairs, d with a and c with b, \\e ha\e 
comes having double contact, a ca^e already discussed 

212 The eleven-point come \\e proceed to find the locus of 
the point S conjugate to S for a pencil of comes, when S describes 
a straight line q (Fig 69) Let 6 l5 * 2 be tlie polars of s Wltt respect 
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to two comes *!, k% of the pencil Then 8 = $i$ 2 If Qi, 2 be the 
poles of q with respect to i x , A 2 , $1, $2 describe pencils of the first 
order with Q l9 6 2 as vertices and by Art 52, [SjTrfojTrfo] Hence 
S describes a conic (Art 41) passing through Q l9 Q 2 
This conic is known as the eleven-point eonic of q 
For let EFG (Fig 69) be the common self-polar triangle of the 
pencils Then E is conjugate to the point of q in which q is cut by 
FG Therefore E is a point on the locus of S similarly F, G 
are points on this locus Again the two double points T, U of 
the involution determined by the pencil on q, being conjugate to 
one another, are on the locus 

Let H, I, J, K, L, M be the points at which q meets the six 
sides of the quadrangle ABCD Then the harmonic conjugates 
H , / , / , K , L , M of H, I, J, K, L, M respectively with regard 
to the two vertices on the corresponding sides of the quadrangle 
must lie on the locus For clearly CD being a chord of all the 
comes of the pencil (T, H ) are conjugate with regard to all such 
comes 

The locus of S thus passes through these eleven points 
Since the eleven-point conic of q passes through the two poles 
Qi&gt; Qz of q with regard to A l9 & 2 , and & 1} Jc 2 are any comes of the 
pencil, the eleven-point conic passes through the poles of q with 
regard to all the comes of the pencil 

It is therefore also the locus of the poles of q with regard to the 
comes of the pencil 

213 The eleven-line conic Reciprocating the above theorems 
we obtain the following results 

The envelope of lines &lt; or \i i to the rays of a pencil through a 
point Q with regard to a range of comes touching a, &, c, d is a 
come which touches (1) the three sides of the diagonal triangle of 
the quadrilateral abed , (2) the two lines through Q conjugate with 
regard to the range, ^ e the two tangents at Q to the two comes of 
the range through Q , (3) the six harmonic conjugates to the rays 
joining Q to the vertices of the complete quadrilateral abed, taken 
with regard to the two sides of the quadrilateral through each vertex 

This conic is also the envelope of the polars of Q with regard to 
the comes of the range 

EXAMPLES 

1 If a pencil of comes circumscribe i rectangle show that the eleven point 
conies are rectangular hyperbolas 
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2 Prove tliat the circle through the feet of the perpendiculars from the 
vertices of a triangle upon the opposite sides passes also through the middle 
points of the sides and through the middle points of the three lines joining 
the orthocentre to the vertices of the triangle 

Show that the centre of this circle hisects the line joining the orthocentre 
to the circumcentre 

3 Show that the eleven point conic breaks up into two straight lines if, 
and only if, q passes through a diagonal point of the base quadrangle, and 
that, in this case, one straight hue is the locus of the poles of q and the other is 
the locus of the points conjugate to points of q for the pencil 

4 Prove that the eleven point conies of the lines ?/ through a given point 
form a pencil of comes homographic with [w] 

214 Geometrical constructions for common self-polar triangle 
of two comes If two real comes intersect m four real points A, B, 
C, D, or else lie entirely outside each other, so that they ha\e four 
real common tangents a, &, c, d, their common self-polar triangle 
is at once constructed, being the diagonal triangle of the qmdringle 
ABCD or of the quadrilateral abed 

If, however, two of the points of intersection, say C and Z&gt;, 
are conjugate imigmarv, the other two A and B being real, the 
line CD is a real straight line The vertex E (Fig 69) of the 
self-polar triangle is therefore real and its polar FG with regard 
to the two comes is also real But F and G cannot be real for 
if F were real, AF would be a real line and its meet C with CD 
would be a real point, which is against the hypothesis In this 
case, then, two vertices of the common self-polar triangle, and also 
there opposite sides, are imaginary 

If all the points of intersection are imaginary they fall into two 
conjugate imaginary pairs, say A, B and C, D Then AB, CD 
are real lines and then: meet E a real point Also A being con 
jugate imaginary to B and C conjugate imaginary to Z), the line 
AC is conjugate imaginary to BD by Art 138, and thus then* 
intersection F is real Similarly G ih real Hence when all four 
points of intersection are i , the common self polar triangle 

is real 

Proceeding similarly \\ e see that the common self-polar triangle 
is real when the four common tangents are either all reil or all 
imaginary it is imaginary "when t\\o of the common tangents are 
real and two imaginary 

Comparing these results Tuth the preMOus one^ ^e ob^ene 
that if two conies ha\e only t\vo real intersection^ the\ ha\e onh 
real common tingents , but the} nm l^e (1) four reil 



2(54 PROJECTIVE GEOMETRY 

intersections and four real common tangents, eg two comes 
having their four real intersections on the same branch of each , 
(2) four real intersections and four imaginary common tangents, 
e g two comes having real intersections on both branches of one 
of them , (3) four imaginary intersections and four real common 
tangents, eg two ellipses lying entirely outside one another, 
(4) four imaginary intersections and four imaginary common 
tangents, e g one come lying entirely inside another 

In case (4) the geometrical construction for the diagonal triangle 
fails entirely We can then proceed as follows Take any two 
lines p and q Construct their eleven-point comes as in Art 212 
These two eleven-point comes intersect in four points, namely the 
vertices E, F, G, of the common self-polar triangle and the point 
conjugate to $q with regard to both comes The latter point 
being always real, we get a new proof that one of the vertices of the 
self-polar triangle is always real 

215 Given two comes of a pencil, to construct any conic of 
the pencil Let s, t be two given comes , it is required to construct 
the come of the pencil of which s, t are members, which passes 
through a given point P 

If s, t intersect at four real points, the conic is immediately 
constructed by Pascal s Theorem 

In the more general case, if P lies inside one of s, t or if it lies 
outside both, but one of the tangents from P to either of these comes 
meets the other in a pair of distinct real points, there must be lines 
through P which meet both s and t in real points Four more 
points of the required conic can be constructed by finding the mate 
of P in the involution determined on a line through P by the pairs 
of points in which that line meets s and t The required conic may 
then be constructed by Pascal s Theorem 

If neither tangent from P to each of s, t meets the other in real 
points, then s, t must lie entirely outside each other, and so have 
four distinct real common tangents 

In this case a real common self-polar triangle of s, t can be 
constructed, and three other points Q, R, S on the required 
conic are known, on the lines joining P to the vertices of this 
triangle, being the harmonic conjugates of P with respect to a 
vertex and a point on the opposite side The tangent at P is 
also determined, for it passes through the point conjugate to P 
for the pencil, and this, by Art 210, is the intersection of the 
polars of P for s and t "We have now four points P, Q, R, S and 
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the tangent at one of them P, and the conic can be constructed as in 
Chapter V 

The last construction holds even if P lies on a common tangent 
to s, t If, howe\er, P lies on two common tangents to s, ?, then P 
lies on a side EF of the common self-polar triangle EF G, and only 
one other point Q is obtained from the above construction , this 
point Q is the harmonic conjugate of P with respect to E, F and 
is the meet of the other two common tangents of s, t Since the 
points of contact of s, t with any one of their common tangents are 
double points of the involution determined by the pencil of comes 
on these tangents (Art 207) the four harmonic conjugates of P 9 Q 
with respect to these points of contact are points on the required 
conic, on which we now have six points 

In the special case where the comes s, t touch externally at A, 
and P lies on their common tangent at A 9 the required conic must 
touci AP at A and pass through P It must therefore break up 
into a line-pair, one component of which is AP If now an\ straight 
line u be drawn, which meets both s and t at real points, and also 
meets AP at Q, then the mate of Q in the involution in which the 
intersections of u with s and t are pairs of mates is a second point Q f 
of the line pair, lying on the component other than AP By 
taking a second position of u we find a second point Q and the 
]oin of these points Q gives the second component of the line-pair 

If 5, t have double contact externally and P lies on both common 
tangents, the conic through P clearly reduces to the line-pair formed 
by these common tangents 

EXAMPLE 

Show how to construct the conic of a range, which touches a given straight 
line when two comes of the range are given 

216 Conies having double contact When two comes touch 
at A and B they define a pencil of comes touching the two gi\ en 
conies at A and B The pole E of AB is the same for all the comes , 
and if F, G be any pair of points on the common chord of contact 
harmonically conjugate with regard to A, B, EFG is a common 
self-polar triangle of the pencil of comes There is thus an infinity 
of common self-polar triangles The three line-pairs of the sv^teni 
degenerate into the doubled line AB, occurring twice over, and the 
pair of common tangents EA, EB 

Also such a pencil of comes may be looked upon as forming 
a range, the four common tangents being coincident in pairs 
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Such a set of comes possesses the properties both of the pencil 
and of the range Thus to any point there is a conjugate point and 
to any line a conjugate line, with regard to all the comes of the set 

Hence the locus of poles of any straight line with regard to the 
comes of the set is a straight line and the polars of a point pass 
through a point It is of interest to see how these occur as 
degenerate cases of the eleven-point and eleven-line conic 
respectively 

Consider any point Q (Fig 70) on a straight line q Let q meet 
AB at R and let R be the harmonic conjugate of R with respect to 
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A, B Since R, R are conjugate with regard to all comes of the 
set, and E, R are conjugate with regard to all comes of the set, 
R is the pole of ER ( =&lt;? ) with regard to all the comes of the set 
And since q passes through R, q is the locus of poles of q with 
regard to the comes of the set On the other hand consider the ray 
harmonically conjugate to EQ with regard to EA, AB Let it 
meet AB at Q , and let EQ meet AB at T Then Q ET is a self- 
polar triangle for all the comes of the set, or Q is conjugate to Q 
with regard to the set of comes 

The eleven point come corresponding to q therefore breaks up 
into two straight lines, of which one AB is the locus of points 
conjugate to points of q, and the other ER is the locus of poles 
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Thus these two loci, which are the same in the general case, are 
now separated In like manner the ele\ en-line conic c om apomlme: 
to Q breaks up into the point E which is the en\ elope of lines 
conjugate to lines through Q, and the point Q which is the envelope 
of polars of Q with regard to the set of comes 

EXAMPLES 

1 If E is the common centre of a, set of concentric circles, pro\ e dirccth 
(i) that P is conjugate to the point P 30 at infinity in the direction per 
pendicular to EP, for every circle of the set , (11) that in\ line u is conjugate 
for every circle of the set, to the line u perpendicular to u through L 

Hence deduce the results of Art 216 

2 Prove that the product of pencils of first order conjugate for a 
pencil of comes having double contact at 4, B is a conic passing through 
A and B 

217 Construction of comes through three points and touching 
two lines Let it be required to construct a conic to pass through 




three points A, B, C and to touch t^o lines p, q (Fig 71) Let the 
come required touch p, q at P, Q respective!} 

Consider the involution determined on BC bv the pencil of comes 
having contact with p and q at P and Q Up, q meet BO at PI Qi 
then P ly Qi are mates in this involution for the pair p q is a come 
of the pencil Also B, C are mates in this m\ olution The double 
points of this involution are therefore determined But since PQ 
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doubled is a conic of the pencil, the point where PQ meets BO is 
one of the double points of this involution 

In like manner PQ passes through one of the double points 
of the involution on AC determined by the pairs of mates (A, G) 
(P& Qz) PZ&gt; Qz being the points where p, q meet AC 

There are thus four possible positions of PQ corresponding to 
the four lines joining the double points of these two involutions, 
and so there are four solutions to the problem proposed 

The reader may verify that if PQ passes through double points 
of the involutions on BC } CA, it will also pass through a double 
point of the corresponding involution on AB 

Reciprocating the above construction we obtain a construction 
for the comes through two points and touching three lines This, 
like the above, has in general four solutions 

EXAMPLES 

1 Prove that the problems to draw a conic touching two given real 
lines and passing through three given real points, and to draw a conic touching 
three given real lines and passing through two given real points have either 
four real solutions or none 

2 By projecting the circular points at infinity into any two conjugate 
imaginary points, prove that there are always four real comes passing 
through two conjugate imaginary points and touching three real lines 

218 Properties of confoeal comes If two of the opposite 
\ertices of the quadrilateral abed are the circular points at infinity 
&, Q , the range of comes inscribed in this quadrilateral becomes a 
system of confoeal comes The involution of tangents through any 
point P has thus the circular lines through P for mates Its double 
rays are therefore at right angles (Art 141), and they bisect the 
angles between any pair of mates (Art 101) Such a pair of mates 
are the lines joining P to the two real foci S, S We get the series 
of theorems 

Through any point P of the plane two conies of a confoeal 
system can be drawn and these cut at right angles 

The tangent and normal at any point P of a conic bisect the angles 
between the focal distances 

The two tangents from P to a come are equally inclined to the 
lajs joining P to the real foci 

Also, from the property above that double nys aie at right 
angles, conjugate lines with regard to a system of confoeal comes 
are perpendicular Hence 

The locus of the poles oi any straight line q with regard to a 



SYSTEMS OF CONICS 269 

system of confocals is the normal at Q to the conic of the system 
touching q, Q being the point of contact of q with this conic 

The theorem of Art 181 that coaxal circles reciprocate, with 
respect to a limiting point into confocal comes, has an instructive 
interpretation from the point of view of pencils and ranges of conies 

Coaxal circles are clearly a special case of a pencil of comes, 
since they pass through O, Q, and through t^ o other fix:ed points, 
say A and 5 

The three line-pairs of the system are 

(AB, 00 ), (AQ 9 50 ), (.40 , B&) 

The first consists of the radical axis and the line at infinity , 
the last two are the circular lines through C and Z&gt;, where C and D 
are the points (AQ,, -BO ) and (.40 , 5O) respectively, that is, they 
are by Art 140 point-circles at C and D 

The points C 9 D are the limiting points of the system of coaxal 
circles They are imaginary if A, B are real, but real if A 9 B 
are conjugate j , that is, if the radical axis does not cut 
the circles in real points (cf Art 113) 

Consider now the effect of taking polar reciprocals of the coaxal 
circles with regard to any circle of centre C We obtain a range of 
comes touching the four polars of A, B, O, O with regard to such a 
circle 

Now CO being the tangent at O to the circle whose centre is 
C, the pole of CO with regard to this circle is O Hence the polar 
of A (which lies on CO) passes through Similarly the polar of 
O is CO and the polar of B passes through O Thus A, B, Q O 
reciprocate into lines Q.F, G J, OC, O C The circles therefore 
reciprocate into comes having C, F for foci 

219 Properties of rectangular hyperbola If two comes 
of a pencil are rectangular hyperbolas the points O, O are conjugate 
with regard to two comes of the pencil Therefore thev are con 
jugate with regard to all the comes of the pencil These are therefore 
all rectangular hypeibolas Thus e\ei^ conic through the inter 
sections of too rectiiiguhr Inperbohb is i rectiuguhr h\ptrboh 

If A 9 B C, D be tlu ioiu mtu bee turns ot t\\o rtct ingul n Irvptr- 
bohs the line-pans m ilso rect inguhi luptibol ts then. tore the\ 
lit ixipendicuUi The quidungk 4BCD is thueiuit &lt;*uih that 
puib ot opposite sides uc perpcndicuhr Vn\ one ut its four 
vertices is the ortliocentre ot the tnangle foimtd In the otht r thret 
It follows that my conic through the three \ertiees ot i triangle 
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and its orthocentre is a rectangular hyperbola (c/ Art 93) Con 
versely the orthocentre of any triangle inscribed in a rectangular 
hyperbola lies on the curve For if ABO be the triangle and the 
perpendicular through A to BO meet the hyperbola again at D, 
the pair AD, BO being a rectangular hyperbola, every conic through 
A, B, 0, D is a rectangular hyperbola But OA, BD is such a conic, 
therefore CA, BD are perpendicular, or D is the orthocentre of ABC 

220 Centre loci The theorems of Arts 211, 212 give the 
following results when q is the line at infinity 

The locus of the centres of a pencil of comes through four 
points A, B, 0, D is a conic whose asymptotes are parallel to the 
axes of the two parabolas through the four points and which 
passes through the vertices of the diagonal triangle of the quad 
rangle ABCD and the middle points of the six sides of this 
quadrangle 

Incidentally we have proved the theorem 

The six middle points of the sides of a complete quadrangle 
he on a conic which circumscribes its diagonal triangle 

The locus of the centres of a range of comes touching four lines 
a, b, c, d is a straight line Since the mid-points of the three point- 
pairs are evidently centres, they lie on this locus Hence, inciden 
tally the middle points of the three diagonals of a quadrilateral are 
collinear 

EXAMPLES 

1 Show how to construct the centre of a conic touching five given lines 

2 The centre of the locus of centres of comes of a pencil is the centroid of 
the quadrangle defining the pencil 

[For the centre locus passes through the mid points P, Q, R, S of AB 
BC 9 CD DA But PQRS is readily shown to be a parallelogram Hence 
the intersection of PE 9 QS 9 which is the centroid of the quadrangle, is also 
the centre of the centre locus ] 

3 Prove that the asymptotes of any conic of a pencil are parallel to 
harmonic conjugates with respect to the asymptotes of the centre locus of the 
pencil 

4 The comes of a pencil touch a given straight line Z at a point A of it, 
and pass through two other points B and C Show that the centre locus 
passes through A, the middle points D, E, F of BC, CA, AB respectively and 
the meet H of BC and I , and also that the tangent at A is haimomcally 
conjugate to I with respect to AC, AB, and the tangents at E and F are 
parallel to I 

5 The comes of a pencil have four point contact at a point A Prove 
that their centres he on a line through 4 

221 Locus of foci of conies of a range The involutions of 
tangents from two different points P, Q of the plane to the comes 
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of a range are clearly homograph i&lt; ilh related, since either tangent 
through P determines uniquely the come of the range and therefore 
the pair of tangents from Q and the converse is true if we start 
fromQ 

These homographic involution pencils, however, have a self- 
corresponding ray, namely PQ, for PQ is a tangent from either 
P or Q to the come of the range which touches PQ 

The locus of intersections of tangents from P and Q therefore 
reduces, by Art 203, to a cubic through P and Q 

If now P and Q be taken at O, Q this locus becomes the locus of 
the foci of the comes of the range 

The foci of the range therefore he on a cubic through Q, & 
Such a cubic is known as a circular cubic 

If P and Q lie on any one of the three diagonals of the quadrilateral 
abed which defines the range, the tangents from P to the corre 
sponding point-pair coincide along PQ , and so do the tangents 
from Q to the same point-pair The homojrr iphic involutions from 
P and Q have therefore a 1 &lt; &lt; &lt; MI . double rav Their 
product therefore reduces to a conic with regard to which P and Q 
are conjugate (Exs XIlA, 13) 

If P, Q be &, & , the diagonal of the quadrilateral 

is at infinity , the quadrilateral is a parallelogram Hence the 
locus of the foci of all comes inscribed in a parallelogram is a 
rectangular hyperbola (for Q, Q, are conjugate with regard to it, 
by the above) 

If the quadrilateral, instead of being a parallelogram, is svm- 
metrical about a diagonal, this diagonal is obviouslv part of the 
locus Since it does not pass through Q, O the cubic breaks j 
up into this diagonal and a conic through &, Q 5 that is, a circle 1 

Since (see Ex 2, Art 119) the components of a point-pair are 
also its foci the rectangular hvperbola which ib the locu^ of foci of 
comes inscribed in a circumscribes the parallelogram, 

and the circle ^hich is the corresponding locut&gt; for the quadrilateral 
symmetrical about a diagonal passes through the four \ertices 
not on this diagonal 

222 The hyperbola of Apollomus Let * be i come c am 
circle in its plane, with centre c meets* * at iour pomta 4 B C, D 
Let L be the centre-locus of the pencil of coniCb through 4 B C D 
Clearly c meets the line at mfimt\ at Q, Q Let 6 ind / meet the 
line at infinity at 7^, J^ and it A^, i * levpectiuh Then A^ 
5 cc ^ re ti le double "points oi the nnolution dthned In *ht vui* oi 
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mates 7&gt; J and O, & Thus X 00 , Y correspond to perpendi 
cular directions harmonically conjugate to those of 7, J, that is, 
they bisect the angles between the latter, namely between the 
asymptotes of s hence they are parallel to the axes of s Accordingly 
Jc is a ra tax gul ir hyperbola passing through the centre of s and the 
point , it is called the hyperbola of Apollomus for 

Now I meets s at four points P, Q, R, S At one of these four 
points, say P, draw the tangent to s, meeting the line at infinity at 
T By the property of the centre-locus, the point conjugate to P 
for the pencil of comes through A, B, C, D is on the line at infinity, 
and since PT touches a conic of the pencil, the point conjugate to 
P for the pencil also lies on PT 00 Hence it must be T 

Since T 00 is conjugate to P for all comes through A, 5, (7, D, it is 
conjugate to P for the circle c Hence the polar of T with regard 
to the circle, that is the line through perpendicular to the direction 
of T, passes through P, and OP is normal to s at P Similarly 
OQ, OR, OS are normals to s 

Thus from any point four normals, real or imaginary, can 
be drawn to the come, of which the feet are the intersections 
of the conic with the hyperbola of Apollomus for 

Note that any hyperbola k whose asymptotes are parallel to the 
axes of s and which passes through the centre C of s is a hyperbola 
of Apollomus for some point of s For let P be any one inter 
section of Jc and s , let the normal at P to k meet k again at 
Then the hyperbola of Apollomus for passes through 0, C and P, 
and also the two points at infinity on the axes It is therefore 
identical with the hyperbola k Accordingly any such hyperbola 
meets the conic s at four points the normals at which are concurrent 
at a point of the hyperbola 

EXAMPLES 

1 Piove that, if a circle centre meet a conic s at four points A, B, C, D, 
the vertices of the diagonal triangle of the quadrangle ABCD lie on the 
hypeibola of Apollomus for and 5 

2 Show that the pencils of comes defined by a conic s and any of a set of 
circles with a common centre have the hyperbola of Apollomus for and s 
as their common centre locus 

3 B\ taking the circle with centre as the line pair 0Q, OQ, prove 
that the IVegiei point of for the hyperbola of Apollomus for and a conic s 
is the point at inhmty on the polar of with respect to s 

4 Shott that the tangent at to the hyperbola of Apollomus for and s 
is peipendicnlar to the polai of with respect to s 

5 Shott that if s be a conic \\hose centre is C, and is any point the 
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tangent at C to the hyperbola of Apollonius for and s i*&gt; the diameter of 
conjugate to the direction perpendicular to 00 

6 The feet of the perpendiculars from a point on the axes of an ellipse 
are M, N, and the perpendicular from on the diameter conjugate to CO 
meets MN at L Show that the point A harmonically conjugate to L with 
respect to M, N is the centre of the hyperbola of Apollonius for 

223 JoachimsthaPs Theorem Let L, M, A, K (Fig 72) 
be the feet of four concurrent normals to a conic s Consider the 
involution determined on the axis A A by the pencil of conies 
through LMNK The line-pair LM, NK determines two points 
P, P f The conic s determines A , A The hyperbola of Apollonius, 
having its asymptotes parallel to the axes of s and p iv-mg through C 1 




determines C and the point at infinity on A A C is then the centre 
of this involution Thus 

CPCP =-CA* (1) 

But if T be the pole of LM with regird to 6 ind TL be drawn 
perpendicular to AA , TL is the polar of P L , P are therefore 
mates in the m\ olution on A A of conjugate points with regml to s 
and A, 4 are double points in this m\ olution 
Hence CPCU = C4* (2) 

From (1) ind (2) 

CF=-Cl 

feimilarl} if TV be dra\sn peipendicular to the other a\i& CB 
and A A meet this ixis at Q 
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Hence P Q , % e NK, is parallel to VU But VU and CT&gt; 
being diagonals of the rectangle CUTV, are equally inclined to 
the axes CA, CB Therefore NK and CT are equally inclined to 
the axes But CT is the diameter of s conjugate to the direction 
of LM If U be the other extremity of the diameter CL, L M 
(being a supplemental chord to LM) is parallel to CT and there 
fore equally inclined with NK to the axes Hence by Art 77 a 
circle will go through L , M, N, K This is Joachimsthal s Theorem, 
that if four normals to a eomc be concurrent, the circle through 
the feet of three of them passes also through the point diamet 
rically opposite to the foot of the fourth 

224 Geometrical constructions for transforming any two 
comes into comes Of given type We have already seen (Art 149) 
how to transform any two comes into circles 

Any two comes may be transformed into concentric comes by 
a real projection For we have seen that there is always one side 
of the common self-polar triangle which is real Projecting that 
side to infinity the opposite vertex projects into the common 
centre 

If two vertices of the common self-polar triangle of two comes 
be projected into Q, Q , the comes project into concentric rectangular 
hyperbolas 

Any two comes which do not touch may be projected into 
coaxial comes Thus if EFG be their common self-polar triangle, 
project FG to infinity and the angle PEG into a right angle 

Two coaxial comes $ 1} $ 2 can be transformed into one another 
by reciprocal polars 

Let C (Fig 73) be their common centre, AA{ and BiBi the 
axes of *!, A^ and S 2 5 2 the axes of s 2 Find the double points 
A, A of the involution determined by the pairs of mates (A l9 A 2 ) 
(Ai, AZ) and the double points B, B of the involution determined 
by the pairs of mates (B ly 2 ) (B^, B 2 ) Then from symmetry 
about C a come s exists having AA f &gt; BE as axes Form the re 
ciprocal polar conic s% of Si with regard to s $ 2 passes through 
A 2 , A&lt;{&gt; J3 2 , B% 9 and its tangent at A 2 , being the polar of AI 
with regard to s, is perpendicular to CA% and so is the same as the 
tangent to s 2 at A% s 2 , s 2 are thus identical 

Clearly either extremity oi each axis of s l may be denoted by an 
accented letter hence the above construction can be earned out in 
four separate \\ays Projecting back, we see that there are four 
comes \\ith respect to which the original comes are reciprocal polars 
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TVe ha\e thus proved that, if 1 19 1 2 are two comes \uth four 
distinct intersections P, Q, R, S, and therefore also four distinct 
common tangents p s q, r, s, there exists at least one conic k with 
respect to which i ls 2 are reciprocal polars Thus is a conic 
with respect to ^hich P, Q, R, S are the poles of p, q, r, s , this 
really gives more than enough conditions to determine A, but these 
are necessarily consistent It will be found that there are four 
ways of correlating P, Q, R, S with p, q, r, s , these are settled 
by the consideration that pq lies on the side of the common 
diagonal triangle opposite to the \ertex through \\hich PQ 



If now one or more of the points P, Q, R, S (and therefore also of 




the tangents p, q, r, s) are made to appro ich one another, the 
abo\ e pioposition will still hold good in the limiting c i^es pro\ ided 
enough conditions art left to determine the come A, and in this wav 
\\ e c in take into account the c ise of coniCb in cont ict, \\ hich c innot 
be trinsfoimed into coixial central conieb 

Thus, if t\\o comes touch it 0, JL being the common t nigent 
and it P, Q be their other common points, p q their other common 
tingents, the conic I ib no^\ such that it has (P p) uid il&o (Q q) 
as pole and polar, and touches a at Thib is in f ict more th m 
enough to determine it, but these condition^ cm be shoun to 
remain consistent, by proceeding to the limit from the more 
general case 
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If the comes have three-point contact at 0, they have only 
one other common point P and one other common tangent p 
The come k is now determined from the condition that it has 
three-point contact with the given comes at 0, and that P is the 
polar of p with regard to it These are just enough conditions to 
fix k 

If the comes & 1} k% ^ ave four-point contact at 9 all we get from 
the general condition above is that Jo has also four-point contact 
at with k l9 k& and this is not enough to determine k In this 
case, however, we can proceed as follows Let a given ray through 
meet \, k% a * -^i&gt; ^2 an( i ^ 4. be harmonically conjugate to 
with respect to (A\ 9 A%) Let the conic Jc be taken through A 
Then, since comes having four-point contact at are in plane per 
spective, being the pole and the common tangent x at the axis 
of perspective (Art 46), if an arbitrary ray through meet k l9 k 2 &gt; k 
at PI, P 2 , P we have that AiP l9 -4 2 P 2 , AP meet on x, and 
(OP-fP^ ={OAiAA 2 }= -1 Hence the polar of PI with respect 
to k passes through P 2 But the tangents at P l9 P 2 , P concur at a 
point T of x, which is the pole of OP with respect to k Since 
PI lies on OP, the polar of PI with respect to k passes through T , 
therefore it is TP 2 and touches k 2 Hence ki , k% are polar reciprocals 
with respect to k 

Finally there is the case of comes having double contact These 
can be projected into concentric circles of radii a l9 c& 2 Applying 
now the construction of Fig 73, where any pair of perpendicular 
diameters can now be taken as axes, the circles are polar reciprocals 
with respect to two concentric circles of radii V a^ 2 and two 
concentric conjugate j hyperbolas, whose semi-axes are 

V0i02 If we vary the axes, the circles remain the same, but 
there is an infinity of _ hyperbolas, which are possible 
comes k 

In every case a conic k exists for which two given conies are polar 
reciprocals, though such a conic is not necessarily real 

EXAMPLE 

Prove that two comes \vhich have simple contact may be projected into 
two coaxial parabolas, but that if they have three point or four point contact 
this is not possible 

225 Two triangles self-polar for the same conic Let 
ABC, A B G be two triangles self-polar for the same conic k 
Then we have AB, AC, AB f , AC are conjugal-* to A C 9 A B, A C , 
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A V respectively Hence, since conjugate pencils through 4 A 
are projective 



by double rr"h &gt; ij* 

But the above is the condition that B, C, B\ he on a come 5 
through A and -4 

Hence, if two triangles are self-polar for a come A, their 
six vertices he on a conic $ 

Reciprocate the above theorem with regard to the conic A, 
the self-polar triangles reciprocate into theinsehes, the vertices 




reciprocating into the bides, so that tht si\ ^ide* of the trnngl* touch 
the conic s , which is the reciprocal of s \\ith respect to I 

Thus, if two triangles are self-polar for a conic /, their 
six sides touch a come s r 

226 Two triangles inscribed m a conic are self-polar tor a 
come We now proceed to pro^ e the com er&e of the theorem of the 
last Article 

Let ABC, B C (Fig 74) be t\\o tmngtas inscribed IP i LULUL 6 
We shall first show that a uniqiu conic / t\i^t- ior \\\ ich IBL 
ib self-polar and A is the pole of B L La u- hr&t i- HULL that 
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such, a conic exists Join AA , and let it meet BC, B C at D, D 
respectively Then (A, D) and (A , D ) are pairs of conjugate points 
for k on the line AA Let P, Q be the double points of the involu 
tion on AA of which (A, D) and (A r , D ) are pairs of mates Then 
P, Q are the points at which AA meets k 

Let (JBP, CG)-JB, (5^, CP)=S, and (BP, G4) -J0 Srnce 
A, D are harmonically conjugate with respect to P, Q, then, by the 
property of the complete quadrangle BCPQ, the side RS of the 
diagonal triangle passes through A Also, since {PAQD}= -1, 
C{P^C-D} * - 1, and, cutting by the transversal BP, {PERB} - - 1 
Therefore, since B, E are conjugate for k (ABC being self-polar for 
k), and P lies on k, R lies on k Similarly S lies on k 

Hence k belongs to the pencil of comes through P, Q, R, S 
Join A S meeting B C at F , and let T be the harmonic conjugate 
of S with respect to A , F Since B C is the polar of A 1 with 
respect to A, A , F f are conjugate for k, and T must be a point of & 

Conversely, the conic through P, , R, S, T, which is uniquely 
determined, satisfies all the conditions for k 

For (i) ABC, being the diagonal triangle of a quadrangle PQRS 
inscribed in this come, is self-polar for it , (11) A r is conjugate for 
this come to both D and F f , and therefore is the pole of D l", 
that is, of B C Hence PQRST is the conic k required , this conic 
ate 01 ling v exists and is unique, though not necessarily real 

Let now, if possible, the pomt of B C conjugate to B for k be 
some point Q" other than C Then A B C" is self-polar for k 
Hence, by Art 225, A, B, C, A , B , C" he on a conic But this 
last conic passes through five points of s, namely A, B, C, A , B , 
and so is identical with s Hence $ passes through both C f and C", 
so that, if these were distinct, B C would meet 5 in three points, 
which is impossible Thus C" and C coincide and the triangles 
ABC, A B C are self-polar for k 

Eeciprocatmg this theorem we see that if two triangles are 
circumscribed to a conic, they are self-polar for a conic 

In the above, and in Art 225, it has been assumed that the 
triangles in question do not have either a common vertex or a 
common side The theorems are, however, capable of interpretation 
even in this case Thus, if A =A , the triangles ABC, AB C are 
self-polar for the line pair x 9 y where x 9 y are the double rays of the 
involution pencil of which (AB 9 AC) and (AB 9 AC } are pairs 
of mates Similarly if BC, B C are in a line, the triangles are self- 
polar for the point-pair X, Y where X, Y are the double points of the 
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involution determined by (, C) and ( , C ) In this last case 
the conic on which A, B, C, A , B , C lie itself degenerates into the 
line-pair AA 9 BQ 

EXAMPLE 

Prove that only one circle can be drawn for which a given triangle is 
self polar 

227 Outpolar and mpolar comes If a triangle ABC self- 
polar for a come k is inscribed in a conic s, then there exist an infinite 
number of such triangles, one \ertex of which may be selected 
arbitrarily upon s 

Take any point A of s and let the polar of A with respect to 
I meet s at B } C Then ABC and A ffG are self-polar for a 
conic i, for which ABO is self-polar and A is the pole of B O 
But this conic I, by Art 226, is uniquely determined, and is 
therefore identical with the conic i Hence A B C is inscribed in s 
and self-polar for L 

The conic s, which is such that a triangle inscribed in 5 is self- 
polar for &, is said to be outpolar to k 

Similarly, if a triangle abc self-polar for L is circumscribed to $ 
there exist any number of such triangles, and any tangent to s f 
may be taken as a side of such a triangle, which is then determined 
The conic s is then said to be mpolar to I 

We ha\ e seen in Art 224 that it is always possible to transform 
one conic into another by reciprocal polars If t be the conic 
with respect to which s and I are reciprocal, then the triangle ABU 
which is self-polar for i, reciprocates with respect to t into a 
triangle AiB-fii which is self-polar for s Also the points A, B, C 
of s reciprocate into lines a i} & ls c x which touch i, and form the 
sides of the triangle A 1 B 1 C 1 Thus A 1 B 1 C 1 is self-polar for s and 
circumscribed to I Hence k is inpolar to s 

Similarly, if s and I are reciprocated into one another, it i& found 
that 1 is outpolar to s 

The relations of outpolarity and inpolanty are therefore rt- 
ciprocal, so that if a conic is outpolar to a second conic, then the 
second is mpolar to the first, and conversely 

EXAMPLES 

1 Prove that, if a conic s 1 1& outpolar to s, and P Q are tno point* of 
\\hich are conjugate for s then the pole R of PQ for a lie^ on lt and 
con\ersel} , that the polar \vith regard to 6 2 of a point of j. meet^ _ at punts, 
conjugate for s 1 
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2 Prove that, if ^ is mpolar to s 2 , and p, q are two tangents to s 2 , which 
are conjugate for s 19 then then: chord of contact r touches s i9 and, conversely, 
if .R be the pole with regaid to $ 2 of a tangent r to s l9 the tangents from It to 
5 2 are conjugate for 8 I 

3 Prove that the locus of the centre of a rectangular hyperbola which is 
inscribed in a given triangle is the circle for which the triangle is self polar 

[For the hyperbola is inpolar to the circle, ^ e triangles self polar for the 
hyperbola are inscribed in the circle, taking 12 or Q, as a vertex of such a 
triangle, the centre of the hyperbola lies on this circle ] 

4 Prove that all circles through the centre of a rectangular hyperbola are 
outpolar to the hyperbola 

A circle is drawn to pass through the centre of a rectangular hyperbola, 
and P is the pole of an asymptote with respect to the circle Show that the 
tangents from P to the hyperbola are harmonically conjugate with respect 
to the tangents from P to the circle 

5 If a line pan 1 have its double point on a conic, show that the conic is 
outpolar to the hne pair , also that, if the line joining the points of a point 
pair touches a conic, the conic is inpolar to the point pair 

6 Prove that, if a hne pair is outpolar to a conic, the hnes of the pair are 
conjugate for the conic, and that, if a point pan: is inpolar to a conic, the 
points of the pan" are conjugate for the conic 

228 Conic triangularly inscribed in a come Poncelet s 
Porism Since two triangles ABC, A B C inscribed in a conic s 
are self-polar with, respect to a come Jc (Art 226), and two triangles 
self-polar with respect to a conic h are circumscribed to a conic 5 
(Art 225), it follows that, if two triangles are inscribed in a 
conic, they are circumscribed to another conic For a direct 
proof of this theorem, see Exs IIlA, 17 

It follows that if one triangle ABC can be inscribed in s and 
circumscribed to s , any number of such triangles exist 

For take any point A on s and from A draw the two tangents 
A B , A C to $ , meeting s again at B , C respectively Then, 
since ABC, A B C are inscribed in s, their sides touch a conic t 
But s and t have five tangents the same, namely BC, CA, AB, 
A B , A C Hence t coincides with s and B C touches s 

We shall then say that s is triangularly circumscribed to s , 
and that s is triangularly inscribed in s 

A similar result is easily shown to hold for tetragons, this being 
a four-sided figure in the Euclidean sense, whose sides and vertices 
are taken in order 

For let a tetragon ABCD be inscribed in s, and let its sides AB, BC, 
CD, DA touch s Let (AB, CD) =X, (BC, DA) = Y, and (AC, BD) = 
0, so that OX Y is self-polar for s Let s meet X Y at U, V Project 
U V into the circular points, then, since XY are harmonic for U 3 V, 
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they project into points at infinity in perpendicular directions, 
s projects into a circle ^ Also is the pole of XY with respect 
to 5 , as well &s with respect to s Hence s projects into a conic s^ 
concentric with the circle, and ABCD projects into a rectangle 
AiBiCiDi circumscribed to $i and inscribed in $i Thus Si is 
the orthoptic circle of s^ But if we now draw any two parallel 
tangents to Si, and also the two perpendicular tangents, we obtain 
another rectangle Ai BiCi Di circumscribed to $j , \\hose \ertices 
must lie on the orthoptic circle $i Any number of such rectangles 
can be drawn Projecting back, we obtain an infinite number 
of tetragons inscribed in $ and circumscribed to a \Ve rniv say, 
in such a case, that s is tetragonally circumscribed to & 

Nor need this conception be limited to four-sided figures For it is 
clear that, if two circles are inscribed and circumscribed to a regular 
polygon of % sides, any number of such polygons can be obtained 
by rotating the original one through an arbitrary angle about 
the common centre Projecting the circular points into two arbitrary 
points S, T, we obtain two comes s, s having double contact 
at S, T, which possess the property that an infinite number of 
polygons of n sides can be inscribed in $ and circumscribed to s 
We may then speak of s as polygonally circumscribed, or 
fi-gonally circumscribed, to s 

The theorems of this Article are particular cases of a more 
general theorem, due to Poncelet, and known as Poncelet s 
Ponsm, m which the restriction, T\hich has been introduced 
above in the case w&gt;4, that the comcb ha\e double contact, is 
removed 

EXAMPLES 

1 Show that a unique conic can be drawn triangularly circumscribed to a 
given conic and touching it at two given points H, K 

If comes 5, a touch at H A, and ABC i* a triangle inscribed in i id cir 
cumscribed to s sho\v that BC meet* HK at the point v,ho^ harmonic 
conjugate with regard to (B, C) ib the point of contact D ot b&lt; \\ith & , 
and sho\\ albo that DH, Dh. are harmonic ilh conjugate u th rt c ird to D 4 
DB 

[Project // K into the circular points ] 

2 From the theorem that if t\to tmngles are cneunifccnbed to a cunic 
they are inscribed in another conic prove, b\ taking t\\ o vertices of one tnansle 
to be the cucuhi pointb at mfimU that the cucle urcum-ciiijin.. a tmiuk 
foimed b&gt; three tangent^ to i paiabola pa^eb tluouji the fucu- 

3 Pro^e that an&gt; circle belonging to either of the coaxal -\-Un^ \\Luh 
ha\e the real foci of a conic (i) as real intersection-, or (n) \ n \\ In itm. 
points, is tetiae;onaUy circuinbcnbed to the come 
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229 Polar quadrangles and quadrilaterals Let ABCD (Fig 
75) be a quadrangle, of which two pairs of opposite sides, AB =p and 
CD =zp 9 AD=qa&gt;n& BC=q are conjugate with regard to a conic I 

We will now prove that in this case the third pair of opposite 
sides, A0=r and BD=r 9 are also conjugate with respect to k 

Let P, P 9 Q, Q be the poles of p, p , q, q Then P lies on CD, 
P lies on AB, Q lies on BO and Q lies on AD Also, since A =pq, 
the polar of A is PQ 

Consider now the ranges of conjugate points on AB, AD (i e 
p, q) These are projective by Art 52, and, since A corresponds 




FIG 75 

to the intersections of p, q with the polar of A, this polar is the cross- 
axis of the above ranges 

But further, B=pq has PQ for its polar, and D=p q has PQ 
for its polar Hence m the conjugate ranges on p, q P corresponds 
to D and B to Q Therefore BD, P Q meet on the cio&s axis, or 
P Q , PQ, BD are concurrent But (P Q , PQ) is the pole R of 
(P tfi Pi) ttat 1S &gt; of -4C Hence the pole of AC licb on BD, ind the 
lines r, r r are conjugate for I Similarly the pole R f of BD is a 
point of AC through which pass the lines PQ , P Q 

A quadrangle such as ABCD, which is such that any pair of 
opposite sides are conjugate for a conic Tc, is said to be a polar 
quadrangle for the conic 
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Similarly (or by vup oc n oni if two pairs of opposite vertices 
of a complete quadrilateral are conjugate points, so is tie third 
pair and tlie quadrilateral is said to be a polar quadrilateral for 
the conic 

A polar quadrangle can clearly be constructed with three of its 
vertices A, B, C arbitrarily chosen For, draw through A a line 
conjugate to BC, and through C a line conjugate to BA If these 
lines meet at D, D is the fourth \ ertex of a polar &lt; "* - * T 

Similarly any three sides of a polar quadrilateral can be arbitrarily 
selected, and the fourth side is then determinate 

Any self-polar triangle ABC forms with an arbitrary fourth point 
D of the plane a polar quadrangle For since A is the pole of 
BO, AD, which passes through A, is conjugate to BC 3 similarly 
CD is conjugate to BA and BD is conjugate to AC 

In like manner a self-polar triangle abc forms with an arbitrary 
line d of the plane a polar quadrilateral 

It should be carefully noted that, in general, two \ ertices of a 
polar quadivmpk are not conjugate points for the conic 

If, however, two of them, say A and B, are conjugate points 
then the polar of A 9 namely PQ (Fig 75) passes through B Hence 
either Q or R coincides with B Clearly Q, R cannot coincide with 
one another since q, r are different lines If R coincides with B, 
QR coincides with BC, and P with C Thus A is the pole of BC 
and C the pole of AB and the triangle ABC is self-polar If Q 
coincides with B, QR coincides with BD and P with D A is 
the pole of BD, D is the pole of AB, and the triangle 4BD is 
self-polar 

Hence, in such a case, three of the vertices necessarily form a 
self-polar triangle 

Similarly, if two sides of a polar quadrilateral are conjugate 
lines, they form with one or other of the two ran lining bides a 
self-polar triangle 

It should be noted that, if three of the vertices A, B, C of a 
polar &lt; L \ I- 1 ! mgli form a self-polar triangle, the fourth \ertex D 
cannot be conjugate to any one of the three other % ertices For if 
it were conjugate, say to A, it must he on BC and ABCD \\ould no 
longer be a proper quadrangle 

A similar conclusion holds for the polai quadrihteril foirntd 
by three sides of a self-polar to ingle and inj fomth lint not 
passing thiough a \erttx of the tnanglt 

We shall refer to i polar quadi uigk three ot \\huNt \utite-s 
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form a self-polar triangle, as a degenerate polar quadrangle, and 
fainnlarly to a polar quadrilateral, three of whose sides form a 
self-polar triangle, as a degenerate polar quadrilateral 

EXAMPLES 

1 If a conic has A, C for a pair of conjugate points, and B, D for another 
pair, where AC, BD are the diagonals of a rectangle, prove that the axes of the 
conic aie parallel to the sides of the rectangle 

2 Prove directly that, if two pairs of opposite vertices of a quadrilateral 
are conjugate pairs for a conic Jc, then the third pan? are also conjugate for 7 

230 Polar quadrangles inscribed in a conic Let now ABCD, 
ABC D be two polar quadrangles for a come k, having two 
vertices A, B common By the property of the polar quadrangle 
(A0 9 BD) (AD, BC) (AC , BD ) (AW, BO ) are conjugate pairs 
Hence (Art 52) 

A(CDC D f )~B(DCD C } 

7tB(CDC D ) by Art 21 

Therefore C, D, C r , D are intersections of corresponding rays 
of two projective pencils of four rays through. A and B, that is, 
they he on a conic passing through A and B 

The above theorem fails if A, B are conjugate points for Jc 9 for 
then (see Art 52) the conjugate relation does not define projective 
pencils through A and B 

In this case we know by Art 229 that a third vertex of each 
quadrangle forms with A and B a self -polar triangle for Jc If we 
call this vertex C, then C =C and D, D are any arbitrary points of 
the plane The two quadi ingles have then three vertices common 

In this case it is still true that both quadrangles are inscribed 
in a conic, for there are only five vertices, and a conic can always 
be drawn through five points 

Let now s be any come circumscribing a quadrangle ABCD 
polar for k It is clear from Art 229 that it is always possible to 
find two vertices of such a quadrangle which are non-conjugate 
Tuth regard to I, even when the quadrangle is degenerate Let 
C and D be t^o such non-conjugate vertices Take any given 
point A on s, and complete the quadrangle A BfiD, self-polar for k 
Then B l must lie upon s Also both C and D cannot be conjugate 
to A , for otherwise the quadrangle would be degenerate, with A CD 
as a self-polar triangle, so that C and D would be conjugate for JL, 
by hvpothe&is is not the case Let C be non-conjugate to A 
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If we now take a second given point B on s, and complete the 
quadrangle A B CD^ polar for k, then D l is a point of $ 

If now A is not conjugate to B\ let C be any third given point , 
complete the 01 t \C c ijr A B G D polar for A Then Z) is a point 
of s, so that a quadrangle A B G D , polar for A, has been inscribed 
in s, with three arbitrary points A , B f , C , as vertices 

If, however, A is OM 2 &lt; to S , then the quadrilateral A B CDi 
is degenerate, and one of 6 , Dj is the pole of A B Since 6 f is not 
conjugate to A , D l must be the pole of A B , and A B D l is a self- 
polar triangle for A, inscribed in s 

If now the third given point G f is not the pole DI of A B , then 
A B C Di is a degenerate polar qinli &gt;nglc for A inscribed in s, 
with the three given points A B G as vertices In this case the 
fourth vertex DI is determinate, and only one MI idr n gl&lt; satisfies 
the conditions 

But if C is itself the pole D l of A B 9 , then A B CC is the quad 
rangle required It may however, in this case, be replaced by any 
other degenerate polar quadrangle A B G D , where D r is any point 
of s, other than A , B , or C The solution therefore im olves an 
arbitrary element 

It follows, taking all cases together, that if a conic s circumscribe 
any quadrangle polar for A, it circumscribes an infinity of quadrangles 
polar for k, in any of which three vertices can be arbitrarily selected 
on s 

Suppose now we take for B , C the two points where the polar 
of A meets s Then two vertices (A , B or A , C ) of the polar 
quadrangle are conjugate The qi &lt; dr iug\ is therefore degenerate, 
and clearly A B C forms a self-polar triangle The conic s therefore 
circumscribes a triangle self -polar for A and therefore is outpohr 
to k 

Conversely, if s is outpolar to A, we can find a triangle ABC 
self-polar for A, and inscribed in s Thit&gt; triangle fornib with an\ 
fouith vertex D lying on s a polar qi at 1 u ill for / inscribed m s, 
so that if any three points A , B , C are arbitnnh taken on s, 
not being \ertices of a self-polar triangle for A, the fourth ^e^te\ 
D of the pohr quadrangle A B G D lies on s 

Similarly it can be pro\ed (1) that t\\o polar quadrilateral^ for 
A, having t\so non conjugate sides common, touch i conic f mpolarj 
to A , (2) that airy three tangtntb a, I, dot being gi\ tn nut fuimirj 
a triangle sell polar lor A, the lourth bide d ol tlit qu idiilatt-ial &lt; 
polar lor A, touches t 
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231 Relations between triangularly inscribed, outpolar and 
mpolar comes Let s l9 s 2 be two comes such that s 2 is triangularly 
inscribed in 81 Let ABC, A B C be two of the triangles inscribed 
in $i and circumscribed to s 2 By ^^ 226 a C0l u c & exists with 
regard to which ABC and -4 jB C" are both self-polar Hence s l is 
outpolar to I and s% is inpolar to i 

If now PQR be any other triangle which has any two of the 
following properties (1) it is inscribed in Sj , (2) it is circumscribed 
to s 2 &gt; (3) it 1S self-polar for k, then it possesses also the third 
property 

Take first the case where PQR is self-polar for Jc and inscribed 
insj 

Apply a transformation by reciprocal polars with Jc as base conic 
Since ABC, A B C are self-polar for k, they transform into them 
selves Therefore the come s l through their six vertices transforms 
into the come touching their six sides, that is, into s 2 Further, 
PQR being also self-polar for Jc, transforms into itself, and the 
vertices P, Q, R lying on $j transform into the opposite sides 
touching the reciprocal come s 2 Thus PQR is circumscribed to $ 2 

A similar argument shows that if PQR is self-polar for Jc and 
circumscribed to $ 2 , it is inscribed in $i 

Again, let PQR be inscribed in Si and circumscribed to s 2 
Construct the self-polar triangle for k which is inscribed in Si 
and has P as its vertex (Art 227) Let it be PQ K By the 
previous results PQ R is circumscribed to s 2 Hence PQ , PR 
are the tangents from P to s 2 , and so are identical with PQ, PR 
Thus Q = Q ,R=R and PQR is self-polar for Jc 

An important result in this connection is that the common self- 
polar triangle XYZ of s l} s 2 is also self-polar for Jc For, taking 
reciprocal polars with respect to Jc, as before, X YZ reciprocates into a 
triangle self-polar with respect to s 2 , 5 1? that is, into itself It is 
therefore self-polar for Jc Hence XYZ and any triangle ABC 
inscribed in 1 and circumscribed to s 2 are both self-polar for k, 
so that the vertices X, Y, Z, A, B, C lie on a conic 

If in the above the comes s x , s 2 are coaxial, their common self- 
polar triangle is formed by the common axes and the line at 
infinity If then ABC is a triangle inscribed in s l and circumscribed 
to $ 2 a conic can be drawn through A, B, C passing through the 
centre of s l and having its asymptotes parallel to the axes But 
this is a hyperbola of Apollonms for Sj Hence if such a triangle 
exists the three normals to s l at its vertices A, B, C are concurrent 
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232 Comes outpolar (or mpolar) to the same come If 

two comes $1, s 2 are outpolar to the same come L then their four 
points of intersection form a polar for L For let 

A, B, C, D be these four points Consider the quadrangle polar for 
k having A, 5, C for three vertices In general its fourth vertex DI 
is uniquely determined, and it must he on both $j and $ 2 , so that it is 
identical with D If, however, ABC is itself a triangle self-polar 
for &, D! is arbitrary, but if we take it at D, we still have a quadrangle 
polar for I The result therefore holds in all cases 

It follows that, in general, comes through three gnen points 
A, B } C, which are outpolar for i, form a pencil of comes through 
the four points A, B, G f , D, where D is the fourth vertex of the 
quadrangle ABGD polar for Jc We have an exception when ABC 
is a triangle self-polar for Jc, when every come c ire um-c nbing ABC 
is outpolar to Jc 

In a similar manner, the four common tangents to two comes 
inpolar to I form a quadrilateral polar for L and comes touching 
three given lines and inpolar to a given come form, in general, a 
range of comes inscribed in the quadrilateral polar for , of which 
the three given lines are sides 

It follows from the above that through four given points A, B, 
(7, E of the plane, one come s can, in general, be described, outpolar 
to a given come Jc For complete the quadrangle ABCD polar for 
I Then the conic through A, B, C, D, E satisfies the conditions, 
and, in general, is the only come which does so 

In like manner there exists, in general, one come through three 
given points A, B, C which is outpolar to two gi\en comes I l9 A 2 
For, complete the quadrangles ABCD it ABCD 2 polar for I l9 L 2 
respectively The come through A, B, C, D ly D 2 is, in general, the 
only one satisfying the conditions 

In like manner, one come inpolar to I can in general be drawn 
to touch four grven lines, and one come inpolar to k l9 A 2 to touch 
three given lines 

233 Faure and Gaskm s Theorem If we take two circles 
outpolar to a conic s their intersections form a quadrangle self- 
polar for s Hence their radical axis is conjugate \\ith regird to * 
to the opposite side of this quadrangle, n unelv the line at infinite 
This radical axis therefore passes through the centie of s The 
tangents from the centre of s to all circles outpohr to * ire thtn 
equal, that is, a circle concentric \\ ith 6 cuts orthogonalh t\ tr\ circle 
outpolar to s This circle is therefore the locu^ oi the point circles 
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outpolar to s But a point circle is simply two circular lines, and a 
line-pair outpolar to $ reduces to a pair of conjugate lines for s 
Hence the above locus is the locus of points the circular luxes through 
which are conjugate for s, that is, the orthoptic circle of s by Art 144 
Hence every circle outpolar to a come cuts orthogonally the 
orthoptic circle of the conic 

EXAMPLES 

1 Prove the converse of Faure and Gaskm s Theorem, namely that any 
circle which cuts orthogonally the orthoptic circle of a conic is outpolar for 
the conic 

2 If a circle cut harmonically the sides of a tnangle circumscnhed to a 
conic, it cuts orthogonally the orthoptic circle of the conic 

[For the circle is outpolar to the conic ] 

3 Show that the orthoptic circles of the comes of a pencil are orthogonal 
to a fixed circle 

[For the circle circumscribing the common self polar triangle of the pencil 
is outpolai to every conic of the pencil ] 

234 Nets and wets of comes The set of comes outpolar to 
one, two, three or four comes will be said to form a net of the 
fourth, third, second or first grade respectively, and the set of 
comes mpolar to one, two, three or four comes will be said to form 
a web of the fourth, third, second or first grade respectively 

We ha\e already seen (Art 232) that a come outpolar to a given 
come can be made in general to pass through four given points in 
one way only The condition that a conic is outpolar to a given 
come must therefore be equivalent to a linear relation between the 
coefficients in the equation of the come, a conclusion which is con 
firmed by the result already proved in Art 232 that a come outpolar 
to two comes is free to pass through three given points 

Hence a come belonging to a net of the first grade has already 
to satisfy four linear relations between its coefficients One such 
come can then be made to pass through any point of the plane 
But the intersections of two such comes form a quadrangle polar 
\\ith regard to each of the four comes determining the net The 
come through any point P and the vertices of this quadrangle is 
a conic of the net , and it is the only come of the net through P 
The net therefore reduces in this case to a pencil of comes Similarly 
the web of the first grade reduces to a range 

A come belonging to a net of the second grade may in general 
be made to pass through two given points oi the plane, and one 
belonging to a web of the second grade to touch two given lines 
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of the plane The corresponding results for the nets and webs 
of the third and fourth grades have already been obtained 

235 Similar comes Two coplanar comes are said to be similar 
and similarly situated if they correspond in a plane perspective 
of which the axis is at infinity It follows that the points at 
infinity of two such comes coincide, or their asymptotes are 
parallel 

Conversely if two comes s 1? s% have their asymptotes parallel 
they are similar and similarly situated For let I 00 , J be their 
two common points at infinity, t one of their common tangents 
touching s l at P 1? s 2 at P 2 Through P 1? P 2 draw any two parallel 
lines meeting s i} s 2 again at Q l9 Q% respectively, and let Q l9 Q 2 
meet t at With as pole of perspective, the line at infinity 
as axis of perspective and P 1} P 2 as a pan: of corresponding points, 
construct the conic s% in plane perspective with s l Then s 2 , $ 2 r 
have in common the points J 00 , J 00 , Q 2 , P 2 and the tangent at P 2 
They are therefore identical, that is, s b s 2 are similar and similarly 
situated 

Any two comes may be projected into similar comes by projecting 
one of their common chords to infinity Projecting back we see 
that any two comes correspond in a plane perspective in which 
any one of their common chords is taken as axis of perspectn e (cf 
Exs III 4, 11) 



EXAMPLES XIIlA 

1 Show that the cross ratio of the flat pencil formed by the polar* of a 
point U with regard to four comes of a pencil ib independent of the position 
of U in the plane 

2 Show that the cross ratio of the range formed by the poles of a line v 
with regard to four comes of a range is independent of the position of u in the 
plane 

3 Prove that the harmonic con]ugates of a variable point with le^ard to 
four given pairs of points in involution have a constant cross ratio 

4 Prove that if P, Q are the points of contact of a variable comt of a range 
\vith tao sides of the base quadrilateral PQ passes through a fixed point 

5 Prove that the comes for which troo given point* 4 B are the pole*, of 
trao given lines a, b respectively form a pencil of conic* hawng double 
contact 

6 Prove that the pioduct of a pencil of come* and a homographic flat 
pencil is a cubic cuive and sho* ho* to find the tangent* to the curve at the 
vertices of the base quadrangle of the pencil of conic* and at the ^ ertcx ot the 
flat pencil 
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Show that a cubic of this type can in general be made to pass through eight 
given points of the plane 

7 Show that the locus of points of contact of the tangents drawn from an 
arbitrary fixed point P to the comes passing through four given points 
A, B, G t D passes through P, A, B t C, D 9 through the vertices E, F 9 G of the 
diagonal triangle of ABCD and through the intersections of PE 9 PF 9 PG 
with FG, GE, EF respectively Show further that this locus is a cubic 
curve 

8 Two confocal comes s aad s are such that there is a triangle ABQ 
inscribed in s and circumscribed about s , show that the normals to s at 
A y B, C are concurrent, and that the normals to s at its points of contact 
with the sides of ABC are concurrent 

9 is a fixed point in the plane of a central conic L prove that the 
envelope of the polars of with respect to comes confocal with Jc is a parabola 
p, whose directrix is the line joining to the centre of k 

Prove also that if 8 is the focus of p, the relation between the points 0, S 
is mutual 

10 Show that in a range of comes two are rectangular hyperbolas and that 
then: orthoptic circles are the point circles of the system of coaxal orthoptic 
circles of the range 

1 1 The locus of centres of rectangular hyperbolas circumscribing a tnangle 
is the nine points circle of the tnangle 

12 Reciprocate the theorems of Art 219 with respect to (i) one of the 
vertices of the base quadrangle, (u) any other point 

13 s v s a an( l 7 are three given comes Prove that the polar reciprocals 
of I with respect to the comes of the pencil, of which s l9 s z are members, 
envelop a quartic curve having double points at the vertices of the common 
self polar tnangle of s lt $ 2 

Show also that three of the above system of polar reciprocals degenerate 
into line pairs, every line of which touches the same come 

[Prove that the envelope is the locus of points conjugate to points of I \uth 
regard to the pencil ] 

14 Two comes have three point contact at C , CP and CQ are the 
diameters of the two comes through C Prove that PQ passes through the 
intersection of the tangent at G and the other common tangent 

15 Prove that, if two comes have four point contact at and Q is the pole 
with regard to the second of the tangent at P to the first, 0, P, Q ire collmear 

16 The comes of a pencil have three point contact at A with a circle c 
and pass through a point B Prove that their centre locus touches c at A, 
passes through the middle point C of AB, and touches the line through C 
parallel to the tangent at A 

Prove also that the circle of curvature to the centre locus at A touches c 
externally at A, and that its radius is one half that of c Hence show how to 
construct the centre locus 

17 The normals at K, L, M, N to an ellipse whose centre is each pass 
through the point H Prove that the locus of the centres of all comes 
through K, L, M, N is a hyperbola passing through and having as the 
tangent at the line perpendicular to OH 

18 Prove that from any point in the plane of a parabola three normals 
can m general be drawn to the cuive 

What becomes in this case of the hvDerbola oi Anollomus for () ? 
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19 If a point describes a normal to a conic the feet IT, A, of the 
three other normals drawn from to the conic form a tnangle circumscribing 
a parabola touching the axes 

[If T (Fig 72) descnbe LT, the ranges [Z7] [7], and [P 7 ], [Q } are similar 
jMT envelops a parabola ] 

20 A hyperbola touches a conic I at P, passes through the centre C of & 
and has its asymptotes parallel to the axes of I Show that it meets the 
normal at P at the centre of curvature of I at P 

21 Prove that the eleven line conic of a point P with respect to a system 
of confocal comes whose foci are $, H is a parabola touching the common 
axes, the bisectors of the angle SPH, and the perpendiculars through 8, H 
to SP, HP respectively 

22 Through a fixed point a conic s is dra\*n having double contact 
with a given conic L Show that the common chord of s, J meets the tangent 
at to s on a fixed straight line 

23 AiB^C^ AJB 2 C 2 are t\\o triangles inscribed in the same come Comes 
s lt s 2 are described about ^1 1 J5 1 (7 1 , A%B 2 G 2 respectively, having double con 
tact with one another Show that their common chord of contact touches 
the conic for which AJS^C^ A 2 B 2 2 are self polar 

24 Show that circles passing through a given point which are outpolar to a 
given conic, pass through a second fixed point 

25 The tangents to a conic I at P and Q meet at D Comes p, q pass 
through D and touch PQ at P, Q respectively If A, B C are the remaining 
intersections of p, q, prove that ABCD is a polar quadrangle for 7 

[Show that p, q are outpolar for Jc ] 

26 If triangles exist which are inscribed in a circle c and circumscribed 
to a circle c it is necessary and sufficient that the rectangle contained by seg 
ments of chords of c through the centre of c should be numerically equal to 
twice the product of the radii 

27 Show how, by a real projection, to project two comes which intersect 
in only two real points into two similar and similarly situated ellipses 

28 From a given point A a variable chord 4PQ is drawn to a given conic s 
Through P, Q and another given point B a conic is drawn similar and similarly 
situated to s Prove that this conic passes through a certain fixed point 
other than B 

[Project the points at infinity on s into the circular points ] 

29 If two coaxial comes be such that a triangle exists which is circum 
scribed to one conic and inscribed in the other prove that the axes and the 
sides of the triangle touch a parabola 

30 If P be the pole of a fixed hue I with respect to a -\ amble come of a 
pencil, and t the tangent it P to the come of the pencil which passes through P 
piove that the envelope of the lines t ib a cui\c of the third cla^ which 
touches the six common chords of the comes of the pencil 

31 Prove that in general the lines which meet three g,nen cophnai 
comes in three pairs of points in im olution form an envelope of the third 
class touching each of the eighteen lines w hich are common chords, of tw o 
of the comes 

How is tins result modified TV hen the three comcb 1m e one 01 more points 
in common ? 

32 If ABC be a triangle circumscribed to a come s P Q H tht points of 
contact with s of the sides a, b, c of 4BC then if QK RP PQ mttt a b, c 
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at L, M 9 N respectively, L, M, N lie on a straight line u , and AP, BQ, CR 
meet at a point U 

Show that if, as s is varied, u passes through a fixed point, then U describes 
a conic and that in this case the comes s touch a fourth fixed hne 

33 If 5 is the harmonic envelope of two comes s^ s 2 , and s is the reciprocal 
polar of s with respect to s v prove that s passes through the four intersections 
of *!, 5 2 and either has no other intersection with s 2 , or entirely coincides 
with it 

What is the relation between s l9 s 2 in the latter case ? 

State the theorem obtained by reciprocating the above 

EXAMPLES XIIIs 
[The axes of co ordinates are rectangular ] 

1 Construct five points on the locus of points conjugate to the points of 
2/=0 with regard to the comes through (0, 0), (0, 2), (4, 1), (5, 3) 

Find also both asymptotes of this locus in position 

2 ABC is a triangle with BC1 inches, GA=5 inches, AB=4: inches, 
I) is an internal point of AC such that AD =2 niches and E is an internal 
pomt of AB such that AJ2= 3 inches , F and G are the points of tnsection 
of DE Obtain enough points or tangents to determine uniquely each of the 
comes passing through F and G and touching BO, CA and AB 

3 Construct the conic of which the points (1, 0) are the foci and for 
which the lines # 1, x+y=3 are conjugate 

4 The comes of a pencil have three pomt contact with the circle 



at the origin, and pass through the point P (2, 4) Construct (i) the centre 
of the conic of the pencil which touches the parallel through P to the axis of 
y, (u) the intersections of this conic with the hne y= 2 

5 The comes of a pencil have four pomt contact with the ellipse 

a; 2 ?y 2 

r + |=i 

at the point P ( Z , 1 J on it Construct (i) the point of contact Q of the 

come of the pencil touching the axis of x, (u) the centre of this conic, (111) one 
point on this come, other than P or Q 

6 A parabola has its axis paiallel to ?/=0 passes through the origin and 
touches the hne 2y-x=3 at the point P(l, 2) Determine the directions of 
the as\mptotes of the rectangular hyperbola which has four point contact 
with the parabola at P 

7 Construct the circle outpolar to the hyperbola 

ct -2z/ 2 =4 
and passing through the points (1, 4), (3 0) 

Find the other points of contact with the hyperbola of the tiianglc, self 
polar for the circle, of which one side is the tangent to the hyperbola at 



8 A come is outpolar to the circle 



and passes thiough the points (4, 1) (0 5), (2, 2) and (6, 3) 

Construct (i) a fifth pomt on it, (u) the tangents at this pomt and at the 
fcmr given points, (in) the centre 



CHAPTER XIV 
THE CONE AND SPHERE 

236 The geometry of the star The lines and planes through 
a point form a set of elements, which we shall term a star 
(cf Arts 1, 134, 135), following the modern practice, though the 
name sheaf is still often used The lines and planes of the star 
meet any plane not passing through in the points and lines of 
the plane respectively To every geometrical theorem concerning 
points and lines of the plane there is a corresponding theorem 
concerning lines and planes of the star 

A range of the first order in the plane corresponds to a flat 
pencil in the star , a flat pencil in the plane corresponds to an 
axial pencil in the star, of which the axis is the line joining the 
vertex of the star to the vertex of the flat pencil 

We note further that, if a point of the plane lies on a line of 
the plane, the corresponding line of the star lies in the corresponding 
plane of the star Thus properties of incidence are preser\ ed when 
we pass from the plane to the star 

Since flat and axial pencils of the star are incident respectn ely 
with ranges and flat pencils of the plane, and incident forms are 
equi-anharmomc, it follows that properties involving cross-ratio 
are preserved when we pass from the plane to the star 

Further the correspondence between the lines of the star and 
the points of the plane, as also between the planes of the stai and 
the lines of the plane is one-one and algebraic in the sense explained 
in Art 158 

To the points of a plane curve coirebpond the gtneiatou of a 
cone of vertex 0, standing upon the curve as base To the tangents 
to this curve correspond tangent planes to the cone, their points of 
contact corresponding to the generators oi contact of the corre 
sponding tangent planes to the cone Thus properties of tingenc} 
are preserved in the passage from the plane to the star 

It follows from the above that all projects e properties of pi me 
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figures, that is, properties of incidence, tangency and cross-ratio, 
lead to corresponding properties of the star In what follows we 
shall enumerate the most important of these properties The 
proofs will in general be obvious from the above principles , where 
they are not so obvious, a few hints will be given to enable the 
student to supply the demonstration for himself 

As, however, a star cannot be projected into another star, as a 
plane figure can be projected into another plane figure, it is hardly 
legitimate to use the term protective of star figures, and we shall 
therefore use the more general word homographic in this connection 

The figure in the star which corresponds to a triangle in the plane 
is a trihedral angle, that is, a solid angle with three plane faces 
meeting at a point This we shall call a three-edge The plane 
faces correspond to the sides of a plane triangle , their intersections 
are the three edges, which correspond to the vertices of the plane 
triangle The angles between the edges are the plane angles of 
the three-edge, and are analogous to the lengths of the sides in a 
plane triangle The dihedral angles between the plane faces are 
analogous to the angles of the plane triangle 

Corresponding to a complete quadrangle in the plane we have a 
complete four-edge in the sheaf Such a four-edge has six faces 
and the meets of the pairs of opposite faces form its diagonal three- 
edge 

Similarly to the complete quadrilateral corresponds the complete 
four-face, with six edges and three diagonal planes, which form 
its diagonal three-edge The harmonic properties of the complete 
quadrangle and quadrilateral are transferred at once to the four- 
edge and four-face Thus two faces of the diagonal three-edge 
of a complete four-edge are harmonically conjugate with regard 
to the two faces of the four-edge through their intersections , and 
two edges of the diagonal three-edge of a complete four-face are 
harmonically conjugate with regard to the two edges of the four- 
face in their common plane 

The reader should note that flat pencils in the star, although they 
ha\ e a common vertex, are not in general coplanar and therefore 
are not cobasal (Art 24) Two such non-cobasal flat pencils are 
analogous, in the star, to two ranges on different straight lines in 
the plane 

We note also that the properties of two projective ranges or 
pencils, given in Chapter III, transfer at once to the star Thus 
if two homographic flat pencils with a common vertex, but in 
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different planes, have a self-corresponding ray, then corresponding 
rays lie in planes through, a fixed axis, so that the two flat pencils 
are sections of the same axial pencil Again if two homographic 
axial pencils whose axes intersect at have a self-correspond 
ing plane, corresponding planes meet on a fixed plane through 
0, so that the axial pencils are incident with the same flat 
pencil 

Also any two homographic non-cobasal axial pencils [a], [a ] of 
the star have a cross-axis through which passes the plane joining 
the cross-meets oc 1 a 2 / , a 1 / a 2 of any two corresponding pairs of 
planes a l9 a 2 and a/, a 2 Similarly two homographic non-coplanar 
flat pencils of the star have a cross-plane, on which the planes 
a 1 a 2 / j #i #2 naeet, where &i, # 2 and a\ , a 2 f are any two corresponding 
pairs of rays of the flat pencils 

237 Star perspective Homographic and reciprocal star- 
fields If we consider two coplanar fields in plane perspective, 
and form the corresponding star of vertex 0, we obtain two star- 
fields homographically related in such a way that the plane through 
any two corresponding lines passes through a fixed line, and the 
meets of corresponding planes he in a fixed plane We may 
describe such a relation as star perspective, the fixed line being 
the axis of star perspective and the fixed plane the plane of 
perspective 

As in Chapter I, a star perspective is defined if we are given 
the axis and plane of perspective and either a pair of corresponding 
lines, or a pair of corresponding planes 

The property of Desargues perspective triangles is immediately 
applied to the star If abc, o!Vc r be two three-edges of the star, 
whose faces are a, /?, y , a , /? , / respectively, then, if aa W, 
cc are concurrent through a line x, then owe , /?/? , yy f are coplanar 
in a plane TT , and conversely 

We can also have the more general case \vhere two star-fields 
are homographically related by a one-one algebraic relation, in 
which lines correspond to lines and planes to planes Two such 
btar-fields meet any plane in homographic plane-fields The 
correspondence is uniquely determined \\hen t\vo corresponding 
four-edges are given 

In a similar manner, reciprocal fields in the plane grve rise to 
reciprocal star-fields, having analogous properties The principle 
of duality also applies to the star, lines and planeb being no^ inter 
changeable 
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EXAMPLES 

1 Prove that the homography between two star fields is entirely determined 
when two corresponding four edges are given 

If the star fields have the same vertex, show that they have, in general, 
one self corresponding three edge and that this three edge, together with 
a pair of corresponding points, determines entirely the homography 

2 Prove that if two star fields are reciprocal, these are two cones which 
are the locus and the envelope, respectively, of incident corresponding lines 
and planes 

3 Prove that the transformation, in which any line corresponds to the 
plane of the star perpendicular to the given line, is a reciprocal transformation 
in the star, and show that it corresponds to a point reciprocation in the plane, 
the radius of reciprocation being a pure imaginary 

238 Representation of the star on a sphere If we describe 
a sphere of arbitrary radius, whose centre is tlie vertex of a star, 
every plane of the star determines a great circle on the sphere Also 
every line of the star determines a pair of antipodal points on the 
sphere From many points of view it is desirable to associate two 
such antipodal points as one unit, and we shall refer to them as 
a dyad, which may be denoted by either of its points Two 
distinct great circles have only one dyad in common, and two 
distinct dyads determine a single great circle Corresponding to 
any figure of points and lines m a plane there is a figure of lines and 
planes in the star, giving rise to a corresponding figure of dyads 
and great circles on the sphere 

An axial pencil of planes of the star determines a spherical 
pencil of great circles passing through a dyad and a flat pencil 
of lines of the star determines a spherical range of dyads on a 
great circle The cross-ratio of four elements is determined from 
four arcs of a spherical range, or from foui anglts oi a spherical 
pencil, by a formula involving the sines of thebe arcs or angles, 
identical with that proved for flat pencils in Art 22 It is eabily 
seen that the cross ratio of four dyads on a great cuclc is inde 
pendent of which particular point of any out dyad is chosen to fix: 
the aics in question Also all great ciicles meet a spherical pencil 
ol four great circles in spherical ranges of the same cross-ratio 

We have thus a whole theory of projective (i e homographic) 
and perspective forms of the first order on the sphere which corre 
sponds to the theory already developed for the plane There 
are certain differences, for example, bearing in mind that two points 
of a spherical range correspond to one line of the defining flat 
pencil through the centre of the sphere we see that there are two 
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points (but only one dyad) of a spherical range determining a given 
cross-ratio witli three given points of the range 

The reader will notice that dyads on a great circle form an 
involution on the circle, so that homographic spherical ranges are 
a particular case of homographic involutions * 

Also the principle of duality will hold for figures on the sphere 
For since the angles between two great circles are equal to the 
arcs joining their poles (measured by the angles subtended at the 
centre), if we make a great circle correspond to its pair of poles 
and conversely, we have sphencal pencils corresponding to equi- 
anharmonic spherical ranges and conversely 

In order to avoid confusion with pole and polar with respect 
to a conic (which, as we shall see, has its analogue on the sphere) 
we shall speak of the poles of a great circle as its spherical poles ; 
the great circle will be spoken of as the equator of either of these 
points 

A three-edge of the star corresponds to a set of three dyads, 
forming a spherical triangle and its complements , the arcs which 
form the sides of the spherical triangle measure the plane angles 
of the three-edge, and the angles of the spherical triangle are the 
dihedral angles of the three-edge 

The four-edge and four-face lead to a spherical quadrangle of 
dyads and to a spherical quadrilateral respectively These have 
clearly the same harmonic property as the plane . and 

quadrilateral 

We thus have a iuither correspondence between the star and the 
sphere, besides that between the star and the plane The corre 
spondence between the star and the sphere is, however, more 
complete and intimate, for it preserves the symmetry round the 
centre In fact, the difference between the geometry of the star 
and that of the sphere ib merely one of language It is, however, 
\ery convenient to use the sphere to represent pioperties of the 
star, because it enables us to use the same language as thvfc of 
plane geometry, the great circle replacing the sti light line, and the 
analogies between the geometry of the star and that of the plane 
are thus brought out in a striking manner 

It follows that, so far as purely protective properties are concerned, 
the spherical and the plane geometry must be entirely identical 
For example, the theorems of the cross-centre and cross axis, pro\ed 
in Chapter II for projective ranges and pencils in the plane, apply 
equally to homographic great circle ranges ^nd pencils on the 



298 PROJEOTIVE GEOMETRY 

sphere, and so do the constructions for corresponding triads, and 
for harmonic points and lines 

It is only when so-called metrical properties begin to come in, 
that is, the magnitudes of lines and angles, that the analogy breaks 
down These properties, in the plane, invariably depend on the 
introduction of a special line and points, namely, the line at infinity 
and the circular points at infinity These have no direct analogues 
on the sphere , and it is for this reason that corresponding metrical 
theorems in the two geometries are often so widely different 

We may note that the methods of plane perspective are im 
mediately applied to the sphere, for star perspective leads at once 
to a spherical perspective, in which the great circle join of two 
corresponding points passes through a fixed dyad (the pole of 
spherical perspective) and the intersection of corresponding 
great circles lies on a fixed great circle (the axis of spherical 
perspective) 

As in the plane, points on the axis, and great circles through 
the pole, are self-corresponding There are, however, no great 
circles corresponding to the vanishing lines, since no great circle 
is the analogue of the line at infinity 

If two figures in plane perspective are pined to a point outside 
their plane by lines and planes, and the whole cut by any sphere 
centre 0, we obtain two figures in spherical perspective on the 
sphere 

Similarly two homographic plane fields project from a point 
outside both their planes into two homographic star-fields with a 
common vertex , from which we obtain, on the sphere centre 0, 
two homographic spherical fields 

EXAMPLES 

1 Three great circles of a sphere through V arc met by a transversal at 
A,B,C respectively Prove that sin AB sm A C= sm VB sin A VB sin VC 
smAVC 

2 Prove that in two homographic fields on the sphere, the ratio 

sin BL sin CM smAN 

sin I/O sin MA sm NB 9 

\\ here L M N are any points on the sides BC, CA 4.13 of a spherical tuangle, 
is the same for coi responding figures in the two fields 

3 State and prove the theorems corresponding for the sphere to the 
theorems of Ceva and Menelaus for the plane 

239 The cone of the second order and the sphero-conic A 

cone of second order is defined as one which is cut in two points 
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only by any straight line u in space Joining u to the %ertex 
of the cone we see that the cone is cut by any plane through its 
vertex in two lines of the star through Hence its intersection 
with any plane is a curve of the second degree or conic 

Conversely to a conic in the plane corresponds a cone of the 
second order in the star 

The twin curve in which a cone of the second order meets a con 
centric sphere is called a sphero-conic The properties of sphero- 
comcs are merely a restatement in suitable language of the properties 
of the cone of second order The student will find it a useful 
exercise, as he proceeds, to tabulate, in parallel columns, corre 
sponding properties of the plane conic, the cone of the second order 
and the sphero-conic 

Now two coplanar comes s, s can always be derived one from 
the other by a plane perspective If the comes touch, this has been 
shown in Arts 41-43 If they do not touch, let two of their common 
tangents a, 6, whose points of contact with $, s are A, A and 
B, B respectively, meet at 0, and let any other line through 
meet s and s at C and C" respectively (each of these being arbitrarily 
selected from two intersections) Then the triangles ABC, A B C 
define a plane perspective, in which the conic 5 (AABBC) corre 
sponds to the conic (A A B B C ), ^e to 5 

Accordingly any two cones of the second order with the same 
vertex can be brought into star perspective, that is, any cone of 
the second order can be derived in this way from a right circular 
cone 

In like manner, any two sphero-comcs on the same sphere 
may be related by a spherical perspective, and any sphero-conic 
may be derived from the trace upon the sphere of i right circular 
cone whose vertex is at the centre of the sphere, that ib, from a 
small circle of the sphere, such a small circle playing a part in the 
theory closely (though, for the reasons already explained, not com 
pletely) analogous to that played by the circle in the plane theory 

Since the line at infinity in the plane coirebpondb to a plane 
of the star, and to a great circle of the sphere, \\hith ha\ e no bpecnl 
significance, it follows that the two regions, into \\hich the uibide 
of a hyperbola is divided m the plane, cease to be separated m the 
star Thus, all the Imeb of the stir, \\hich belong to the m&ide 
of the cone, form a single continuum, and the bound u\ oi the cone 
encloses it entirely But although the lines fonn i continuum, 
the pomtb (m virtue of the cential symmetij ut a cone) fill into 
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two vertically opposite and symmetrical half-cones, connected at 
the vertex Thus all cones of the second order have the same 
topological characteristics 

Consequently there is only one type of sphero-conic, consisting 
of two antipodally situated ovals, the intersections of the sphere 
by the opposite halves of the cone The distinction between 
the three types of plane come, ellipse, parabola and hyperbola, 
is not reproduced on the sphere, since there is no special great 
circle corresponding to the line at infinity 

240 Projeetive properties of the cone of second order We 

may enumerate a few of the purely projective properties of the 
cone of the second order, and of the sphero-conic, which follow 
immediately from those of the conic 

In the case of the sphero-conic, no change of wording is even 
required, the theorems applying unchanged, with the one alteration 
that, where straight line is used in the case of the conic, great 
circle should be read in the case of the sphero-conic and also that 
we remember that a point in the plane really corresponds to a 
dyad on the sphere 

For the cone of the second order we have the following 

Chasles Theorem gives if a be a fixed tangent plane to a 
cone of vertex 0, x a fixed generator, IT a variable tangent plane, 
p its generator of contact, the flat pencil a[V| is homographic with 
the axial pencil x[p] 

We deduce, as in Chapter III, that a variable tangent plane TT 
cuts four fixed tangent planes m a flat pencil of constant cross-ratio , 
or taking any tangent line t lying in TT, t cuts these four tangent 
planes in a range of constant cross-ratio 

Also a variable generator to the cone determines with four fixed 
generators an axial pencil of constant cross-ratio 

Conversely the product of two homographic axial pencils whose 
axes Xi, x 2 intersect at is a cone of the second order veitex 0, 
having x l} x 2 for a pair of generators, and the envelope of the planes 
determined by the corresponding rays of two homographic flat 
pencils having a common vertex but not lying m the same plane 
is again such a cone 

If the two homographic axial pencils have a self-corresponding 
plane, their axes intersect in this plane The flat pencils in which 
they intersect any plane are perspective and the product of the 
t\\ o homographic axial pencils is a plane, together with the self- 
corresponding plane 
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Pascal s Theorem gives if a six-edged solid angle be inscribed 
in a cone of second order, the lines of intersection of opposite faces 
are coplanar 

Brianchon s Theorem gives if a sis-faced solid angle be cir 
cumscribed to a cone of the second order, the planes joining opposite 
edges pass through a line By taking arbitrary points on the six 
edges of this solid angle and joining them we obtain the somewhat 
different enunciation if a skew hexagon be circumscribed to a 
cone of the second order, the three diagonals joining opposite 
vertices intersect a line through the vertex of the cone 

241 Pole and polar properties of the cone of second order 

To any line p through the vertex of a cone of second order corre 
sponds a plane TT through the vertex which is called the diametral 
plane of the cone conjugate to the diameter p This is obtained 
by joining to the vertex of the cone the polar of the point in which 
p cuts any plane a with regard to the section of the cone by a 
Also since cross-ratio is unaltered by projection, if P be any point 
of p and a line through P meet the cone at Q, R and TT at P then 
P, P r are harmonically conjugate to 6, J? TT is therefore 

also called the polar plane of P, and conversely P is a pole of TT 
"We see that any plane through the vertex has an infinite number of 
poles, which all lie on its conjugate diameter 

If P lies on the polar plane of P, conversely the polar plane of 
P passes through P 

Such planes are called conjugate diametral planes They meet 
any plane in two lines which are conjugate with regard to the 
section of the cone by that plane From the property that two 
such conjugate lines are harmonically conjugate with regard to 
the two tangents from their intersection, we see that two conjugate 
diametral planes for the cone are harmonically conjugate with 
regard to the two tangent planes through their intersection 

Similarly conjugate diameters of the cone are harmonically con 
jugate with regard to the two generators of the cone in their plane 

The polar plane of the vertex is indeterminate com er^ely e\ erv 
plane not passing through the vertex has the \ erte\ for pole 

To a triangle self-polar with regard to any plane section of a 
cone of second order corresponds a trihedral angle or three-edge 
self-polar with regard to the cone, the edges of which pass through 
the vertices of the triangle These edges form a set of three 
diameters conjugate pair and pair, and such thit each i^ conjugate 
to the opposite face of the three-edge 
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Chords parallel to any diameter of tlie cone fy e any line through, 
the vertex) are bisected by the conjugate diametral plane This 
plane also contains the generators of contact of the two tangent 
planes to the cone through the diameter in question 

A diameter of the cone passes through the centres of the sections 
of the cone by planes parallel to its conjugate diametral plane 

For let i 9 v, w be a self-polar three-edge, it will meet a plane 
parallel to vw in the vertices U, T 00 , F of a self-polar triangle 
for the section U is thus the pole with regard to this section of 
yoo J^CQ ? t^t lgj O f the line at infinity in the plane of the section 
U is therefore the centre of the section 

Using the representation on a sphere, previously explained 
(Art 238), it follows that all the usual pole and polar properties 
of the conic hold also for the sphero-conic, the line joining the 
centre of the sphere to a point P being f for the cone 

corresponding to the sphero-conic, to the diametral plane through 
the polar great circle of P with respect to the sphero-conic The 
property of diameters bisecting conjugate chords, and also of the 
tangent at P being parallel to the diameter conjugate to that through 
P depend on the line at infinity and are not transferable to the 
sphere, where, indeed, there are no analogues to parallel lines 

The generators of a cone of the second order form a conical 
pencil Of the second order, and four rays of this pencil have a 
cross-ratio defined by the cross-ratio of the axial pencil formed 
by the planes through the rays and any given generator of 
the cone 

Such conical pencils have properties corresponding strictly to 
those of ranges of the second order on the conic In particular, 
two such homographic pencils on the same cone have a cross- 
plane, which meets the cone in the self-corresponding rays of the 
pencils 

The involution properties, so far as they do not involve the special 
elements, are also transferable to the star Thus, an involution 
of rays on a cone of the second order has an axis of involution, 
through which passes the plane containing any pair of mates, md 
an involution plane, containing meets of planes (pq, p q ) or (pq f , p q), 
where p 9 p , q, q , are any two pairs of mates 

Similarly the set of planes tangent to a cone ot the second oider 
have properties . , 1 .,0 - to those of the pencil of second order 
in the plane We may apply, to such a set oi tangent planes, 
the name of wrap of the second order 
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It would be tedious to multiply such examples , once the general 
principle has been grasped, no difficulty will be found in transferring 
to the star any property which does not depend upon the special 
elements 

EXAMPLES 

1 a, I are two fixed lines of a star, I is a variable line of the star sucli that 
the planes al, U meet a fixed plane of the star in lines p, q, which make a 
constant angle with one another Show that I describes a cone of the second 
order 

2 Find the envelope of a plane of a star which moves so that its traces 
on two fixed planes of the star subtend a fixed dihedral angle at a fixed line 
of the star 

3 Prove the analogue of Garnet s Theorem for the sphere, namely that, 
if the sides of a spherical triangle ABC meet a sphero conic at non anti* 
podal points P, P , Q, Q , M, R r , then 

sin BP sin BP sin CQ sm CQ mn.ARmn.ASf 
sin (7P sin OP smAQauiAQ sm BR sm BR = 1 

4 Investigate an analogue on the sphere and in the star of Newton s 
Theorem on parallel chords of a conic 

242 Outpolar and mpolar cones If a cone /q of the second 
order be circumscribed about a three-edge self-polar for another 
such cone AC, it contains an infinity of such three-edges, and is said 
to be outpolar to K Similarly if a cone AC be inscribed in a three- 
edge self-polar for K, it is inscribed in an infinity of such three-edges 
and is said to be mpolar to K 

If KI is outpolar to AC, then K is mpolar to /q 

If we take two three-edges self-polar for a cone K, there exist 
a cone KI, circumscribed about both three-edges, and therefore 
outpolar to K, and a cone Ac 2 , inscribed in both three-edges and 
therefore mpolar to AC KI is then trihedrally circumscribed to 
Ac 2 , and any number of three-edges can be described, each of which 
is inscribed in KI and circumscribed about /c 2 

Conversely, if KI is trihedrally circumscribed to K%, then a cone 
AC exists which is mpolar to KI and outpolar to Ac 2 

In a precisely similar manner we have sphero-comcs outpolar, 
mpolar and tri ingul uly encum&cribed to other sphero comes 

243 The circle at infinity and the spherical cone We now 

proceed to consider special curves and surfaces, which plav in 
three-dimension il space a part similar to that played by the circular 
points and linos m the plane, and which will enable us to obtain 
metrical results in the gc ometry of the star and sphere We 1m P 

( Art d.\ thp -nlanA it mfimtv wWTi TVP Trill 
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denote by T This plane cuts any sphere cr in an imaginary 
circle, which it will be convenient to denote by O 

Now consider any plane TT This meets cr in a circle c, which 
contains the circular points at infinity of TT, 7 and J Z 
and J therefore he on a and on T, that is, they he on O , O is 
therefore the locus of the circular points at infinity in all planes 
Conversely, if I 00 , J 00 are any two points of O, a plane TT through 
JOGJOG mee ts cr in a circle c and Z, J are the circular points in 
that plane, it follows, incidentally, that parallel planes have 
the same circular points at infinity 

It now appears that the circle O is a locus independent of the 
choice of the sphere cr, so that it is the common intersection of all 
spheres with the plane at infinity 

But, in any plane, every circle can be obtained as the intersection 
of the plane with some sphere , applying this to the plane at 
infinity, we see that O is the only circle in this plane It is there 
fore known as the circle at infinity 

If we ]oin any point to the points of the circle at infinity, we 
obtain a cone, which is termed the spherical cone through 
Every plane TT meets a spherical cone in a circle For take the 
line at infinity of TT It meets the cone on the circle at infinity 
The two circular points at infinity of TT are therefore on the section 
hence the latter must be a circle 

Such a cone, being a surface of the second order passing through 
the circle at infinity, is to be also considered as a sphere It is, 
in fact, a point-sphere and is the limiting case of a sphere of 
vamshmgly small radius precisely as a pair of circular lines form 
a point-circle Hence the name spherical cone 

Since the two circular points at infinity in any plane are con 
jugate imaginary, it follows that the conjugate imaginary point 
to any point of O is itself a point of O, so that O is its own 
conjugate imaginary locus 

The reader may ask why this does not make it a real circle, 
in the same way that a straight line which is its own conjugate 
imaginary can be shown to be always real The answer is that 
the circle at infinity is indeed determined by two real equations, 
namely that of any sphere and that of the plane at infinity 
But the locus determined by such real equations need not itself 
be real, unless the equations are both linear, which is the case for 
the straight line 

Similarly the spherical cone with a real vertex is its own con- 
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]ugate imaginary Here there is only one equation, which is real, 
being of tlie form x 2 +y 2 +z 2 =Q, but winch has no real non-zero 
solutions 

244 Rectangular directions are conjugate for the circle at 
infinity Let U, 7 be two points at infinity corresponding 
to perpendicular directions Let rr be any plane through D^F 00 , 
meeting the circle at infinity at I 00 , J Then I 00 , J are circular 
points of 77 Also, if P be any point of TT at a finite distance, 
PZ7, P7 are perpendicular, and therefore harmonically con 
jugate with respect to PI 00 , PJ 00 Hence 7, 7 are harmonically 
conjugate with respect to the points I 00 , J 00 at which the hne at 
infinity of TT, that is tf 00 ^ 00 , meets O Hence U, V*&gt; are 
conjugate points for O 

Conversely, if 7, 7 are conjugate points for O, let L X 7 
meet O at 7, J, then {U^I^V^J^} - -1 If TT be any plane 
through Z7 00 , 7, then I 00 and J are circular points of TT and, 
P having the same meaning as before, PZ7, P7 are harmonically 
conjugate with respect to the circular lines through P, and there 
fore perpendicular Thus ZJ 00 , 7 correspond to rectangular 
directions 

Transferring the above results from the plane at infinity to 
the star of vertex 0, we see that any two rectangular lines through 
are conjugate for the spherical cone through 0, and, conversely, 
that any two lines through conjugate for this spherical cone are 

It follows that any self-polar three-edge for the spherical 
cone IS trireetangular, which involves that its three faces are 
mutually perpendicular 

Since any two conjugate diametral planes can akavs be taken 
to form two faces of a self-polar three-edge, it follows that any 
two conjugate diametral planes of the spherical cone are perpen 
dicular 

Transferring back the last property from the star to the plane 
at infinity we see that any tavo lines at infinity, conjugate for the 
circle at infinity, lie in perpendicular planes 

Conversely, any rectangular three-edge is self-polar for the 
spherical cone through its vertex, and any two perpendicular 
planes through this vertex are conjugate for the spherical cone, 
and meet the plane at infinity in lines conjugate for C 

Since the circle at infinity lies on an} bphere, it is&gt; a particular 
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case of a sphero-conic, and as such, plays a fundamental part 
in tlie metrical geometry of the sphere It follows at once from 
the above that any two points of the sphere, conjugate for o, 
are separated by a quadrantal arc, that any two perpendicular 
great circles are conjugate for O, and that any tnrectangular 
spherical triangle is self-polar for O 9 the converse results being 
also true 

EXAMPLES 

1 Show that if one rectangular three edge can be inscribed in or cir 
cumscribed to a cone of the second order, an infinite number of such three 
edges can be so inscribed or circumscribed 

2 Show that on a sphere the points of contact of great circle arcs through 
P which touch the circle at infinity are the intersections of this circle with the 
equator of P 

3 Prove that the tangent planes through any straight line in space to the 
circle at rnfinity touch this circle at the circular points in the plane per 
pendicular to the given line 

4 If be any origin on a sphere, CX and GY two perpendicular great 
circles through C, M and N the feet of the great circle perpendiculars from 
any point P on CX, CY respectively, prove that the equation to any small 
circle, centre and angular radius CA is given by 

tan 2 CM 4- tan 2 CT=tan 2 CA 

Hence, or otherwise, prove that the equation to the circle at infinity, in 
these co ordinates, is 



5 Prove that, if two great circle arcs OA, OB on the sphere meet at an 
angle 6, and 01, OJ are the two tangents from to the circle at infinity then 



245 Principal axes and principal diametral planes of a cone 
of the second order Since two conies have in general one 
common self-polar triangle, by considering the two cones having 
the same vertex and standing on these comes as bases, we see that 
two cones with a common vertex have, m general, one common 
self-polar three-edge Taking one of the cones to be spherical we 
see that any cone of the second order has one rectangular self -polar 
three-edge The faces of this three-edge are then clearly planes of 
symmetry for the cone, since each bisects chords ot the cone 
perpendicular to itself, and any one of them cuts a section made by 
a plane parallel to another in an axis of this section 

A degenerate case arises when the given cone and the spherical 
cone have simple contact along a generator In this case the 
common self-polar three-edge is degenerate, two of its faces coin 
ciding with the common tangent plane, which is then to be regarded 
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as perpendicular to itself This case cannot, however, occur if 
the given cone of the second order is real, for, if it touches the 
spherical cone along an imaginary generator, it must also touch it 
along the conjugate imaginary generator, so that the cones have 
double contact 

But if two such cones have double contact, the comes in which 
they intersect any plane have also double contact, and have an 
infinity of common self-polar triangles with a common vertex 
The cones have therefore an infinity of common self-polar three- 
edges with a common edge 

We deduce that if a cone has double contact with the spherical 
cone having the same vertex, it has an infinity of rectangular self- 
polar three-edges with a common edge and therefore (because tri- 
rectangular) with their other edges all coplanar A plane per 
pendicular to this common edge will meet the given cone in a conic 
for which all pairs of conjugate diameters are perpendicular, that 
is, in a circle, through the centre of which the common edge in 
question passes The cone is then &lt; T fl ( ( Vr cone, the common 
edge of the self-polar trirectangular three-edges being the axis of 
the cone 

A eone of the second order which has double contact with 
the spherical cone is therefore right circular, and conversely a 
right circular cone has double contact with the spherical cone 

Similarly, a sphero-conic has, in general, three mutually conjugate 
quadrantal dyads 1? GI , C 2 , C 2 r , (7 3 , C 3 , which are the inter 
sections of three mutually conjugate perpendicular great circles 
These latter may be spoken of as the three axes of the sphero-conic, 
and their intersections as the three (dyad) centres If, through 
any centre C l5 a great circle arc be drawn, meeting the sphero-conic 
in two dyads (P, F) (Q, Q ) and the axis C^Cg, which is the polar 
of (/!, at J?, then C^, R are harmonically conjugate with regard 
to the dyads (P, P ) (Q, Q ) , but since C 1} R are separated by a 
quadrant, C l9 R bisect the angles between PP and QQ Thus 
the points of the sphero-conic fall into pairs symmetrically situated 
with respect to C\ The centres are thus points of symmetry 
Similarly, P, P , Q, Q fall into pairs symmetrical with respect to 
R Since R is on an axis G r 2 C y 3 , and the great circle C\R ib per 
pendicular to this axis, the sphero-conic is symmetrical with rehpecb 
to this (gi eat circle) axis 

If the sphero conic has double contact ^vith the circle at infinite 
it becomes a piir of antipodal circles If \ve take the centra 
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C\&gt; GI f ^ ese as one ^y^ cen fr e &gt; "kheir equator is an axis, but any 
two quadrantal points on this equator are possible centres, and 
any two perpendicular great circles through C l9 C{ are possible 
axes Thus the other centres and axes are indeterminate 

246 Foci of sphero-conic and focal lines of a cone Any 

sphero-conic s has four common great circle tangents with the 
circle O at infinity These form a complete spherical quadrilateral 
with six dyad vertices The twelve points of these are called the 
foci of the sphero-conic 

Clearly two great circles through a focus which are harmonically 
conjugate with regard to the common tangents through that focus 
are conjugate for both s and O? and therefore perpendicular 
The foci are therefore points such that great circles conjugate for 
s, and passing through a focus, are perpendicular 

The foci he in fours on the axes of the sphero-conic , for a 
pair of opposite dyad vertices he on a diagonal of the spherical 
quadrilateral above mentioned, that is, on a side of the common 
self-polar triangle of s and O&gt; and this is an axis of the sphero- 
conic 

The polars of the six focal dyads with respect to s are called the 
directrices of s 

Since we have seen that O is its own conjugate imaginary, and 
the same is true of s if s is real, the four common tangents x, x , 
y, y must be conjugate imaginary in pairs Let x, x be conjugate 
nttrijjn, as also y, y r Then there can be only two real focal 
dyads (S, S ) (H, H ) given by xx and yy r respectively Since 
these are opposite vertices of the spherical quadrilateral xx yy , 
they lie on an axis, which may be called the focal axis of the sphero- 
conic Of the other focal dyads, xy and x y are conjugate 
imaginary, so that the arc joining them is real , similarly xy 
and x y are conjugate imaginary, and the arc joining them is real 
The three axes and the centre dyads are thus always real The 
directrices are real only when the corresponding focal dyads are 
real 

Transferring these results to the star, we see that a cone of the 
second order has three real principal axes and three real principal 
diametral planes, on which lie in pairs six focal lines, but only 
one pair of these is real The focal lines are the edges of the four- 
face formed by the common tangent planes of the given cone and 
the spherical cone Each of them has the property that conjugate 
diametral planes through it are perpendicular 
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Since the tangent planes from the real focal lines to the spherical 
cone are clearly imaginary, no real tangent planes can be drawn 
to the given cone of the second order through the real focal lines, 
and these must therefore lie entirely inside the cone Hence the 
real foci of a sphero-conic lie in pairs inside the two antipodal ovals 
of which the curve consists 

Because a diagonal of a spherical quadrilateral is harmonically 
divided by the other two diagonals, the centre dyads (C l5 GI) 
(C 2 , C 2 ) m the focal axis of a sphero-conic are harmonically divided 
by the focal dyads (8, S ) (H, H ) and, being quadxantal, bisect 
the angles between these pairs Hence the focal dyads are sym 
metrical with respect to the centre dyads 

Similarly m the cone, two focal lines in a principal diametral 
plane are equally inclined to the axes in that plane 

247 Focal properties of the sphero-conic A number of focal 
properties of the conic are repeated in the sphero-conic 

If P be any point of the sphere, there are, in general, two arcs 
u, v through P which are conjugate for both O and the sphero- 
conic s, being the common mates of the involutions of coijug-ite 
great circles through P for O and s respectively They are thus 
&lt;on|Urn&lt; arcs at right angles Since they are conjugate for O 5 
s, they are also conjugate (by Art 211, transferred to the sphero- 
conic) for all sphero-comcs of the range defined by Q 3 s , in 
particular for the dyad-pair defined by two focal dyads (S, S ) 
(H, H ) on the same axis Accordingly PS, PH are harmonically 
divided by the perpendicular arcs u, v These latter are accordingly 
the bisectors of the angle SPH 

Further, if tangent arcs t^ t% be drawn from P to the sphero- 
conic, ti and 2 2 a l so are harmonically conjugate with respect to 
u and v and so the angle between Z l5 Z 2 is bisected by u and v 

The same is true of the pair of tangents from P to any 
sphero-conic of the range (O, s), all of which sphero-comcs are 
confocal 

In particular, if P be on the conic s, ^ and t% coincide with the 
tangent at P to s, so that u, v coincide with the tangent and normal 
We have thus the result that the tangent and normal bisect the 
angle between the focal distances 

Proceeding on these lines we can prove the properties of irt 218 
for confocal sphero-comcs 

Again, if the tangents t i9 1 2 from P to s touch s at T 1? T 2 , T^ 2 
is the polar arc of P If it meet the directrix corresponding to 



the focal dyad (S, S ) m the dyad (Y, Y ), then SP is the polar 
of the dyad (Y, T) and SY, SP are conjugate arcs for s and 
therefore perpendicular But if Z is the meet of the arcs Tfl^ 
and SP, TI and T 2 are harmonically conjugate with regard to Z 
and Y Hence SP } SY are the bisectors of the angles between 
STi, ST& so that two tangents subtend equal or supplementary 
angles at a focus It is easily shown that the angles are equal if 
TI, T% are taken on the same oval of the sphero-conic, and supple 
mentary if taken on different ovals , the two cases, however, corre 
spond here to the same tangents, and merely involve a selection 
between antipodal points 

EXAMPLES 

1 Show that if a pair of tangent planes through a diameter d of a cone 
of second order touch the cone along $, t and / be a focal line, the planes 
fa ft are equally inclined to fd 

2 If a tangent plane to a cone of the second order meet the tangent planes 
perpendicular to a principal diametral plane m lines x, y, the lines x 9 y subtend 
a right dihedral angle at a focal line situated m the given principal diametral 
plane 

State the corresponding theorem for the sphere conic 

3 Show that a plane perpendicular to a focal line cuts the cone in a conic, 
the focal line in question passing through a focus of this conic 

4 Prove that, on an axis of a sphere conic, any number of pairs of 
dyads (P, P ) (Q 9 Q ) can be found such that all conjugate great circles 
through (P, P ) and (Q 9 Q f ) respectively intersect at right angles and 
that these dyads form an involution, of which the focal dyads are double 
elements 

248 The locus and directrix property for the sphero-conic 

Let (Fig 76) be a focus of a sphero-conic s, ^ its directrix, i its 
equator, x any great circle passing through the intersections X, Y 
of ^ and z ? and which may conveniently be taken as passing 
through 

Then as pole, x as axis of perspective, and &, ^ / as a pair of 
corresponding great circles define a sphencal perspective Let 
s be the sphero-conic corresponding to s in this perspective Since 
^ is the polar of for s, and is self-corresponding, ^ f is the polar 
of for s , and, since the arc from to any point ot ^ / is a quadrant, 
^ is also the polar of for O Therefore and % are a eentre and 
axis of s respectively But, since conjugate arcs through for s 
(which are perpendicular) correspond to themselves, they are albo 
iji ^ \ f or s , hence all conjugate ares through for s are 
perpendicular This is the case where the axes oi s through are 
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indeterminate, so that s reduces to a pair of antipodal small 
circles centre 

Let the great circle orthogonal to ^, % (and which passes through 
0) meet ^ and ^ at I, I respectively Let P be any point of s 
Join the great circle IP, meeting x at Z, and join Zl f meeting the 
arc OP at P Note that in all these constructions each point 
may be either element of a dyad 

By the properties of spherical perspective P 7 is a point of s 
corresponding to P Let the arc OPP meet % at J and * at ] 
If now we project (sphencaUy) the range OPJ F from I upon 




the great circle Z/, we obtain the range IPK Z, if IT is the point 
where the circle ZI meets ^ We have then 

{OPJ P }={IPK Z} 

Next project IPK Z from X back upon the great circle OP, we 
obtain the range JPJ O, so that 

{IPR Z}={JPJ 0} 
Combining these two results 

{OPJ P }={JPJ 0} 
Writing out the cross-ratios, this gives 

sin OP sin J P _ sin JP sin J O 
sin OP sin J P = sin JO sm J P 
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Cancelling out the common factor sin J P in the denominators, and 
remembering that J O is a quadrant and that OP and P J are 
complementary arcs, so that sin P J =cos OP , we have 

sin OP smJP 

tan OP = sin JO 

If now the arc PM is drawn perpendicular to the directrix * of s, 
meeting * at M, PJM and OJI are two right-angled spherical 
triangles, having a common angle at / By a well-known result 

sin JP sin PM 

sin JO sin 01 

sin OP srnPM 
Hence toOP = ^TO/ 

sin OP tan OP 
or ~ sin 01 



Since t&gt; is a pair of antipodal circles centre 0, OP is a constant 
are Also 01 is clearly independent of the choice of P Hence, 
in the last written equation, the right hand side is a constant, 
which we can denote by e, and which may be called the eccentricity 
of the sphero-conic 
We have thus 



or the sines of the distances from the focus and directrix respectively 
are to one another in the constant ratio of the eccentricity 

It is to be noticed, however, that the numerical value of the 
eccentricity is not necessarily, as in the plane, an indication of the 
shape of the curve Thus, if the sphero-conic is a small circle 
0, the directrix is the equator of 0, so that the arcs OP, PM make 
up a quadrant, and sin PM = cos OP, so that 

e =tan (angular radius of circle) 

The eccentricity of a circle is thus not zero on the sphere, unless 
the angular radius of the circle tends to zero 

EXAMPLE 

If 8 is a focus of a sphero conic, X the point where the focal axis meets 
the directrix corresponding to X C a centre on the focal axis, A a vertex of 
the curve lying between 8 and X, prove that 

tan OA cos CS= e sin CX 
cot CA sin CS=e cos CX 
and hence that 

cos 2 CS am 8 OS 
coa CJ. 
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249 The sum and difference of the focal distances To 

prove that, if P be any point of a sphero-conic, 8, H two non-anti 
podal foci, then the sum or difference of the arcs SP, HP is constant 

Suppose, to begin with, that S and H are foci lying witbn the 
same oval of the sphero-conic (Fig 77) 

Let TP, TQ be two tangent great circles to the sphero-conic 
from T, the points of contact P and Q being taken on the oval 
belonging to S, H Then the angle STP is equal to the angle HTQ, 




FIG 77 

since, by Art 247, the perpendicular con]ugates through I bisect 
both angles STH, PTQ 

Let F, G be the points symmetrical to S, H with regard to TP 9 
TQ respectively Then the angles FTP, PTS, HTQ, QTG are 
all equal, and the angle FTS = angle HTG 

Adding angle STH we have angle FTH = angle STG, arc FT = arc 



The spherical triangles FTH, STG are congruent and arc 

= tmSG 
Now if the tangent great circle PT move round the cun e, TQ 
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remaining fixed, G remains fixed and SG remains fixed, arc 
IE a constant length 

Joining PF, PS, PH, angle FPR-SPR by symmetry, and 
SPR^TPH (Art 247) Hence angle FPR=TPH or ^Pff is a 
great circle Thus SP+PH=FP+PH =*FH = constant 

If we take two foci $ , # not inside the same oval, then SP =senu- 
cucumf erence - S P Thus PH - S P = constant 

We notice therefore that, from the point of view of focal distances, 
antipodal ovals of a sphero-conic behave as opposite branches of a 
hyperbola 

250 Cyclic planes of a cone and cyclic arcs of a sphero-conic 
A sphero-conic s determines with the circle O at infinity four 
common dyads (A l9 Atf (A 2 , A 2 ) (B l9 Bfl (B 2) J3 2 ), which if 
s is real fall into conjugate imaginary pairs (Ai, AI), (A 2 , A 2 ) 
and (Bi, BI), (B 2 , B 2 ) The six great circles which join pairs 
of these four dyads, and which form the sides of the complete 
qiiexlraiigc determined by s and O are termed cyclic lines or 
arcs of the sphero-conic 

Clearly the intersections of opposite cyclic lines are dyad vertices 
of the common self-polar triangle of s and O&gt; that is, each pair of 
opposite cyclic lines pass through a centre-dyad of the sphero- 
conic 

Of the six cyclic lines, only two are real, namely those which 
join the conjugate imaginary pairs, that is, the great circles 
AiA%AiA% and B l B 2 B l f B 2 / The others are conjugate imaginary 
in pairs 

Any two dyads which are conjugate for both s and O, that is, 
any two quadrantal conjugate dyads of s, are conjugate for the 
great circle pairs formed by opposite cyclic arcs 

Obviously two such quadrantal dyads are any two non-anti 
podal centres, Cj, C 2 , say These must be conjugate for the 
great circle pair passing through 3 Hence Ct i9 C 3 C 2 are 
harmonic with regard to the cyclic lines through C^ Since C^C^ 
C 3 C 2 are rectangular, the cyclic lines are equally inclined to them 

Since the cyclic lines all meet the sphero-conic in imaginary 
points, it is clear that the real cyclic lines do not pass through the 
dyad centres (C l9 Cj ) interior to the ovals 

The reader will have no difficulty in proving that, in the case 
where the sphero-conic s is a small circle, that is, has double contact 
\\ith O, iour of the cyclic arcs coincide with the equator ol the 
centre of s, which is real if s is real, and the remaining two are the 
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common tangent great circles of O and s, Tvhich are conjugate 
imaginary if s is real 

Considering similarly the six faces of the common four-edge 
of a cone of the second order and the spherical cone, we see that 
a cone of the second order has six cyclic planes, which pass in pairs 
through each of the thiee axes, each pair being equally inclined 
to the principal diametral planes through that axis Only one 
such pair is real 

Since a cyclic plane contains two circular points at infinity on 
the given cone, a plane TT parallel to a cyclic plane contains the 
same two circular points, which therefore he on the section of the 
cone by TT , this section is accordingly a circle Thus the cyclic 
planes are planes parallel to the planes of circular section 

Let a be any plane through the vertex of the cone, meeting 
the cone in two generators a, 6, and a pair of cyclic planes in rays 
#, y There are two rays u, v in oc which are conjugate for the 
pencil of cones through the intersections of the given cone and the 
spherical cone Hence they are _ and harmonically 

conjugate with respect to a, b But they are likewise conjugate 
for the plane-pan formed by the two given cyclic planes, since 
these are a cone of the pencil Therefore u, i are harmonically 
conjugate with respect to x, y, as "well as with respect to a, b 
Being rectangular they bisect the angles between x, y, and also 
between a, b Hence the angles between a and x are equal to the 
angles between b and y 

Projecting this result upon the sphere, if a great circle meet the 
sphero-conic at A, B and a pair of opposite cyclic arcs at A I , the 
arcs AX, BY are either equal or supplementary It \v ill be noticed 
that this result is analogous to a property of the asymptotes of a 
hyperbola (Art 67) so that the cyclic lines correspond, but only 
in this limited sense, to the asymptotes 

EXAMPLES XI\ 

1 Discuss the natuie of the homograph on the sphere in ijhich the , elf 
corresponding tningle * trircctangular and the rnteifcection* ot a 2ica or e 
through one of its vertices Auth the circle at infinity are cuiiespondmg 

PO Show how to constiuct in this case, the great cucle con^pundm e to am 
given gieat circle and the dyad corresponding to anv given cUau 

Prove also that a second pair of conjugate imagman point, un tht ur.k 
at infinity correspond 

2 Sho* that piopeities oi a spherical faguie nia } be reuprucaud In making 
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a great circle correspond to its spherical poles and conversely Either figure 
may then be called the spherical polar figure of the other 

Prove that the spherical polar of a sphere conic is a sphero conic, the 
cyclic lines of the one reciprocating into the foci of the other 

Show that this corresponds to polar reciprocation with regard to the 
circle at infinity 

3 Through two fixed points of a sphere great circle arcs are drawn which 
intersect at right angles Prove that their intersection lies on a sphero 
conic passing through the two fixed points 

4 If a principal diametral plane of a cone of the second order meet the 
cone in a, of and $ be any generator of the cone, the planes pa, pa meet 
either cyclic plane through the axis perpendicular to the given principal 
plane in two lines at right angles 

5 If one side of a spherical triangle move so that the area of the triangle 
remains constant, it envelops a sphero conic of which the other two sides 
(which remain fixed) are the cyclic lines 

[Deduce from Art 249 by the method of Ex 2 ] 

6 Prove that any sphere which passes through a section of a cone of the 
second order made by a plane parallel to one cyclic plane meets the cone 
again in a plane section parallel to the opposite cyclic plane 

7 Through any ray of a star through two cones of a confocal system 
having for vertex can be described and these are orthogonal 

8 Prove that a quadrantal arc whose extremities move on a sphero conic 
envelops another sphero conic, coaxial with the first one 

[For this arc touches the harmonic envelope of the sphero conic and Q ] 

9 Prove that the intersection of two perpendicular tangents to a sphero 
conic is a sphero come coaxial with the given one 

[Reciprocate on the sphere the result of Ex 8 with respect to the circle 
at infinity ] 

10 (?! is the internal centre, C 2 and &lt;7 3 the two external centres of a 
sphero conic , CjC^ 0-f)^ meet the curve at non antipodal points A lt A 2 , 
B lt B 2 respectively P is a point on the curve, and the arcs (7 3 P, C 2 P meet 
CiC CiPi respectively at M , N 

Prove the following formulae 

sin 2 CjM tan 2 PJf tan 2 PN sin 2 O^ 

sin 2 C^A! + tan 2 0& " l &gt; tan 2 C^ + sm 2 C& = * 

tan 2 CjM tan 8 C^N w& PN sm 2 PJf 

tan 2 C^i + tan 2 C& ~ l &gt; sm^C^ + sm 2 C^ = l 

[Apply Carnot s Theorem to the triangles C^G^M, O^C^N ] 

11 If C is the internal centre of a sphero conic, S a focus internal to the 
oval belonging to 0, C 4 and CB the semi axes of this oval, CA being the focal 
semi axis, prove the following results 

sin" CS sec 2 CA = tan CA - tan 2 CB 

e 2 =sec 2 CB- tan 2 CB cot 2 CA 

Hence piove that CA is always greater than CB, and that the cccentncity 
corresponding to the real foci is always real 



THE CONE ASsD SPHERE 317 

12 Prove that the real cj chc arcs pass through the external centre on the 
focal axis, and meet this axis at an angle a given b\ 



13 Prove that in the notation of Ex 12 

oc= angle CSB, 
where S is a real focus 

14 If two non coplanar comes touch one another a cone of the second 
order passes through both of them 

[Use Arts 9,43] 

15 Prove that two cones of the second order \vhich touch one another 
along the hue joining their two vertices intersect in a conic 



CHAPTEE XV 
PEOJECTIVE METHODS IN THEEE DIMENSIONS 

251 Order, class, degree The order of a surface is the 
number of points in which it is met by any straight line not lying 
in it 

The class of a surface is the number of tangent planes which 
may be drawn to it through any straight line not lying in it 

The degree of a skew or twisted curve (that is, a curve which 
does not he m a plane) is the number of points in which it is met by 
any plane 

Note that this definition of degree coincides with the one 
previously adopted for a plane curve, for the intersections of the 
latter with any straight line in its plane may also be looked upon as 
intersections with another plane through this straight line 

Note also that a plane section of a surface of the wth order is a 
curve of the nth degree 

The following result will be assumed three surfaces of order 
m, n, p intersect in mnp points, real or imaginary This is evident 
from analytical considerations if we remember that the equation 
to a surface of order n is of the nth degree in the co-ordinates 

EXAMPLE 

Show that no non degenerate twisted curve can be of degree loss than three 
so that a curve of the second degree in space is necessarily a conic, unless it 
breaks up into two skew lines 

252 Ultimate intersections and joins Precisely as the 
intersection of two near tangents a, t to a plane curve coincides m 
the limit with the point of contact of a, when t coincides with a, 
so the intersection of a plane TT, which varies m a specified manner, 
\\ith a fixed plane a, when TT ultimately coincides with a, coincides 
in general in the limit with a definite line I of oc, which depends on 
the law of variation of TT, assumed here to depend on a single 
parameter This line I will be spoken of as the ultimate inter 
section of TT and oc, which may be expressed shortly by the notation 

7T&-+1 
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Again, if a variable point P approaches a line a in a specified 
manner, and ultimately coincides with a point A of a, the plan aP 
will in general approach a limiting position a, which will be spoken 
of as the ultimate join of P and a, with the notation Pa-+x 
In like manner a variable line x will determine an ultimate join 
with a point A 



- 

Similarly, a variable line x, not itself lying in a plane TT, which 
approaches in a specified manner the planer and ultimately coincides 
with a line I lying in TT, determines on TT a point P, whose limiting 
position .4, which necessarily lies on I, will be the ultimate intersection 

X7T-+A 

In general, however, if a different plane if be taken through /, 
then the ultimate intersection xn -^A leads to a point A of /, 
different from A There is no definite ultimate intersection of 
x and I, which must then be regarded as coinciding without inter 

secting 

But if, whatever the choice of the plane TT through Z, the ultimate 
intersection XTT-+A is always the same, x and Z will be said to 
intersect ultimately, and A will be their ultimate intersection 

In like manner, if P be any point of Z, the plane Px will, in general, 
approach a limit a, which contains Z If this limit a is independent 
of the choice of P on Z, the two lines I, x will be said to be ultimately 
eoplanar, and the plane a is their ultimate join 

We will now prove that if a variable line x ultimately intersect* 
a line Z, then it is ultimately coplanar with 1 

Take any sphere centre 0, of unit radius , draw from a radius J 

parallel to a given direction Then the point m which this radius 1 

meets the sphere gives a convenient representation of that direction ^ 

directions which are parallel to a plane are represented by points 
lying on a great circle, which also represents the plane 

Assign on Z, x positive directions which ultimately coincide , 
thib is done to a\oid the ambiguity which would result from tuning 
a given line represented by a d} ad 

For clearness \ve \M!! denote, on this occasion only repre*entan\ e 
points and great circles on the sphere (Fig 78) b\ the later* whuh 
denote the corresponding lints and phnts m space 

An arbitrary plane jt is taken through / meeting i rt U + 
the ultimate intersection oi i ind I P im othci point on / 4 M=a, 
PM~p Then, as JL \anes, p ultimatth coincide \\ith J V- ign 
on p the direction uhich ultimately coincide \\ith that ot I La 
A be the plane through I *hich is par ilkl to both * and I thi, * 
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represented by the arc xl on the sphere A is clearly independent 
of the choice of both p, and P, and it will, in general, approach 
some limiting plane j8 through I Let TT, oc be the planes Px, Ax, 
shown by the arcs px, ax in Fig 78 These are independent of 
the choice of /*, and a is independent of the choice of both ju, 
andP 

Clearly a, p, I he in ju, Further, A is the limit of M, whatever 
jit may be since P remains constant as x vanes, AM/MP 
approaches zero in the limit, or, from the plane triangle AMP, 
sin p Z/sin al approaches zero 

But, since in the spherical triangles Ipx, lax the sines of the sides 

are proportional to the sines 
of the opposite angles 
sin pi sm ATT 
sin xl sin fjLiT 
sm al sin Aoc 
sin xl sin /zoc 
Hence, by division 
sm ATT sm JLGOC 
sin Aoc sin \vn 
approaches zero 

Now a approaches the 
limit of the plane Ax , this 
is, in general, a definite 
plane y through Z Thus 
the angle /za approaches \iy and sin ^ approaches sin py, which 
does not vanish if p (which is arbitrary) is taken distinct from y 
And since sin Aoc, sm JU,TT are always less than unity, sin /za/(sm Aa 
sin INT) cannot approach zero, hence sin ATT must approach zero 
Thus the plane TT approaches parallelism with A, and therefore with /? 
Moreover the limit of TT must contain Z, and so is the actual plane /? 
Hence Px tends to the limit j8 independently of the choice of P 

Since P may be taken as close as we please to A, considerations 
of continuity indicate that the limit of Ax must also, in general, 
be /?, so that /J and y are the same If this is not the case, the 
intersection A will be regarded as singular, and a specnl JM \ &lt; M u u ion 
is necessary * 

* It \^ ill be noticed that no use has been made, m the above proof, oi the 
datum that the limit of xy is ^4 Thus m the definition of ultimate intersection 
of x I, one plane y might be exceptional This would correspond to the 
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Reciprocating the abo\ e theorem we see that ultimately coplanar 
lines are also ultimately intersecting 

If a pomt P approaches a point A along a definite path p ^ hich 
passes through A, then the ultimate join AP is the tangent to p 
at A If a second point Q also approaches A along a path y, then 
the ultimate join AQ is the tangent to q at A The plane APQ 
will then approach a limiting position, namely the plane determined 
by the tangents to p and q at A This is the ultimate join of the 
three points APQ It may happen that the paths p and q coincide , 
in this case we may first make P coincide with A , the ultimate 
join then contains the tangent t at A to p and a nei jrFxMin itr 
point Q, and the ultimate join Qt is the ultimate join of the three 
coincident points 

253 Curves and developables If P is a gnen pomt on a 
twisted curve s, Q a variable point, then the ultimate join PQ, 
when Q coincides with P, is the tangent p to the cun e at P If -K 
be any other point of the curve, then the ultimate join PQR-+K, 
or pR-+7T, when Q and R coincide with P, is termed the osculating 
plane to the curve at P, and may be described as the plane through 
three coincident points of the curve at P 

Lines through P perpendicular to the tangent at P are termed 
normals to the curve , of these, the one which lies in the osculating 
plane is called the principal normal, and the one at right angles 
to the osculating plane the binormal The plane through P per 
pendicular to the tangent is the normal plane at P The plane 
conuinmg the tangent and bmormal is the rectifying plane at P &lt; 

If we apply to such a twisted curve s the principle of duality in | 
space (Art 135), we obtain the envelope a of a plane T depending I 
on a single variable parameter This en\ elope is termed a 
developable The ultimate intersection of V with a 
tangent plane which tends to coincide with - is a line p of IT 
which is the line of contact of T with its en\ elope and so i&lt;* a 
generator of a Also -n- is clearlv the tangent plane to a at e\ erv 
point T of p If no\\ q is a i jlioo I -m generator, then, as 
q approaches j/ 9 the lints joining T f to the points of q become 
tangents to a m the limit xnd lie in the tintnnt phnc - u T 
so that IT is tlu limiting position of the phut f y 

case \ihere 4 m tin difmition of ultinntc jcm i- ui * \n-ptiuntl point 
If the definitions aie modified in thib sense the pi oof c nen in the text is 
made general It is better hon e^ er not to do thh and to regard the ultimate 
intersection (or ultimate join) as of singular Upc in the exceptional ca^ 
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Hence, by Art 252, since TT is independent of the choice of T 
on p , the generators p 9 q f ultimately intersect If there ultimate 
intersection is P , then P is (again by Art 252) the ultimate 
intersection of q with TT , and, since q is itself the ultimate inter 
section of tangent planes K, p , therefore P is the ultimate inter 
section of three coincident tangent planes TT\ K , p this follows by 
reciprocating the statements in Art 252 concerning the ultimate 
]oin of three coincident points The locus s of P f is termed the 
cuspidal edge of the developable a 

Eeturmng now to the original curve s } where P corresponds 
to T/, let Q, R correspond to K, p respectively Thus P corresponds 
to the ultimate pin of three coincident points P, Q, R on s 9 that is, 
to the osculating plane TT of s at P The tangent p at P to s corre 
sponds to the generator p of the developable, and a neighbouring 
tangent q corresponds to the neighbouring generator q Since 
p 9 q ultimately intersect, so do p and q, and we get the result that 
tangents to a twisted curve determine an ultimate intersection 
and an ultimate join 

Now the ultimate ]oin of p , q has been shown to be TT and their 
ultimate intersection P It follows that the ultimate intersection 
of p, q is the point of contact P of p } and their ultimate ]om is the 
osculating plane TT at P 

But further, it is now clear that we may look upon a twisted curve 
$ as being generated by the ultimate intersections of its system of 
tangents p The correlative twisted curve s f is therefore generated 
by the set of corresponding lines p as tangents Thus the tangent 
at P to the cuspidal edge of the developable c/ is the generator p 
of the developable 

Now p is the ultimate join of two points P of the cuspidal edge 
in question, which approach coincidence Hence p is the ultimate 
intersection of two osculating planes TT of s, which approach com- 
cidence Accordingly two neighbouring osculating planes at P 
ultimately intersect m the tangent at P 

Moreover the planes TT themselves envelop a developable, which is 
termed the osculating developable o- of the curve s The re is a 
complete reciprocity between the two systems, n,nd the curve s is 
the cuspidal edge of its osculating developable 

The meaning of the term developable applied to such i type of 
surface may be illustrated as follows, but the argument is not to be 
taken as rigorous 

A succession of planes TTJ, 7r 2 , 7r 3 , etc , selected in order, according 
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to a law of variation involving a single parameter, determine a 
succession of intersections KITT^ ~9iz&gt; 7r * 77 3~9 e &gt;3&gt; e tc Successive 
lines such, as ^12? #23 Eft^ct &t a point ^i^^s^-^iss* an&lt; ^ so n 
Tlie set of lines g are edges or creases of a polyhedral surface , this 
surface may be unfolded about the successrv e lines g and so spread 
out or " developed " upon a plane, the ske^ polygon formed by the 
g s becoming a plane polygon 

If now the number of planes w is indefinitely increased, successn e 
planes being taken closer and closer together, ^e approach, m 
the limit, a continuous distribution, the g s tending to ultimate 
intersections, the points P to points of the cuspidal edge, which then 
becomes the limit of the skew polygon, and the polyhedral surface 
to a developable, which can still be unfolded into a plane 

The class of a developable is defined to be the number of 
tangent planes to the developable passing through a general point 
of space 

The class of a twisted curve is the number of osculating planes 
wluch pass through a general point It is clearly identical with the 
class of its osculating developable It should be noted that the 
order of a developable (the number of points in which it is met by 
any straight line) is necessarily equal to the number of its generators 
which intersect any straight line If we define the order of a t\\ ibted 
curve as the number of tangents which meet any straight line, 
the order of a developable will be the same as the order of its 
cuspidal edge, though different, in general, from the degree of 
the latter 

The normal planes to a twisted curve s form a set of planes 
depending a single parameter (which might be the arc of the curve) 
These planes therefore envelop a developable, which is termed 
the polar developable of s The intersection of the normal 
planes at P and Q is at right angles to the tangents jJ,qztP and Q 
Proceeding to the limit, since p, q are ultimately coplanar, the 
ultimate intersection of the normal planes ^hen Q approaches P 
is perpendicular to the ultimate join of p, q, that is, to the osculating 
plane at P Any generator of the polar de^elop-lble is therefore 
parallel to the bmormal at the corresponding point ot tht cune 

Similarly the rectifying planes at points ot a cum undop a 
developable, termed the rectifying developable Ihe generator* 
of the rectifying de\elopable ire the ultimate interaction^ of the 
rectifying planes , the generator corresponding to a point P of the 
curve is said to be the rectifying line at P 
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254 Radii of curvature and torsion , osculating cone 

The limiting position of the circle through three neighbouring points 
P, Q, R of a curve s, when Q and R coincide with P, clearly lies in 
the osculating plane at P This circle, its centre C and its radius 
p are termed the circle, centre and radius of curvature of s 
atP 

If we make R first coincide with P, it follows that the circle of 
curvature is the limit of the circle which touches s at P and passes 
through Q, and therefore C lies on the normal plane at P But, if 
we make R first coincide with Q, the circle of curvature is the 
limit of the circle which touches s at Q and passes through P 
The centre of this last circle lies on the normal plane at Q Hence 
the centre of curvature 0, which lies on the normal plane at P, 
is the limit of a point on the normal plane at Q It must therefore 
lie on the ultimate intersection of the normal planes at P and Q 
and so is the intersection of the osculating plane at P with the 
corresponding generator of the polar developable 

If, in like manner, p, v, TT are three osculating planes of s, four 
right circular cones can be described, with \wn as vertex, to touch 
them , if /z,, v are made to coincide with TT, the ultimate intersection 
\jLVTt becomes P, where P is the point of s at which TT is the osculating 
plane Also, when //,, v coincide with 77, three of the above right 
circular cones shrink into line-cones along the tangent at P, but 
one remains a proper cone of finite vertical angle This will be 
termed the osculating cone at P to either the curve s or its osculat 
ing developable , it is easily seen to touch the osculating plane 
along the tangent at P 

The same kind of argument which has been employed above to 
show that the centre of curvature lay on the ultimate intersection 
of two neighbouring normal planes which tend to coincide will 
show that the axis of the osculating cone is the ultimate inter 
section of rectifying planes which tend to coincide 
This axis is therefore what has been called the rectifying line in 
Art 253 Thus the rectifying line at P passes through P 

If TI is the angle between the binormals at P and Q, or, what is 
the same thing, between the osculating planes at P and Q, the limit 
of the ratio (arc PQ)/^ when Q tends to coincide with P is termed 
the radius Of torsion of s at P, and is denoted by a 

The sphere which has four-point contact with s at P is the 
osculating sphere at P, and its radius is the radius of spherical 
curvature, which we will denote by R This sphere is the limit of 
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the sphere through P and three other points Q, S, T of the curve s, 
when Q, S, T coincide with P It is also the Imnt of the sphere 
which touches s at P and Q and therefore has its centre K on the 
generator of the polar developable corresponding to P We may, 
however, go further than this For by making T coincide first with 
P, or with Q, or with S, we find that K is the centre of & sphere 
which is the limit of all three spheres which pass through P, Q, S 
and touch s at one of these points Thus the normal planes at 
each of P, Q 9 S pass through K in the limit, so that K is the ultimate 
intersection of three coincident tangent planes of the polar develop 
able and so is the point ^ to P on the cuspidal edge of 
this developable 

Since the centre of curvature (7, as well as Z, lies on the generator 
of the polar developable, which is perpendicular to the plane of the 
circle of curvature, a circle with as centre and passing through 
P will he entirely on the sphere centre K passing through P 
Hence the circle of curvature is a small circle on the osculating 
sphere, whose spherical centre is the dyad determined by the 
diameter parallel to the binormal at P 

255 The spherical indicatnx . relations between radii of 
curvature and torsion If through any point half-ravs OT, 
ON, OB are drawn parallel to the tangent, principal normal and 
binormal at a point P of s, in senses defined, in the case of the 
tangent by a prescribed sense of description of the curve, in that of 
the principal normal by the sense from P towards the centre of 
curvature, and in that of the binormal by a nghr-handed rotation 
of ON through a right angle about OT, these half-rays meet a 
given sphere of centre and arbitrary radius at points J, X, B 
(Fig 79) The successive positions of the t-nict "gihr spherical 
triangle TNB on the sphere, as P moves along the cur\ e s, constitute 
the spherical mdicatrix of s 

Let now T N B be a near position of TXB, corresponding to a 
point P on the curve near to P The arcs TA , J\ B, BT represent, 
on the indicate, the osculating, normal and rectifying planes at P 
If these arcs meet the corresponding arcs T A , JVS BT at 
Z, Y, Z respectively, then, since the ultimate intersection* of 
the corresponding planes are the tangent at P, a line parallel to 
the binormal at P, and the axis of the osculating cone at P, the 
points X, Y, Z approach T, B, A in the limit, where A represent, on 
the mdicatrix the axis of the osculating cone Also, the angle* at 
X and Y being very small, the arcs IT BB (not shown in Fie 79) 
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diverge very little from the arcs T X, XT and BY, YB , and so 
are approximately at right angles to both BT and B T Thus, if 
is the angle at Z, by a well-known result in spherical geometry, 
we have, to a first approximation 



and arc BB =&lt; sin ZB ~&lt;j&gt; cos ZT 

arc TT 

By division - ^^ =tan ZT 

J arc BB 

But if 6 be the angle between the tangents at P, P r (which, are here 




79 



not the points shown in Fig 79) and 7? the angle between the 

binormals 

arc TT _ _ /arc PP\ /Arc PP \ 
arc BB " , ~ \~j~ ) / \T~ ) 
arc PP \ //arc PP^ 



Thus 

i 
and, proceeding to the limit 

where 2&lt;y is the vertical angle of the oscul iting cone This is a 
\\ell kno\\n formula connecting a and p 
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Consider now a curve s which lies on a sphere , then this sphere 
is the osculating sphere at every point of the eur\e, and may be 
taken as indicating sphere , P, P r are now points on the sphere 
itself and they are the points shown in Fig 79 Since the normal 
plane at P passes through the centre of the oscuhtmg sphere P 
lies on the arc BN (Fig 79) and similarly P lies on the arc B A 
Also B and B f are the spherical centres of the circles of curvature at 
P, P r And since the circle of curvature at P is the limit of the 
small circle touching the curve at P and passing through P , 
jBP=jBP to the first order of approximation 

With the convention adopted, P, P are on opposite sides of B, B r 
to N, N respectively Thus the difference between the angular 
radii JBP, B P of the cjicles of curvature is to the first order equal 
to BB The actual radii are given by 

p =5 sin BP (2) 



so that, to the same order of approximation, 
p -p = - R cos BP arc BB 

= Hy cos BP 
Dividing by arc PP 

p P By _ _ 

H H COS BP 



arc PP " arc PP 
and in the limit 



or *^--Rc&lt;*BP (3) 

Squaring and adding (2) and (3) we obtain 



for any curve lying on a sphere 

If now two curves 1m e three-point contict at a point P, they 
have the same oscuhtmg phne ind circle of cunature at P If 
they ha\ e four-point contact at P, the\ hi\ e ako the bame osculating 

sphere at P 

But further a cur\e I \\lnch has four-point contict \\ith * it I 
is the limit of a cunt A pissing thiough P iml tluough thrtt 
neighbouring points Q, S, T on 5 Making the tliut 1 itter p-int, 



328 PROJECTIVE GEOMETEY 

coincide at Q, the curve Jc has the same osculating plane and circle 
of curvature at Q as the curve s In the limit Jc has the same 
/ ^i ji plane and circle of curvature as s, to the first order 
approximation, at points in the immediate neighbourhood of P, 
as well as at P itself Thus k has also (i) the same radius of 

dp 
torsion, (n) the same j-, as s 

CuS 

By taking the curve Jc to he on the osculating sphere of $ at P, 
the formula (4) holds for 11 it But since every quantity occurring 
in the formula is the same for Jc and s, the formula also holds for s, 
and therefore for any curve whatever Formula (4) then gives a 
second fundamental relation between R, p, a 

It is sometimes stated * that there is no actual circle connected 
with the curve, whose radius is equal to the radius of torsion 
This, however, is not the case , for formula (1) shows that if with 
P as centre a sphere is described to pass through the centre of 
curvature C and to meet the axis of the osculating cone at U 9 
the tangent plane at U to the sphere ]ust mentioned meets the 
osculating cone in a circle, whose radius is the radius of torsion 

256 Quadncs A quadric is a surface of the second order 
Every plane section of a quadric is a conic There are three main 
types of quadrics, to the nature of their intersections 
with the plane at infinity The quadrics of the first type do not 
meet this plane in real points , they lie entirely at a finite distance 
and every plane section of them is an ellipse , they are called 
ellipsoids The quadrics of the second type meet the plane at 
infinity in real comes but do not touch it, and are called hyper- 
boloids The quadrics of the third type, -\\hich touch the plane at 
infinity, are called paraboloids Subclasses of these exist, which 
will be described more fully in Art 257 

Notice that the sphere is a special case of the ellipsoid and 
the (real) cone of the second order a special case of the hyperboloid 

A quadric being a surface, we shall denote it by a Greek letter, 
eg ifj The equation of a surface of second order contains ten 
coefficients, the nine ratios of which determine the equation A 
quadric is therefore, in general, determined by nine points 

257 Generators and tangent planes of a quadric Consider 
a point P on a quadric ift Let TT be the tangent plane to at 

* See Salmon, Geometry of Three Dimensions, 4th ed p 335 
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P Then TT meets ^ in a conic s But since every line through P 
in TT is tangent to ^, it is also tangent to s, which must accordingly 
reduce to a Line-pair p, q Thus through any point P of the quadric 
there pass two lines p, q which lie entirely in it These lines p, q 
are termed generators of the quadric 

Let P be a given point of *ft , p^, g the two generators through 
P If PX be any other point on the generator p Q) then p Q is one 
of the two generators through PI The second generator is a line 
q l Also qi cannot intersect y , for then y , j , qi would be the sides 
of a plane triangle and we should have a quadric intersecting a plane 
in a triangle, which is impossible 

Hence all the generators ft, which intersect p Q , do not intersect 
one another 

Similarly all the generators pi, which intersect y , do not intersect 
one another 

The two generators through any point Q of the quadnc belong 
one to the system p and the other to the system q This is clear 
from what has just been proved if Q lies on p^ or q Q If Q do 
not he on p Q or q Q , ^he plane p Q Q meets the quadric in a conic, 
which consists partly of p Q and so must be a line pair The other 
line of the pair, on which Q must he, is coplanar with p Q , and there 
fore meets p at a point R Thus Q lies on the generator of the 
system q through E Similarly Q lies on one generator of the 

system p 

It f oUows that each of the two sets of generators p, q contains 

all the points of the quadric 

Further, every generator p meets every generator q For let p i9 ft 
be the two generators through any point P! of the quadric, and q 2 
any other generator of the system q As abo\e, the plane Ptf 2 
meets the quadric in a line-pair, of which q* is one member The 
other is a generator which must meet q 2 and also pass through P l 
and therefore is one of the generators through P l Since ft, &gt; 
cannot meet, it must be p l Thus q 2 must meet any generator Pl of 
the system p 

If one generator, say p, of a real quadric ib real, then the second 
generators q at the real points of p are necessarily real, and the 
generators p through the real points of a real generator q are likewise 
real Examination of the arguments gnen previously show* that 
the generators p and q through any real point of the quadnc are 

then real 

It follows that, if the two generators through am real point 
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ot the quadric are imaginary, the quadric can have no real generators 
On the other hand a quadric with real generators has any number 
of imaginary generators, but these pass through imaginary points 
of the quadric 

If a quadric has real generators, the points at infinity on these 
generators are real points of the quadric Such a quadnc cannot 
then be an ellipsoid On the other hand a quadric may have 
real points at infinity and not have real generators If the quadric 
be a hyperboloid and the tangent planes through the points at 
infinity meet the quadric in real lines, the quadric has real generators 
and is called a hyperboloid of one sheet , but if they do not 
meet the quadric m real lines, the quadric is called a hyperboloid 
of two sheets The reason for these names will be apparent 
later 

In the case of paraboloids, we have also two classes, according as 
the plane at infinity meets the quadric in real, or in imaginary, 
lines at infinity In the first case we are said to have a hyperbolic, 
in the second case an elliptic paraboloid 

The imaginary generators of a sphere have, however, an important 
property, namely, that they are the circular lines through P in 
the tangent plane at P Tor clearly they must pass through the 
points at infinity on the sphere, lying in the tangent plane at P, 
and these points must be on the circle at infinity (Art 243) and 
therefore circular points 

An important particular case is when two generators through a 
point P of the quadric are coincident In this case the quadric 
must reduce to a cone of the second order This we can prove as 
follows 

Let (p, p) be the coincident generators through P, Q any other 
point of the quadric 0, not lying on p As betore, the plane pQ 
meets the quadric in a line pair (p, q) and q both meets p and 
passes through Q Let it meet p at F Let r be the second 
generator through Q, and let it meet the tangent plane TT at P in 
R Since R is a point of the quadric iff lying in TT and all the points 
of in TT he on p (doubled), R is a point of p, so that r meets p at R 
Thus, if R is distinct from F, we have a tuanglc VQR lying entirely 
in a quadric, which is impossible, unless ift breaks up into two planes 
Hence r must pass through F 

Thus all the generators of the quadric are double and any two 
of them intersect Therefore, by Art 7, they either all pass through 
the same point F, m which case the quadric reduces to i cone of the 
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second order having F for vertex, or they all lie in one plane in 
which, case the quadric reduces to a pair of coincident planes 

In the alternative, when $ breaks up into two planes, we note 
that a pair of planes is a particular case of a cone of the second 
order , in this case there is a ^hole pencil of generators through 
any point of the quadric, and two such pencils through any point 
common to the two planes If any generator other than this line 
common to the two planes counts twice, the plane-pair must 
reduce to a pair of coincident planes 

258 Focal spheres A well-known property of the foci of a 
conic can be at once deduced from the result that the generators 
of a sphere are circular lines 

Let K be a right circular cone, or a sphere touching K along a circle c, 
a any plane touching a at F and meeting fcin a conic $ Then F 
is a focus of s If x, y are the gi nr.&gt;t&lt;ns of a through F, these 
generators clearly touch K at the points 7, J where they meet the 
circle c, which they must meet, since x, y, c he in the sphere a 
Hence, since they lie in a, they must touch the intersection of a and 
/c, that is the conic s Hence or, y are the two tangents from F 
to s 

But x, y, being generators of a sphere, are circular lines in a 
Hence, by Art 145, F is a focus of s Moreover 7, J are cleirlv 
points common to a, K and a, that is, to y and c Accordmgh 
they must he on the intersection of y with the plane of the circle c 
But 7, J are the points of contact of a, y with /c, and therefore 
with 5, so that IJ is the polar of F with respect to s, and so ib the 
directrix corresponding to F 

We have therefore the following construction for the foci of a 
plane section of a right circular cone describe the spheres touching 
the cone and the plane , their points of contact are foci 

Two such spheres are real, namely those which touch the cone 
internally , their points of contact are the real foci If the phut 
meets one half cone onlj, the spheres he on the same side of the 
vertex of the cone, but on opposite bides of the plane the coruc & 
is then an ellipse If the pi me meets both IHt cone^ the S htn- 
he on opposite sides ot the \ eitex but on the s urn. b de o* the }&gt;1 int 
s is then a, hyperboh If the plane i-&gt; pirilkl to i ^ncr toi on ^ 
one piopei real sphere e \ibts ind 6 i& i ptriboh 

259 Regull The generators p of Vrtick 2~&gt;7 in s.i.l to n.rw i 
regulus on the qindnc Simihrh the guiti itm-* // i&lt;&gt; IP i n ju u- 
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The two sets are said to be complementary reguh The hues of 
either regains may be spoken of as transversals of the other 

A regulus determines on any two transversals homographic 
ranges 

For let a, 6, c, d be any four lines of the regulus, x, y two trans 
versals belonging to the complementary regains Let a, 6, c, d 
meet x at A 9 5 1? 1? DI and y at A 2 , B 2 , C 2 , D 2 Cut the quadric \/j 
to which the reguli belong by a plane a This meets $ in a conic s, 
which meets a, &, c, d, a?, y at A, B, C, D, X, Y respectively 

The planes x (abed) form an axial pencil which meets a in the flat 
pencil X(ABCD) Similarly y(abcd) form an axial pencil meeting 
a in Y(ABCD) 

Because X, Y, A, B, C, D he on a conic 



and therefore 

Cutting the axial pencil of axis x by y, and that of axis y by x, 
we have at once 



which shows that the ranges on the two transversals are equi- 
anharmomc and therefore homographic 

This common cross-ratio may be called the cross-ratio of the four 
lines of the regulus The regulus, like the range, the flat pencil 
and the axial pencil, is one of the standard forms It may be 
reckoned as a form of the second order, since it lies m a surface of 
that order 

Two reguli will be said to be homographic if corresponding 
lines can be related by a one-one algebraic correspondence 
They meet any two planes in homographic ranges of the second 
order and any generators of their complementary reguli in 
homographic ranges of the first order 

Not only does a regulus determine homographic ranges on two 
transversals x } y, but it determines with x, y two axial pencils 
homographic with these ranges and with one another This follows 
immediately from the proof given above, since we h ive seen that 
x{abcd} = y{abcd}^{A l B l C l D } } = {A 2 B 2 (\D 2 } 

Reguli \vill be said to be cobasal if they belong to the wwc set of 
generators of a quadric Two homographic cobisil roguh hive 
two self corresponding lines, which may be real, coincident or 
imaginary 
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Similarly we may have an involution regulus, winch has two 
distinct double rays, real or imaginary 

260 Quadric as product of homographic ranges or axial 
pencils If, in the theorem of the last Article, we denote by p a 
variable line of the regulus which meets x and y at PI, P&gt; we ha\e 
proved that 



and 

Thus any generator p of a quadric (other than a cone) is (i) the 
pin of corresponding points of two homographic ranges on two 
generators of the complementary system, (u) the meet of corre 
sponding planes of two homograph K axial pencils through two 
generators of the complementary system 

The quadric is therefore obtained as the product of two homo- 
graphic ranges on skew lines, or of two homographic axial pencils 
with non-intersecting axes 

Conversely, any such product must necessarily be a quadnc 

Take the second case first Let TT, TT be corresponding planes 
of the axial pencils, meeting any straight line I at P, P Then 

[^^W^IVM^] The ran g es t p ]&gt; [ p/ J ha%e tvo self - corre - 

sponding points, which are the intersections of I with the locus 
the latter is therefore of the second order, and thus a quadric 

The first case is immediately reducible to this , for, let P\?2 =p 
and let the bases of [PJ, [PJ be x, y respectuelv Then p is the 
intersection of corresponding planes in the homographic axial 
pencils z[P 2 ], y[PJ and generates a quadric by the preceding 

We may notice that the quadric, in both cases, contains the 
bases x, y, and that the points P l9 P 2 are the points of contact of 
the planes xp 9 yp, which are tangent planes to the quadric Hence 
we obtain the following theorem the tangent planes to a quadric 
at the points of a generator form an axial pencil Pornographic 
with the range of their points of contact 

We are now in a position to free our definition of the regulus 
from any nece&biry connection Tilth i quidric For let / y, z 
be three nun mil 1-1 ttimr lines in sp\ce (c ilkd directrices) Tike 
any point P of j The plane Pz meeth y at one point Q onh and 
PQ meets z at a unique point R Thtrt i* uconlmgh i umqiu 
straight line PQR meeting j. , y, ind z 

That this determines a regulus according to the pre\ iou^ dehnition 
is immediately obvious For the relation between P and Q ^ 
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clearly one-one and algebraic , therefore [P] /\"[Q] and PQ is a 
generator of a quadric and therefore a line of a regulus 

Incidentally we see that a quadric is uniquely determined by 
any three generators of the same system 



EXAMPLES 

1 Show that a regulus projects from any point upon any plane into a 
homograpluc pencil of the second order 

2 Two fixed straight lines a and b meet a conic s, but are not coplanar with 
s or with each other Show that a straight line which meets s 9 a, b describes a 
quadric 

3 Two skew lines a, 6 meet a conic I at points A, B 9 but are not in the 
plane of the conic If the unique transversal to a and b from a point P of 
the conic meets them at Q, R respectively, prove that, when P describes the 
conic, Q and E describe projective ranges 

In the case when k is a parabola, and a and b are parallel to a plane y 
through the axis of the parabola, prove that the ranges [Q], [E] are similar , 
and that any plane parallel to y is met by the transversals PQM in the 
points of a straight line 

4 If ki t & 2 are two plane sections of a quadnc ?/&gt;, and any generator of y, 
of one system, meets & x at P x and & 2 a t P& prove that [Pi] 2 /\"[P 2 ] 2 



261 Homographic complementary reguh Consider a plane 
section s of a quadric iff If we relate corresponding rays p, p 
of two complementary reguli on 0, so that they intersect at a 
point P of s, then these reguli will be homographic 

For a generator p of ^ cannot meet 5 at more than one point, 
otherwise the plane of s would meet z/f in both s and p, which is 
impossible Hence, p being known, P, and therefore^/, is uniquely 
determined , and conversely Therefore the reguli are homographic 

Conversely the product of two homographic complementary 
reguli is a conic section of the quadric ^ in which the reguli he 

For let a, 6, c and a , V, c be the three (arbitrarily selected) corre 
sponding rays which define the homography Let A =aa 9 J? = 66 , 
C = cc , then BO, CA, AB are not generators of 0, and the plane ABO 
meets in a proper conic s 

If now p, p be two corresponding rays of the reguli, meeting 
s at P, P , we have a [p]7ra[p ], so that, taking sections of these 
axial pencils by the plane ABC, A[P]^A[P ] and [P] 2 A-[P ] 2 

But the last two ranges of the second order have clearly A, B, C 
for three self-corresponding points Hence the ranges must coincide, 
and P = P or the corresponding rays p, p meet on the conic s 
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262 Class of a quadnc Let a quadrie be defined by the 
Jiomograpliic ranges [P], [P ] determined by one of its reguli on 
two generators x, % of the other Let u be any straight line 
The cobasal homogiaphic axial pencils ii[P], u[P ] ha\e two self- 
corresponding planes Each one of these contains a generator 
PP of the quadrie It therefore contains a second generator and 
touches the quadnc at their intersection 

Thus through any straight line u two tangent planes can be 
drawn to a quadrie or a quadnc is a surface of the second class 

Conversely every surface of the second class is a quadrie For, 
by the principle of duality in space, the reciprocal of any surface 
of the second class is a surface of the second order Since there 
are two tangent planes to this latter surface through an arbitrary 
line, any line u will meet the original surface of the second class at 
two points Hence this surface is a quadnc 

263 Degenerate quadncs Precisely as the conic, considered 
as a locus, may degenerate into a line-pair, or, considered as an 
envelope, may degenerate into a point-pair, so the quadnc may 
degenerate in different ways, according as we consider it generated 
by two homographic axial pencils, or by two homograph ic ranges 

Taking two axial pencils, the first type of C JL* r - T &gt;r which 
presents itself is when the axes intersect, that is, the bases of the 
axial pencils are coplanar Cor e po H n B planes will then 
(Ait 240) meet in generators of a cone of the second order, which 
is thus one type of degenerate quadnc It retains the typical 
property of the quadnc that it is met (in general) by any straight 
line in two points , but it is no longer true that two tangent planes 
can be drawn to it through any gnen line This is only possible 
\vhen the line passes through the \ertex In all other cases the 
plane through the given line and the vertex of the cone has to be 
regarded as a double tangent plane, in order to maintain artificially 
the quadnc property 

If, further, the two axial pencils ha\e a self-corresponding plane 
the other corresponding planes meet on a fixed plane and the cone 
of the second order breaks up into a plane-pair This is still a 
locus of the second order In this case no tangent plane can in 
general be dra^vn through an arbitrary line, e\en with the ^e^\ 
special interpretation gi\en in the last paragraph No cfaw can 
therefore be ascribed to the plane-pair 

No\v consiclei tuo homographic ranges If their 1) IM * aro mule 
coplanar, the generators ot the quadrie lie in a pi me, uhich 
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entirely fill up, with the exception of the inside of this come 
envelope We may think of the quadric surface as pressed flat, 
so as to form a double-sheeted plane, with a hole in it in the shape of 
the conic, the two sheets joining up on the edge of the hole Such a 
quadric will be called a disc quadric A conic, so considered, is 
therefore a degenerate quadric It remains a surface of the 
second class, for two tangent planes can be drawn to it, in general, 
through any line in space, but it can only be considered of the 
second order if, by an artificial convention, we consider an inter 
section with the plane of the conic to be double, in view of the two 
sheets above mentioned 

If the two coplanar ranges have a self-corresponding point, the 
conic in question itself degenerates into a point-pair, the hole 
shrinking to a slit in the plane, or the disc quadric to a thin rod, 
connecting the points of the pair This does, indeed, still give us an 
envelope of the second class 

It is also clear that the cone of the second order can degenerate 
into a line-pair, and so can the conic But for the cone of the 
second order to degenerate into a line-pair, it must first arise as 
the product of two homographic flat pencils of a star , the product 
of two homographic axial pencils of a star cannot produce a line- 
pair On the other hand, a conic obtained as the product of homo 
graphic ranges cannot degenerate into a line-pair If therefore we 
start from the quadric as above, we cannot arrive at the line-pair 
Moreover it is clear that, in general, a straight line in space does 
not meet a line-pair at two points, nor can two planes be drawn 
through it to touch the line pair The line-pair, considered as a 
three-dimensional locus, is neither of the second order, nor of the 
second class (although it is of the second degree), and has no claim 
to be considered as even a degenerate quadric 

And this indeed is borne out by analytical considerations, for 
whereas the cone and plane-pair can be represented by a single 
equation in point-co ordinates, and the conic and pomt-pau by a 
single equation in plane co-ordinates, the line-pair cannot be so 
represented, but always needs two equations to specify it 

264 Pole and polar plane Let P be any point and 1&lt; t any 
ray through P meet a quadric at R S 11 P be the point har 
monically conjugate to P with regard to R, S, then P lies on a 
fixed plane 

For take two rays through P, PR&, P 2 ti, and lot /Y/Y 
be the corresponding positions of P Join P^P\ f Then if ex be 
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the plane of the two rays P&iSi, P# 2 &&amp;gt; P\P* is the polar of 
P with regard to the conic in ^hich a meets the quadric Henct 
the locus of points P o ^-DO L&lt;I"U to all rays through P which 
lie in a is the straight line Pi Po Thus the straight line joining 
any two points on the locus lies entirely in the locus But this 
property defines a plane 

This plane is called the polar plane of P with regard to the 
quadric 

When the points B, S coincide, P coincides with them Thus 
the tangent cone from P touches the quadnc along a plane 
section This cone is therefore of the second order 

If P he on the polar plane p of R, and PR meet the quadric at 
(iS, T), then (P, R) are harmonic conjugates with regard to S, T 
and therefore the polar plane IT of P passes through R 

P, R are conjugate points and??, /&gt; conjugate planes with regard 
to the quadric 

Consider the poles of planes through P These he on its polar 
plane TT Similarly the poles of plane a through R he on p Thus the 
poles of planes through PR he on a fixed line frp 

Hence if 8 be any point of PR, S any point of irp, SS f is har 
monically divided by the quadric 

The symmetry of this last relation sho\vs that the poles of planes 
through Trp he on PR 

Two such lines PR, vp are said to be polar lines with regard to 
the quadric 

The polar plane of a point P on the quadric i* the tangent phne 
at P For the polar plane of e\ ery point R in the tangent plane at P 
passes through P 

Conjugate lines with respect to a quadric are lines such that 
each meets the polar line of the other For, if p meets the polar 
line q of q, pq determine a plane TT whose pole P lies on q But, 
since p lies on TT, the polar line p of p passes through P, therefore 
q meets p , and the condition is symmetrical, as stated Clearly, if 
P is any point, TT its polar plane with respect to the quadric, any 
line through P is conjugate to aiu line of T 

A line is also said to be conjugate to au\ point in it& polar line, 
and to any plane thiough its polar line 

If a, y are polar lines, then y it&gt; the chord ot contact of tangent 
planes through a? For let o-, r be the tangent plane* through a, 
touching the quadric at S, T femce a * the polar plane of s ind - 
the polai plant of T, ST is the polar line of or, that i* of ^ 
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If TT, p are two other planes through x, conjugate for the quadnc, 
their poles P, E he on the polar Ime ST , but P lies on p and R 
lies on TT, therefore P, J? are the meets of ST with p, TT respectively 
Because P is the pole of 77, ST is harmonically divided by P and 77, 
that is, a, T are harmonically conjugate with respect to 77, p That 
is, two conjugate planes are harmonically conjugate with 
respect to the two tangent planes through their intersection 

It follows that conjugate planes through a line x form an involution 
axial pencil, of which the double planes are the tangent planes to the 
quadnc through x Similarly conjugate points on a line x form an 
involution of which the double points are the intersections of the 
quadric with x As in Chapter IV, the polar planes 77 of points P 
of a range on a straight line form an axial pencil homographic 
with the range, the bases of the two forms being polar lines 

If we cut the axial pencil [77] by a plane oc, and join the pole A of a 
to the range P, we obtain two homographic flat pencils oc|V], A[P], 
in which corresponding lines are polar lines Thus, to any flat 
pencil corresponds homographically the flat pencil of its polar 
lines The planes of two such pencils are conjugate planes, since A, 
the pole of the plane a, hes in the plane of the other pencil, and 
likewise the vertices are conjugate points 

Two such polar flat pencils cannot be cobasal unless their plane a 
is a tangent plane and their vertex A its point of contact In this 
case a pair of polar lines are mates in an involution, of which the 
generators through A are the double lines 

EXAMPLES 

1 If two polar lines intersect, prove that their plant touches the quadiic&gt; 
with their intersection as the point of contact 

2 If a skew quadrilateral is formed of four generators ol i quadnc two of 
each system, prove that the joins of opposite vertices are polii lines lor the 
quadric 

3 Show that polar lines for a sphere arc peipcndicul n 

4 Prove that a line which is its own polar lino with icspect to i quadnc 
is a generator of the quadric, and, conversely, that every geneiator ol the 
quadnc is its own polar line 

5 Show that two planes conjugate for a quadrie are conjugitc for every 
tangent cone whose vertex hes on their intersection 

6 If two intersecting lines are conjugate foi a quidric prove that they 
are conjugate for (1) the conic intersection of the quadnc by the pi mo through 
the lines, (2) the tangent cone to the quadric from the mtcisoclioii of the 
lines 

7 If a hue is self conjugate for a quadiie, piove th it it ib a tangent line 
to the quadric 
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265 Twisted cubic A twisted cubic is a cune of the thu 
degree it may be obtained as the product of three homograph 
axial pencils For take any three chords a, 6, c of the twisted cubn 
Let P be any point on the curve , denote the planes aP, bP, c 
by 77 1? 77 2 , ^3 Now since a already meets the cubic at two poinl 
(being taken a chord), a plane ^ through it can meet the cub: 
again at one point P only Thus when ^ is given, P, and therefoi 
77 2 and 773, are uniquely determined Similarly if 7r 2 or 773 be givei 
the other two are uniquely determined Hence fa], |Wj, [v 
are three homographic axial pencils of planes, of which the twiste 
cubic is the product 

Conversely any three homographic axial pencils fa], [773], fa 
whose axes are a, 6, c, determine in general a twisted cubic as the] 
product* For they determine on any plane A three homograph 
flat pencils [pi], [p 3 ], [p 3 ] having for vertices the points A, B, 
in which a, 6, c meet A [pj, [p 3 ] have as their product a conic i 
passing through A and , [p 2 ] 3 [p 3 ] have as their product a conic &lt; 
passing through B and C If P is a point of intersection of $i and s 
other than (7, P lies on three mutually corresponding rays of [pj 
[p] 2 , [333] and therefore on three mutually corresponding planes &lt; 
IViL fo]* [^3] I* ^ therefore a point of the product-locus Sine 
Sj, $ 2 have three intersections other than C, there are three sue 
points P 

C is not, in general, a relevant point, unless -.46 f , BC happe 
to correspond to the same line p% through C, in which case &i and 
touch along this line But $ 1? $ 2 can ^ erL ^ aye or ^ v ^ ro ^^ ( 
intersections so that, in every case, there can be onlv three points &lt; 
A lying on the product-locus, which is accordingly a twisted cubic 

If a, c intersect and [wj, [773] have a sek-corrcsponJipff plane / 
their product degenerates (see Art 240) into ft and another plane &lt; 
If j8 2 is the plane of [773] corresponding to ft, e\ery point of j3/ 
is a point common to three &lt;&gt; planes of [TX], [- 2 

[773] Further, the product of [TT^ [TTO] is a quadric which meei 
S in a conic k, every point of which lies on the product-locus &lt; 
the three axial pencils The twisted cubic then degenerates into tl 
straight line j3j8 2 and the come I, which meets /?/?&gt; at the point ac 

If, further, a and 6 intersect and [TTJ] and [^ 2 ] ba^ e a !&gt;elf corr&lt; 
spending plane y, the product [TTiTTj] breaks up into / and anoth&lt; 
plane If y 3 is the plane of [773] corresponding to y then the thr&lt; 
straight lines j8j8 2 , yy 3) Se form the locub p, /8 art not rde\an 
Re IIPQ in R n nr v/5 IIPS in v rt in which case thc\ coincide \sit 
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the lines previously found The twisted cubic then degenerates 
into three straight lines 

A non-degenerate twisted cubic cannot meet a straight line at 
more than two points For if it meet a straight line a at points 
A, B, C, take a point D of the cubic outside the line Then the 
cubic would meet the plane aD at four points A, B, C, D which is 
impossible 

It is clear that every twisted cubic lies on a quadnc, for the 
twisted cubic just considered lies on the product of [wj] fo], which 
is a quadnc of which a, 6 are generators Similarly it lies in the 
product of [TTJ [7T 3 ], of which a, c are generators 

Eeciprocating the above properties, we see that the plane 
through a set of corresponding points ol three homographic 
ranges which do not all he in one plane touches a developable of 
the third class, which may in special cases degenerate into a straight 
line and a cone of the second order, or into three straight lines 

EXAMPLES 

1 Show that a twisted cubic is entirely determined by any six points 
on it 

[For if A 9 B, C, P, Q, R be the six points, the homographic relation between 
the axial pencils passing through EG, CA 9 AB respectively is entirely deter 
mined by the triads containing P, Q, R ] 

2 Prove that any four given points of a twisted cubic determine with 
any variable chord of the cubic an axial pencil of constant cross ratio 

3 If A, B t 0, P, Q, It be six points on a twisted cubic, show that the tangent 
at A to the cubic lies in the planes through AB, AC which correspond to the 
plane ABC of the axial pencil through BC in the correspondence between 
homographic axial pencils determined by the triads of planes joining BO CA, 
AB to the points P, Q, E 

4= If A is a point on a twisted cubic, a the tangent at A, P? Q, R, /Sf four other 
points of the cubic, prove that the osculating plane to the cubic at A is 
the tangent plane along a to the cone of the second order ck tormmed by the 
five generators AP, AQ, AR, A8 and a 

5 Prove that the chords of a twisted cubic through i given point of the 
curve he on a cone of the second order 

6 Prove that a twisted cubic lying in a quadric meets the gt aerators of one 
set in two points, and the generators of the other set in one point only 

[Consider the intersections of the cubic by a tangent plane to the quadnc 
two must lie on one generator and one on the other ] 

7 Prove that two given points of a twisted cubic lying in a quadi K dc ter 
mine, with the generators of each system, homographic axial pencils 

8 Prove that a regulus and an axial peneil homographic with the legulus 
generate a twisted cubic 

266 Intersections of quadncs If ^ $&gt; be two quidncs, 

of which o is the mterspp-hrm -t-Tmn * rJ - W ~ A 4.~ / / ^ - 
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comes Si, s 2 , and q in the intersections of s l5 $ 2 Since the latter are 
four in number, every plane meets q in four points so that q is, in 
general, a twisted quartlC 

If 0i &gt; 02 h ave OIle generator x in common, this generator is 
part of the locus q The remainder of q meets any plane in three 
points and so must be a twisted cubic This can also be seen 
otherwise, for if x iy x% be two other generators of 1? 2 respectu ely, 
belonging to the same system as # in each case, 0i is obtained as 
the product of homographic axial pencils fa] 9 [77] through ar l5 x 
respectively, and 2 as the product of hocnographic pencils [77], [77*] 
through x, # 2 respectively The points common to l9 2 are 
therefore the intersections of corresponding planes [77], fa], [77*], 
that is they lie on a twisted cubic of which x, ar l9 a: 2 are chords 

If l9 2 have two generators x, x f of the same system in common, 
the planes 77 l5 ?7 2 of the last paragraph may be taken to pass through 
x , 77, 77 X , 77 2 will not in general intersect outside x , unless 77 b 77* 
coincide This will happen when 771, ?7 2 coincide with either of the 
self-corresponding planes a, /? of the cobasal axial pencils fa], fa] 
If 0-, T are the planes of 77 &lt; or-OMwndmL to a, /? respectively, then 
every point of ay or r/J is on three corresponding planes these two 
lines, together with x, x , give the whole intersection Also era, 
aj8 meet both x and x and so are generators y, y of the other 
system The intersection of l9 2 then consists of a quadrilateral 
consisting of two generators of each system 

If l5 2 have part of their intersection in a plane, then this part 
must be a conic s, which may degenerate into a pair of generators 
x, y of opposite systems, and this is part of the locus q Since a conic 
meets any plane at two points, the remainder of the locus q is a 
curve of the second degree, that is, another conic A, or two lines 
which cannot be generators of the same system , the twisted quartic 
then breaks up into two comes which may, or may not, degenerite 
into line-pairs 

Note that, since the conic I is a plane curve, if two quadrics 
have one common plane section, they ha\e a second common plane 

section 

When the intersection consists of a quadrilateral formed fa t*o 
generators x, & of one system and t* o generators y y r of the other 
these lines may be associated in coplanar pair* either a^ a y 
+ , y or as a, y , /, y, so that there are no* four common plane 

sections , 

I rase if a fi are the plant* of the -ectiuiib , A 
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then s, Jc must intersect on aj8 If then (7, D are the points where 
a/? meets both quadrics, the tangents to s, Jc at C are tangent lines 
to both quadncs and the plane through them is a common tangent 
plane at to both quadrics Similarly the quadrics have a common 
tangent plane at D 

Conversely, if two quadrics fa, fa touch at two points C, D 
and P is any other point on their intersection, not lying in CD, the 
plane PCD meets the quadrics in two comes l3 Jc 2 , both of which 
pass through C } D and P If now the common tangent planes at 
C and D do not contain CD, & ly 2 touch at 9 D and have the point 
P common Hence they coincide entirely, so that the intersection 
of fa, fa contains one conic, and therefore two comes 

If, however, the common tangent plane at C contains CD, then 
CD is a tangent line to both quadncs, and, since it passes through 
another point D common to fa&gt;fa, *t is a common generator of fa , fa 
The comes J^, Jc 2 then degenerate into line-pairs, CD being a com 
ponent of each pair, the other components being the second 
generators in the plane PCD , these intersect at P In this case 
the common tangent plane at D also contains CD But A l9 & 2 
do not coincide as a whole and the previous conclusion ceases to 
hold 

If the two quadrics touch at three points A, B and C, and none of 
SO, CA, AB is a generator, the plane ABC cuts them in comes 
which touch at each of A, B C and therefore coincide The meet 
of the tangent planes at A, B, C is then the pole V of the plane 
ABC with regard to both quadrics, and the cone formed by joining 
V to the points of the conic in which the plane ABC meets both 
quadrics is the tangent cone from V to both quadrics The latter 
therefore touch along the whole of the common conic 

By Art 251 three quadrics fa, fa, fa will intersect in general 
m eight points If the quadrics fa, 3 have a common generator %, 
the remainder of their intersection is a twisted cubic t Since JL 
meets fa at two points, then six of the eight intersections of fa, 
fa, fa belong to t But every twisted cubic can be so obtained 
Hence every twisted cubic meets a quadnc in six points 

If fa, 03 have a common generator x l and fa, t/J 3 have a common 
generator x 2 of the same system as # 1} the intersection of ^ 1? 0j 
consists of xi and a twisted cubic ^ lying in ^, and the inter 
section of fa, fa consists of z 2 and a twisted cubic U lying m *ft } 
The eight points of intersection of the three quadrics then consist ol 
the two intersections of x l with fa, the two intersections of v~ 
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with Vi, and four other points, which are the intersections of ^ 
and t z Thus, two twisted eubies lying on the same quadne and 
having the same system of generators as chords intersect in 



general, in four points 

EXAMPLE 



267 Homographic spaces In precisely the same way as m a 
plane, so in space of three dimensions we can ha\ e a one-one algebraic 
correspondence between points, such that planes correspond to 
planes and therefore lines to lines Such a relation may be described 
as a space homography Two space fields &lt;t&gt;, O thus connected 
are homographic, and, as in Art 161, it may be shown that the 
relations between the pomt-co-ordmates are expressed by three 
equations of the form 



where P 7 = a p+ty+cs+d r , (r-1, 2, 3, 4) 

Similarly the equations connecting the plane co-ordinates are 





where Q r =A r l+B r m + C r n+D r , (r = l, 2, 3, 4), and A r , B r , etc 
are the co-factors of a r , b r) etc in the determinant of the coefficients 
a, b, c, d These relations may also be expressed in the form 



with two similar equations, and 
x = (Aitf +AM +A& + 
with two similar equations 

In such a space homography corresponding fields in - i 

planes, as also all corresponding forms such as ranges, flat or axial 
pencils, ranges and pencils of the second order, reguli, etc are 
homographic 

The planes P 4 =0 and DI% +Dgy -rDtff + jD 4 =0 correspond to 
the plane at infinity and are termed the vanishing planes A space 
homography is entirely determined by fi\ e points corresponding to 
five given points, no four of each five lying in a plane, and therefore 
no three lying in a straight line 

To prove this, let A i9 B l9 C l5 D l9 E l correspond to 4_ B 2 C 2 
D 2 , E 2 , in the homographic spaces Oj, O 2 no four point* of either 
set being coplanar Let PI be any point ot Oj not King m tht 

i 1 r&gt; n rt l i^-j- p "k +IIQ ^nrrAQ-nAnrlinor TiOint of O-, 
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Then, m the corresponding axial pencils of axes B^, B 2 C 2 



which determines uniquely the plane B 2 G 2 P 2 when Bfl^ is 
known, since no two of the three planes SiCMi, -BiCiA, $& 
and no two of the three planes B 2 C 2 A 2 , B 2 C 2 D 2 , B 2 2 E 2 are 
coincident 

In like manner C f 2 ^ 2 P 2 , ^ 2 # 2 P 2 are determined If P l is not in 
AiBiCi, then P 2 is not in A 2 B 2 2 an&lt;i tiie tliree P^nes above must 
be distinct, and cannot have a line in common since they pass through 
the sides of a plane triangle 

This fixes uniquely the corresponding points of all points outside 
the plane AiBfli 

That this construction leads to a homography is easily verified 
For, if PI describe a line x i9 then the axial pencils AiB^P^ 
A\Ci[Pi\ are homographic and have the plane AiBfii self-corre 
sponding Therefore, by the construction for P 2 , the axial pencils 
A%B 2 [P 2 ] 9 -4 2 C ( 2 [P 2 ] are homographic and have the plane ^ 2 5 2 C 2 
self-corresponding Hence ^ 2 -B 2 P 2 , A 2 2 P 2 meet on a fixed plane 
A Similarly A 2 C 2 P 2 , 5 2 G 2 P 2 meet on a fixed plane ju, Thus P 2 
describes the straight line Aju,, which is thus x 2 Straight lines 
therefore correspond to straight lines, and this necessitates that 
planes correspond to planes, for if two lines P\Q\&gt; R\Si intersect, 
the corresponding lines P 2 Q 2 , -^2^2 ^ so intersect, so that four 
coplanar points correspond to four coplanar points The space 
fields O l9 &lt;I&gt;2 ^ us obtained are therefore homographic 

The above has left the points in the planes 4 1 jB 1 (7 1 , A 2 B 2 C 2 
unrelated It is clear that these two planes must correspond m the 
homography, since no point outside A 2 B 2 C% can correspond to a 
point on AiB^i We can complete the correspondence by making 
intersections of corresponding lines with these planes correspond 
If D l E l meet the plane A^BiCi at FI and D 2 E 2 meet the plane 
A 2 B 2 C 2 at F 2 , then A i9 B i9 C b F l and A 2 , B 2 , C&gt;, F 2 form corre 
sponding plane tetrads which define uniquely the correspondence 
between the fields in those planes (Art 162) 

Thus the two original sets of five points determine tho homography 
completely 

268 Sell-corresponding points of a space homography It 

is obvious from the last Article that, m geneial, two homographic 
spaces O l? &lt;D 2 cannot have more than foiu non-coplanai self- 
corresponding points, since five self corresponding points, no lour of 
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which are coplanar, would determine the homograph v as an identity 
We will now show that there are, in general, four such points 

Let a&gt;i be any straight line in 1? not passing through a self- 
corresponding point, and let a% be its corresponding line m &lt;I&gt; 2 
If # 2 ==&! in x corresponds to 6 2 in &lt;&&amp;gt; an&lt; l & 2 ==q in $i corresponds 
to c 2 in &lt;1&gt; 2 , then a 2 ==& l5 & 2 =i an( l C 2 can contain no self-corre 
sponding point The lines a iy a% might, as a special case, intersect, 
in which case 6^ 6 2 an&lt; 3- a lso c l9 c 2 will intersect, but these inter 
sections must all be different, otherwise they must all coincide at a 
self-corresponding point, a case which has been excluded 

Now let aj be any plane through a ly a 2 =j8 1 the corresponding 
plane through 2 ~&i, /?2=yi the forre^poDclmg plane through 
& 2 =Ci, y 2 the corresponding plane through c* 

Then oc^, jS 1 j8 2 , y x y 2 are generators of three quadrics fa, $ 2l $3 
(which may as a special case be cones with distinct vertices) 
fa 9 fa have a 2 =&! as a common generator , fa, $ 3 have 63=^1 
as a common generator , if ^, fa, fa are proper quadrics, & L , &&amp;gt; 
are generators of fa of the same system 

"We have therefore the case considered in the last paragraph of 
Art 266 (which applies equally to proper quadrics and to cones 
provided the cones have not common vertices) Hence fa, fa, fa 
have, outside 6 l5 6 2 , four intersections A 9 B, C, A which are not in 
general coplanar since they he on a twisted cubic 

Every intersection A, B, (7, D is common to six planes a ls a 2 , 
j8 1? j8 2 , y b y 2 , that is, corresponding points xiftyi, a 2 &,/ 2 coincide 
at such a point A, B, C 3 D are therefore self-corresponding points 
of the i - 

Clearly ^ and Z&gt; 2 cannot contain any self-corresponding points 
Conversely, every self-corresponding point of the liurrojr i J\ m^t 
he m fa, fa and fa For if P be such a point, the planes ^P, 
aoP correspond and so are planes a l5 a&gt; Similarly 6 L P corresponds 
to 6 2 P, so that if &iP=ft, & 2 P=j8 2 , note that ft i* then at 2 
Again G!? = j8 2 =y x and corresponds to c 2 P = / 2 P therefore lies on 
each of fa, fa, $3 and so must be one of their points of intersection 
Two homographic space fields ha\e therefore m general four 
non-coplanar self corresponding points and four onlv The face* 
of the tetrahedron formed by the^e four pomtb ire the t,elf-corre- 
spondmg planes and its edges are the self-corresponding line- 

The homography is determined it, m addition to tin four -elf- 
&lt;!- j points 4, B C, D ^\e in si\en i pair ot Corre 
sponding points E } A 2 \\hi(h do not lit on i tue ot the s t ]f- 
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corresponding tetrahedron But, if they do lie on such a face, 
say ABC, the space homography is no longer determined, but only 
tie homography between the plane fields in ABO Another pair 
F l3 F% are then required, but their positions can no longer be 
arbitrarily selected For if DF l meet the plane ABC at G l9 G 2 
is a known point, and F% must be taken on DG% 

Tf, in such a case, the points E^ E% are made to coincide at a 
point E, in the plane ABC but not on any side of the triangle A BC, 
the homography in the plane ABC^n has four self-corresponding 
points, no three being in line In this case every point of TT is 
self-corresponding, every pair of corresponding lines meet on TT 
and every pair of corresponding planes meet in a line of TT Further, 
every line through D is self-corresponding, so that if P l9 P 2 are 
any two corresponding points DPi, DP% coincide, and the joins of 
corresponding points pass through a fixed point D 

We have then an analogue of plane perspective, and it is reasonable 
to give it the name of space perspective, since any two corre 
sponding plane fields in it are in space perspective from the vertex D 
according to the definition of Art 1 D is the pole of the space 
perspective and TT is the plane of perspective 

To define the space perspective completely we require another pair 
of points jF 1? J 2 which may be taken anywhere on a line through D 
The vanishing planes then contain the line at infinity in TT and so are 
parallel to IT, and constructions for corresponding points, planes 
and lines can be worked out by a simple generalisation of those of 
Art 16 

If, however, we take the self-corresponding point E on an edge 

BC of the self-corresponding tetrahedron (but not at B or C) 

then every point of this edge is self-corresponding and every plane 

through the opposite edge AD is self-corresponding It is then easily 

seen that the homographic fields in each of the self-corrcbponding 

planes ABC, DBC are fields in plane perspective We imy refu 

to this type of homography as umaxal To define it, we icquire 

another pair of corresponding points F l9 F 2 , which must bo taken 

m a plane through AD, but are otherwise aibitrary, s ivc that they 

must not lie on AD itself or m the planes ABC, DBC If two such 

points F l9 F% coincide at F, then every point of the plane A through 

AD, in which they he, is self-corresponding Every plane of &p ice 

meets A in a self-corresponding line and BC m i self-corresponding 

point, and so is self-corresponding and the homogi iphy ruluctb 

to an identity 
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If the plane ADF meet BC at X and F l3 F 2 coincide at F on 
one of AX or DX, say on AX, then there are three self-corresponding 
points A, F, X on AX and this line is wholly self-corresponding 
Two lines AX, BO in the plane ABC are then wholly self-corre 
sponding, so that the plane ABC is wholly self-corresponding We 
then fall back on the case of space perspective 

But if F l and F 2 coincide afe F on AD, we have AD wholly 
self-corresponding and we have the case of two non-intersecting 
lines or axes of homography, every point of which, and every 
plane through which, is We may refer to this 

type of homography as biaxal To define it we require another pair 
of corresponding points 6f 1? 6? 2 , which must now be taken on a line 
meeting both axes at X , Y 

No further degeneration is now possible, for if G and &lt;? 2 were 
now to coincide at 6f, the line XY would become wholly self-corre 
sponding The planes determined by XY, AD and by Zl, BC 
would then be wholly self-corresponding and every plane (and 
therefore every point) of space would be self-corresponding 

269 Involutory space liomojiaphios If in a space homo" 
graphy two distinct points correspond doubly, their join is a self- 
corresponding line, upon which the homography determines an 
involution whose double points are the only points of this line self- 
corresponding in the homography If there be two such involutory 
self-corresponding lines a, b in the homography, which do not 
intersect, the double points of the involutions on a, b form a self- j 
corresponding tetrahedron If a, b intersect, then the point and 1 
plane ab are a self-corresponding point and self-corresponding plane, * 
and Art 168 shows that the homography determines, in this plane, a 
harmonic plane perspective In either case, no conclusion can be 
drawn as to whether any other pair of distinct points, not Ivmg on 
a, b or in the plane ab when a, b intersect, correspond doublv 
If, however, there be a third involutory self-corresponding line c, 
we have to consider the following cases 

I a, &, c are all skew to one another Let P l9 P 2 be frvo corre 
sponding points on a, and let p l9 p be the lines through P l9 P 2 
which meet &, c , p l9 p 2 are thus uniquely determined when P l P 
are known, and they are corresponding lines, since &, c are ^elf- 
corresponding The cobasal reguli [pj, [p 2 ] are homogr \phic 
and in fact, form an involution, hawng double lineb a, y \\hich m 
self-corresponding in the homogriphj On eich of j y ire thrte 
distinct self-corresponding points, namely those in uhich *, or y, 
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meets a, b, c Hence every point on x or y is self-corresponding and 
the tomography is a biaxal homography, with x 9 y as axes 

II a intersects b, but c does not he in the plane ab If is 
the point ab, oc the plane ab, then is self-corresponding Let A, B 
be the other self-corresponding points on a, b and let AB =a? The 
homography determines in a a harmonic plane perspective in which 
is the pole and x the axis of perspective Now the point ca==.D 
must be self-corresponding and so is either at or lies on x If D 
is at 0, a, b, and c are concurrent but not coplanar , we reserve this 
case for further consideration If D lies on x, then, since the 
correspondence m oc is a harmonic plane perspective, OD^d is an 
involutory self-corresponding line in the homography, which 
therefore determines, in the plane cd=]3, another harmonic plane 
perspective, of which D is the pole, and a line y in j8 is the axis, where 
y passes through and through the other self-corresponding 
point C on c This point C is not in a, hence x, y are skew lines 
Clearly every point of x, y is self-corresponding in the tomography, 
which is thus again biaxal 

III a, b, c are concurrent at 0, but not coplanar is self- 
corresponding , let A, B, C be the other self-corresponding points 
on A, B, C As before, the homography determines, in each of 
the three faces of the three-edge abc, a harmonic plane perspective 
The three axes of perspective are the lines BC, CA, AB, every 
point of which is self-corresponding, whence it follows that every 
point of the plane ABC is self-corresponding and the homography 
reduces to a space perspective 

If now in either a biaxal homography, or a space perspective, 
a pair of distinct points P 1? P 2 correspond doubly, the homography 
will be involutory For it is always possible to tike arbitrarily 
two points A, B on one axis x of the biaxal homography, and two 
points C, D on the other axis y, such that of the five points A, B } 

C, D, PI, no four are coplanar And since P\P meetb both AB 
and CD, then C cannot he in the plane ABP 2 without also 
lying in the plane ABP lt which we have just excluded , bimilarly 
for the other cases Thus of A, B, C, D, P 2 , no foui die coplan ir 

In like manner it is possible to take three aibiti ny points i , B, C 
in the plane of perspective TT of the space peibpeetive in such i 
way that, D being the pole of perspective, no four ot A , B, C, D, P i 
are coplanar, and therefore, using the fact that PJ&gt; 2 pdsbes through 

D, no four of A, B, C, D, P 2 are coplanar 

The homography ib then determined by the tiarisioimation of 
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A, B, 0, D, P l into A, 5, C, D, P 2 But, since P l9 P 2 correspond 
doubly, if P 2 = Qi, then P x = Q 2 The same horaography is there 
fore determined by the correspondence which transforms A, B, 
C, D, Q l into A, B, C, D, Q 2 , that is, A, B, 0, D, P 2 into A, B, C, D, 
P l It is therefore identical with its reverse, that is, every pair of 
distinct corresponding points correspond doubly and the homography 
is mvolutory 

Since every pair of mates are harmonically separated by the double 
point of an involution, any two corresponding points in such an 
involutoiy homography are harmonically separated (i) by the axes 
when the homography is biaxal, (n) by the pole and plane of per 
spective when the homography is a space perspective 

An involutory biaxal homography is usually referred to as a 
Skew involution and an involutory space perspectue as a 
harmonic space perspective 

These two are the only possible types of involutory space 
homography 

270 Any quadric can be transformed homographically into 
any other quadric Let fa be a quadric, A l} B l3 C\ any three 
points on it, a l9 (LI the generators through A l3 6 l9 &/ the generators 
through BI Let a-fii be DI, afti be EI These data define 
the quadric fa entirely For, if through C\ we draw a line Cj 
meeting the two generators a l9 &x (unaccented generators belonging 
to the same system), then GI has three points of the quadric on it, 
and is then a generator of the accented system We ha\e thus 
three generators of the latter system and the quadric is determined 

On another quadric ^ 2 ^ke m h^ 6 manner three arbitrary points 
A 2 , B 2 , C 2 and the generators a 2 , a 2 through A* , & 2 &gt; &&amp;gt; through 
B 2 , those of opposite systems meeting at a*b&lt;&gt; = D&gt; and aJbz^E* 
These data define ^ 2 entirely 

Consider now the homography in which A, BI C l5 D iy EI 
correspond to A& B 2) C 2i D 2 E% It transforms fa into a quadric 
^ 2 smce a homographic transformation lea\es order, class and 
degree unaltered and fa passes through 1 2 , 5 2) 6 r 2 and has the line 
^ 2 D 2 =a 2 a generatoi and also 2 D 2 = 6 2 &gt; l2 E 2 = a 2&gt; BJE^ 2 are 
generators But these data determine fa, ^ hich therefore coinc ide* 
with ^ 2 7 , and corresponds &gt; uj li ] 1 to ^ 

It follows that any property which is pret&gt;en ed b\ &gt; \^ 
such as the non-metrical properties of incidence, tangent and 
cross ratio, holds for all quadncs if it can be pro\ed for an\ (non- 
degenerate) quadric It should, ho\\e\er, be bornt m unnd that 



degeneracy is also preserved by homography, so that we cannot 
argue in this way from properties of a degenerate quadnc to those 
of the general quadric 

Further, any conic $i may be transformed homographically into 
any other conic $ 2 , wrth any three given points A l9 B l9 C l of ^ 
corresponding to any three given points A 2 , B 2 , C 2 of s 2 We have 
already seen how to do this by a plane homography (Art 166) 
between fields in different planes It can, however, also be done 
by a single space homography as follows Let the tangents to sj 
at A^ B l meet at TI, those to $ 2 at A 2) B 2 meet at T% On any 
lines through 2^, T 2 , not in the planes of s l9 s 2 respectively, take two 
pairs of points 2) l9 EI , D 2 , E 2 Then the homography in which 
-4], BI, Ci, DI, EI correspond to A 2 , B 2 , C 2 , D 2) E 2 transforms Tj 
into T 2 and s x into a conic touching jT 2 -4 2 at A 2 , T 2 B 2 at B 2 and 
passing through 2 , that is, into s 2 

Any come may therefore be transformed homographically into 
the circle at infinity, and any quadric of which that conic is a 
plane section then becomes a sphere The non-metrical properties 
of the general quadric may therefore be deduced from those of the 
sphere in the same way as those of the general conic are deduced 
from those of the circle 

271 Space correlation In the same way as we construct a 
space homography we can construct a space correlation in which 
points correspond to planes and planes to points, straight lines 
as ]oins of two points corresponding to straight lines as meets of two 
planes The equations of transformation are obtained from those 
of Art 267 by interchanging x , y , z with V, m , n 1 

Note that, in any correlation, a surface-locus of any order 
corresponds to a surface-envelope of the same class, a curve of 
any degree to a developable of the same class, an axial pencil to 
a homographic range, a flat pencil to a homographic flat pencil, a 
regulus to a homographic regulus, a cone of the second order to a 
conic, and a quadric to a quadric 

As in Art 173 we can consider incident points and planes in 
such a correlation If a point P^R 2 lies on its corresponding 
plane 7r 2 , then if Pl is the plane corresponding to R&gt; 9 since R 2 is a 
point of 77 2 , then Pl passes through P l9 so that a point is incident 
in whichever field we take it, and through every incident point 
pass its two corresponding planes Similarly in every incident 
plane lie its two corresponding points 

In general, corresponding lines do not intersect, if, howcvu, 



PROJECTIVE METHODS IN THREE DIME\&IO\b 3jl 

two corresponding lines x^ # 2 intersect, the point and plane \\hich 
they determine are an incident point and plane For, let P l ^R 2 
be the intersection of two such lines Since P l lies on x l3 its corre 
sponding plane ?r 2 passes through x 2 and so must contain P t , since 
x 2 contains it Similarly pi which corresponds to B 2 must pass 
through Xi and contains R 2 These planes, however, are not 
necessarily identical with the plane x^ z Similarly if a^jS* 
is the plane o^ccg, then since a x passes through # 1} its ( orrespondnj: 
point A% lies on # 2 , and therefore in a l9 and the point BI correspond 
ing to /J 2 lies on x^ and therefore in jB 2 These points A&lt;&gt;, BI are 
not necessarily identical with the point x^* 

If now x is any line in space, P x any point of it, 7r 2 its corre 
sponding plane meeting x at P 23 the ranges [Pi] [P 2 ] are homo- 
graphic Being cobasal, they have two self-corresponding points 
Z7, V If PI coincides with either U or 7, it coincides with P 2 
at that point and therefore lies in 7r 2 Every straight line has 
accordingly two incident points on it , hence the locus of incident 
points is a quadnc fa 

Similarly, if 77! be now any plane through x, P 2 its corresponding 
point, the axial pencils ce[P 2 ] and fa] are 1 om^irxprhi Their 
self-corresponding planes a, /? are such that, when treated as planes 
of the field O 1? they contain their corresponding points m &lt;J&gt; 2 Thus 
through any line x two incident planes can be drawn, hence the 
envelope of incident planes is a quadnc fa 

If P be a point common to fa, ^ 2 , let g l9 A x be the two generators 
of iff l through P Since every point of g l lies on 0j, everv plane 
through g 2 is tangent to fa, so that g 2 is a generator of fa , similarly 
h 2 is a generator of fa Now PsffiAi corresponds to the plane jj^ 
and since P is an incident point it lies in this plane But P is also a 
point of fa and so lies in at least one of # 2 , A 2 If P lies on g, 
then if Qi be any other point ot g l9 61 is an incident point and lie* 
in the corresponding plane * 2 ^kch passes through # 2 a & d these 
planes * 2 are all different But all the points Q l necessarilv he m 
the determinate plane g^ , this requires that the points Q l mu^t 
he on g 2 , that is g l and ^ 2 coincide Hence the intersection of 
fa fa must consist entirely of common generators, so that, in 
general, it is a skew quadrilateral (Art 266) and fa, 2 touch it the 
lour vertices of this quadrilateral 

If, however, fa be a cone, then fa is a disc quadric the emelopt 
of the tangent planes to a conic * 2 In this ca.e the generator :/1 
of fa through P must correspond to a tangent g 2 to 6 2 Here agun 
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the points of g\ lie on their corresponding planes through g 2 , 
which are all different, and as before g l coincides with g z The 
vertex of fa corresponds to the plane of fa an d ^ ies in 1&lt;fc This plane 
meets the cone fa in two generators # 1? which touch s 2 at two 
points This case may be deduced from the more general one by 
making the four common generators coincide in pairs, members of a 
pair belonging to opposite systems 

As in Art 173 we may speak of fa, fa as the base quadnes of the 
space correlation 

If the base quadrics coincide in a single quadric $, then, by the 
above reasoning, every generator of one system on ^ is self-corre 
sponding in the space correlation , and, m general, the generators 
of the other system correspond homographically with two self- 
corresponding members 

If, however, every generator of both systems on ^ be self-corre 
sponding, then any tangent plane to $ corresponds to its point of 
contact, and this is still the case if the two fields be interchanged 
Hence if &lt;x l3 Pi are the tangent planes to iff through any line pi, 
AS, BZ their points of contact with ^, the line AJS^ corresponds 
doubly to pi Thus polar lines with respect to $ correspond 
doubly in the correlation , and by considering intersecting lines 
it is seen that any point in either field corresponds doubly to 
its polar plane with respect to iff in the other We have now a 
transformation by reciprocal polars with respect to the base 
quadric *b 

As a particular case the quadric ifj may be a sphere of centre 
and radius of reciprocation a, which may be arbitrary We then 
have point-reciprocation in three dimensions, a point PI corre 
sponding to a plane 7r 2 perpendicular to OPj and meeting OP at P 2 
where OP l OP^a^ 

In such point-reciprocation the dihedral angle between two planes 
is equal to the angle subtended at by their corresponding points , 
also two corresponding lines are perpendicular, and the angle 
between any two lines a b 6 X is equal to the dihedral angle between 
the planes Oa 2 , 06 2 

272 Inversion with regard to a sphere Precisely as m 
Chapter XI we can define inversion with respect to x sphere centre 
and radius a by taking the points P l9 P 2 of the last part of 
Art 271 to correspond 

Such a transformation (as in the plane) is not a homography 
The following properties of inversion with regard to a sphere 
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are easily established, following the lines of Chapter XI, and are 
set down below without proof, for reference 

Every sphere not passing through inverts into a sphere not 
passing through 0, and every sphere passing through imerts 
into a plane , also any circle not passing through inverts into a 
circle not passing through 0, a circle in a plane through inverts 
into a coplanar circle, and every circle passing through into a 
coplanar straight line 

Every sphere through two inverse points is orthogonal to the 
sphere of inversion 

A sphere orthogonal to the sphere of inversion inverts into itself 

A set of spheres which intersect on a fixed plane (the common 

radical plane) have on their line of centres two limiting points 

which are point-spheres of the set, and invert with respect to either 

of these limiting points into concentric spheres 

Two corresponding surfaces or curves through inverse points 
P l9 P 2 are equally inclined to the line OP 1 P 2 , the normals to the 
two surfaces (or the tangents to the two curves) being coplanar 
with OPiPz, but not parallel to each other Hence any small 
elementary solid inverts into an oppositely similar solid (i e with 
right and left interchanged), and the transformation is conformal 

If two inverse fields are simultaneously inverted with respect to 
any centre, they invert into inverse fields, their spheres of inversion 
inverting into one another 

273 The twelve-face eight-point There exists, in three 
dimensions, an analogue to the harmonic property of the complete 
quadrangle and complete quadrilateral in a plane 

Let three pairs of planes oc b oc 2 , ft, ft , y b y 2 *e described to 
pass through the sides BO, CA, AB respectively of a triangle 
ABC lying in a plane S These three pairs of planes define a 
harmonic space perspective, of which the plane of perspectae is S 
and the pole is the point D of concurrence of the planes through 
BC, CA, AB harmonically conjugate to $ with respect to y l9 *o 
ft, ft &gt; ri&gt; V2 respectively We shall denote the faces BCD, CAD, 
ABD of the tetrahedron ABCD by a, /?, y 

In what follows y, ?, r will denote any set of sufcxes each ot 
which is either 1, 2 , p , q , will be the complement-in suites 
to p, q, r, so that if p = 1, p r =2 and comerselv 

The points oJ3 f y r are 8 m number and form the vertices of a 
figure which may be called an eight-point Since, in a space 
harmonic perspective, every pair of corresponding dement, com,- 
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spond doubly, lines such as j$ q y r , f3 q y r correspond, and the plane 
containing them passes through D Denote the plane (fty l9 /? 2 y 2 ) 
by AX, (fty a , fan) by A 2 The planes ft, fa, Yi, 72 belong to tie 
star vertex A and form in this star a complete four-face, of which 
A!, A 2 and ABC are the diagonal planes, and Aj, A 2 meet in AD 
By the harmonic property of the complete four-face, X l and A 2 
are harmonically conjugate with respect to the planes DAC, DAB, 
le j8 and y Similarly the planes fti-fri*!* y 2 a 2 ), /^ 2 = (y 1 a 2 , 
y2 a i) P ass through BD and are harmonically conjugate with respect 
to y, a Again the planes vi-( a iJ&i a 2 /J 2 ), V2~( a ift&gt; agft) pass 
through CD and are harmonically conjugate with respect to a, j8 
Moreover, every vertex oc^y,. lies on a straight line f$ q y r and 
therefore on a plane \ n There are four vertices in A 1? namely 
i, &lt;*i/3 2 y2&gt; a^iyi, a 2 jS 2 y 2 , and four vertices in A 2 , namely 



A plane which contains four vertices of the eight-point will be 
termed a laee of the eight-point, and two faces which contain 
between them all the eight vertices will be termed opposite faces 

It will be clear from what has gone before that A l9 A 2 , and by 
sjrmmetry also ja l5 /x, 2 and v 1? v 2 are pairs of opposite faces It is 
also immediately clear, from the original mode of construction of 
the vertices of the eight-point, that the pairs oc 1? oc 2 , ft, /3 2 &gt; 7i? 72 
are likewise pairs of opposite faces There are thus 12 faces, and 
for this reason we shall refer to the figure as a twelve-face eight- 
point That there can be no more than 12 such faces can be seen 
as follows There are 56 planes obtained by taking the 8 vertices 
3 at a time , of these each of the 12 faces contributes four coincident 
ones, making a total of 48 There remain 8 planes containing only 3 
vertices , such vertices are readily recognised to be of type oc^y,,, 
S/^rj S^V? an&lt; l there are as many of them as there are 
vertices oc^y r , for they cannot repeat themselves, as if we take, 
for example, p f , q instead of p 9 q, the rule gives a p j8 ff y r , ogS^y,, 
y p^7r3 where the third vertex is new and a distinct plane is 
obtained Accordingly all the 56 planes are accounted ior, and 
there can be no additional faces 

It now appears that the properties of the eight-point arc entiiely 
symmetrical with respect to the tetrahedron ABCD This tetra 
hedron will be referred to as the diagonal tetrahedron of the 
eight-point Its vertices, faces and edges will be termed the 
principal diagonal points, planes and lines of the eight-point 

Accordingly we may define the eight-point by three pairs of 
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opposite faces passing through three coplanar edges of the diagonal 
tetrahedron, e g a 1? oc 2 , f4, ju 2 &gt; n "2 through BC, BD, CD These 
pairs will correspond in a harmonic space perspective of which A 
is the pole and a the plane of perspective 

But since every vertex lies in one or other of a pair of opposite 
faces, any three pans of such faces will define the eight vertices 

Vertices of the type oc^y,., a^jS ff y r will be called comple 
mentary vertices , the same applies to vertices of the type a^^ 
a \L v r) and similarly in other cases Lines joining comple 
mentary vertices will be called edges of the eight-point An 
edge joining vertices a^y r , a^jS^y^, which are &lt; jo j 
points in the plane perspective of pole D &gt; passes through D, and 
there are clearly four such edges 

Similarly there are four edges through A (of the form a^^ 
a jA/v r ), four through B and four through C, so that there are 
altogether 16 edges of the eight-point 

If we now consider two pans of planes (a b a 2 ) (A b A 2 ) which pass 
through opposite edges BC, AD of the diagonal tetrahedron, 
each of the four lines OL^\ meets both BC and AD, and contains 
two vertices oc^ft. and oc^ft, (ft, jS 2 ) bem g an 7 other pair of 
opposite planes These are not complementary vertices, and the 
lines & p \ will be termed diagonals of the eight-point Every 
diagonal meets two opposite edges of the diagonal tetrahedron , four 
meet the same two such edges, so that there are 12 in all 

Moreover, since there are only 28 pins of 8 points two at a time, 
the 16 edges and 12 exhaust the possible combinations 

Through any edge ftyi pass three faces ft, y ls A 2 , no two of which 
are opposite 

Through any diagonal &lt;/i\i pass only the two faces a ls Aj 
Through any vertex axftyj. pass the six faces a l3 ft, y ls A b p l9 PI 
no two of which are opposite, the four edges which join this vertex 
to A 9 B, C 3 D and the three diagonals which are the lines through 
this vertex meetmg pairs of opposite principal diagonal lines 

In any face a x he four edges ajft, oqfe a iri , *&, The edges 
a u, aiu 2 a^x, a^ are identical with a^, a^, ^ift, *iP&gt; 
respectively In the same face a x lie the two diagonals a^ and 

X 274 The twelve-point eight-face Eeciprocating the argu 
ments of the preceding Article, we can construct a figure with eight 
faces and twelve vertices, through each one of which pas, four fat^ 



A ,&lt; 
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is advised to go through it carefully for himself, using the method 
of translation explained in Art 57 and adapted to the case of three 
dimensions The results will here be briefly indicated 

On three edges j8y, yoc, &lt;xj8 of a three-edge of vertex D pairs of 
points AI, A% , J?!, # 2 &gt; QI&gt; C 2 are taken From tliese ei gto planes 
AJ&f} f are obtained, which form the eight faces The triangles 
AiBiCi&gt; A^B 2 C 2 define a harmonic space perspective with D as 
pole and a plane S as plane of perspective, meeting j8y, ya, ocjS at 
A, B, C The diagonal points (other than D) of the quadrangles, 
such as jB 1 5 2 1 (7 2 , give pairs of points LI, Z 2 , M 1? Jf 2 &gt; #1, #2 
on BO, CA, AB, that is, on aS, j38, yS respectively "We have twelve 
vertices A l9 A% , 5 1? 5 2 &gt; G\&gt; z &gt; L i&gt; L z &gt; M i&gt; M z &gt; N \&gt; NZ 
opposite in pairs, any three pairs determining the eight-face 
These are connected in groups of three by harmonic space per 
spectives having A, B, C, D and a, jS, y, S as poles and planes of 
perspective, respectively 

Meets of complementary faces A p B^C y9 A p B q C r give 16 edges 
Each edge lies in a principal diagonal plane, that is, a face of the 
diagonal tetrahedron otjSyS In each principal diagonal plane lie 
four edges, eg the edge given by AiB 2 Ci, A^B^C^ lies in 8 and 
contains the points .Z^^i-ZVa Every edge has three vertices on it 
Joins of vertices such as A\L\&gt; AiL% 9 A 2 Li, A 2 L%, which lie on 
opposite principal diagonal lines give the 12 diagonals 

Through every vertex pass 4 faces, 4 edges and 2 diagonals 
In every face he 4 edges, 3 diagonals and 6 vertices, which are the 
intersections of the face with the 6 principal diagonal lines 

Every principal diagonal plane contains 4 edges and 6 vertices, 
forming a complete quadrilateral of which the thiee principal 
diagonal lines in that plane form the diagonal triangle 
Through every edge and every diagonal pass only two faces 

275 Harmonic properties of the eight-point and eight-face 

If we consider a diagonal of the eight-point, say a^ (see Art 273), 
meeting two opposite principal diagonal lines BC, AD, the two 
vertices on it are determined by a pair of opposite faces such as 
ft, &&amp;gt; passing through AC But ft, /? 2 are harmonically conjugate 
with respect to the two principal diagonal planes CAB, CAD, 
that is, 8, jB passing through their intersection CA These four 
planes meet oc^ at the two vertices on it and at its intersections 
with the lines BC, AD, which he in 8, j8 respectively Thus 
(1) every diagonal is harmonically divided by the principal 
diagonal lines which it intersects 
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We have already seen that (2) every pair of opposite faees 
are harmonically conjugate with respect to the principal 
diagonal planes through their intersection 

Further, since every face of the eight-point contains one principal 
diagonal line, the six faces through a vertex are the planes through 
that vertex and the six edges of the diagonal tetrahedron Hence 
(3) they are the six faces of the complete four-edge formed 
by the four edges of the eight-point through the given vertex, 
and the three diagonals are the three diagonal lines of this 
four-edge 

Consider now any edge /J^ passing through the principal 
diagonal point A The vertices on it he on opposite faces a b a 2 , 
which pass through BC and are harmonically conjugate with respect 
to the planes BO A =8 and BCD=&lt;x. Thus the two vertices, in 
which the planes a l3 oc 2 of the axial pencil (OM^&XS) meet jBjyj, are 
harmonically conjugate with respect to the points where a, 8 
meet fty^ that is (4) any edge is harmonically divided by 
the principal diagonal point on it and the opposite principal 
diagonal plane 

By reciprocation, or directly, we obtain the n&gt;r-^po n dmg 
harmonic properties of the twelve-point eight-face, as follows, 
corresponding propositions being correspondingly numbered 

(1) The two faces through a diagonal are harmonically con 
jugate with respect to the two planes containing that diagonal 
and the principal diagonal lines which intersect it 

(2) Every pair of opposite vertices are harmonically con 
jugate with respect to the principal diagonal points on their 



(3) The six vertices in a face are the six vertices of the 
complete quadrilateral formed by the four edges in that lace, 
and the three diagonals in that face are the diagonals of this 
quadrilateral 

(4) The two faces through an edge are harmonically divided 
by the principal diagonal plane through that edge, and the plane 
joining the edge to the opposite principal diagonal point 

276 Associated eight-point and eight-face It follows from 
property (3) of the twelve point eight-face in the last Article that a 
diagonal A& lying in a face A&C, is harmonically divided at 
points P l9 P 9 by the diagonals JJ^i, Wi lying in that plane 
But A,L, afro lies m the face A&&, and so is harmonicalh 
divided by the diagonals J5 2 M 2 , C 2 N 2 lying in that plane 
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Now the faces through B l M l are A^Ci, AJSiO^ and the faces 
through AiLi are A&C^ A^C^ Hence AiL l9 B^ meet 
on the intersection of the planes A 2 BiC 2) AiB 2 C 29 that is, on the 
diagonal CyV 2 Therefore the non-coplanar diagonals AiL lt 
BiM^ C^NZ are concurrent at PI, and similarly A^ l9 B%M 2 , 
OiNi are concurrent at P 2 

We see then that the diagonals of the eight-face are concurrent 
in threes at points such as P l9 P 2 which are not vertices of the 
eight-face On each diagonal there are two such points, making 
24 in all, but in this sum each point is counted three times over, so 
that there are eight points of type P l9 P 2 

"We will now prove that these eight points form a twelve-face 
eight-point 

The pomts P l9 P 2 on A^L^ are the intersections of A^ with 
CyV 2 and Q^N\ Similarly we have points P 3 , P 4 on AJL which 
are the intersections of A^L/i with C^Ni and CiN 2 But on each 
of the four i!&gt;&lt; i ^ C 2 N 2 , CiN i9 C 2 N l9 CiN 2 there is a second 
point of the same class Let these be Qi 9 Q 2 , Q& Q 

Now PI, P 2 , PS, P* he in the plane AiA^Li, which we may term X l 
and which passes through the principal diagonal line AD The 
points NI, N% he in the principal diagonal line AB and therefore 
in the principal diagonal plane ABD-y Similarly GI, C 2 lie on 
CD and therefore in the plane ACD=fi Let the plane ADQ l 
be A 2 Since CyV 2 is harmonically divided by P l3 Q l3 we have 
AmOsfiN^Qi}- -1 "{jSAjyAg} A 2 is therefore the plane through 
AD harmonically conjugate to X l with respect to j8, y Proceeding 
m like manner with the ranges (OiP^N^) (CJP^N^^) (C\P^N 2 Q 4: ) 
we find that Q l} Q 2 , Q 3 , Q 4 all lie on A 2 The eight points P, Q 
thus lie on two planes through AD, harmonically conjugate with 
regard to the principal diagonal planes through AD 

By symmetry the same holds good of any other edgo a-nd it follows 
that these eight points are vertices of a twelve-lace eight point, 
having the same diagonals, and the same diagonal tctr ihcdron, as 
the original twelve-point eight-face 

We shall say that an eight-point and eight-face rel ittd in tins 
manner are associated 

We might have arrived at the same result by proving tli it the 
diagonals of the eight-point are coplanar in threes, and h&lt; in ( ight 
planes forming the associated eight-face 

277 Eight-point or eight-face with given diagonal tetra 
hedron We will now show that a twelve-face eight-point can 
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always be uniquely constructed if the diagonal tetrahedron ABCD 
and one vertex P are arbitrarily given Join PA to meet BCD at 
EI and on PA take PI harmonically conjugate to P with regard to 
A, E\ In like manner construct P 2 , P 3 , P 4 

Through P draw a line to meet the two opposite principal diagonals 
BC AD at FI, GI and on Ffii take Qi harmonically conjugate 
to P with respect to FI, GI In like manner, from the opposite 
principal diagonals (CA, BD) (AB, CD) construct Q& Os 

It is clear that, since PP 2 , PP 3&gt; PQi a11 sitersect BC, the four 

points P, P& PS, Qi he in a pkne a x through BC Now if a^ is 

the plane through BC harmonically conjugate to a x with regard to 

ABC, BCD, then since {APEiPi}= -1 and on this transversal 

A , P, EI lie on ABC, a la BCD respectively, P l hes on a 2 Similarly 

P\ lies on a 2 Further, if P 2 , &lt;? 2 are points on AC, BD such lihat 

FJPQ* is a straight line and {F 2 PG 2 Q 2 } - 1, then since J? 2 , P, 2 be 

on 4BC, ax, BCD respectively, Q 2 hes on a 2 Similarly Q 3 h^ on 03 

The eight points therefore he in fours on two planes a ls 03 

through BO, harmonically conjugate with regard to BCA, BCD 

Similarly they he in fours on two such planes ft, /J 2 i&rough CA 

and on two planes y x , y 2 through AB, etc 

They form accordingly a twelve-face eight-point having ABGD 
for its diagonal tetrahedron 

In like manner a twelve-point eight-face is uniquely determined 
from its diagonal tetrahedron and one face, which can be arbitrarily 

given 

EXAMPLES 

1 Prove that no new points can be obtained by repeating the construction, 
starting from any of the seven points P v P 2 , PS PV Oi 62* ^ 

2 Prove that any twelve face eight-point can be liaa ^^^ j ^ 
formed into any other, and also that any twelve point eight face can be 
homographically transformed into any other 



regular octane dron 

EXAMPLES XV 
1 Fl ve skew lines a *, e, 4 . have two f common tra-ve^/ . , and 
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2 The locus of the vertex of a cone of the second order inscribed in a given 
skew hexagon is a quadnc 

3 Through the points where the planes of an axial pencil meet a straight 
line are drawn perpendiculars to these planes Show that these perpendiculars 
he in a hyperbolic paraboloid 

4 If a wrap of tangent planes to a cone of the second order be homographic 
with an axial pencil whose base does not pass through the vertex of the cone, 
but which is such that the wrap and the axial pencil have one self corresponding 
plane, their product is a quadnc 

5 A range of points on a conic is homographic with a range on a straight 
line not coplanar with the conic but meeting the conic at A If A be a self 
corresponding point show that the ]oins of corresponding points of the two 
ranges he on a quadnc 

6 Prove that the focal axis of a plane section of a right circular cone is 
equal to the part of any generating line intercepted between its points of 
contact with the focal spheres, and that the perpendicular axis is a mean 
proportional between the diameters of the focal spheres 

7 Prove that the latus rectum of a plane section of a right circular cone 
is proportional to the perpendicular distance of the plane of section from the 
vertex of the cone 

8 In any plane section of a right circular cone, prove that the absolute 
length of the non focal semi axis is a mean proportional between the distances 
of the vertices on the focal axis of the section from the axis of the cone 

9 Prove that the generators of a quadnc through the extremities of 
conjugate diameters of a plane section of the quadric intersect on two planes 
parallel to the plane of the section 

10 A parallelogram ABCD is inscribed m a quadnc $ prove that any 
plane parallel to that of ABCD meets the tangent planes to ^ at A, B, C, D 
m the four sides of a parallelogram 

11 Show that if two quadncs have a common generator the generators of 
the other system in each quadnc, which intersect on their common twisted 
cubic, form homographic reguh 

12 Prove that through any point P of space a quadno can be drawn 
containing a given twisted cubic and a given chord of it 

Show that through P one chord, and one only, of a given tv\ isted cubic can 
be drawn 

13 Prove that a unique quadric surface can be drawn through a given 
twisted cubic t and two given points not on the same chord of t 

14 Prove that every twisted cubic can be obtained as th&lt; intersection 
of two cones of the second order, whose vertices A and J$ hi on the cubic 
and that the rays joining A and J5 to any four points P Q R tt of the ( ubic 
are equi anharmonic in the conical pencils of the second ordc T for MM d by the 
generators of the cones 

15 Two given homographic star fields have different v&lt; itu ( s Show th it 
if two corresponding lines of the stars intersect then intc i s&lt; t tion IK s on i ^ivi n 
twisted cubic 

16 Two given homographic plane fields ho in different pi im s Show that 
if two corresponding lines intersect the plant through them invclops a 
developable of the third class 
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17 Homographic ranges of the third order on a twisted cubic being defined 
as ranges which are projected from any chord of the cubic b&gt; homograph* 
axial pencils, with a corresponding definition for an involution on the cubic 
prove that the joins of pairs of mates (P, P ) o f an involution on a twisted 
cubic are the generators of a regulus 

Show also that the involution (P, P } belongs to the biaxal space involution 
whose axes are those generators of the complementary regulus which pass 
through the double points of the involution (P, P ) ^^ 

18 If A, B 9 C 9 A 9 B 9 C are six fixed points of a twisted cubic, P any point 
of the curve, prove that the transversals from P to the pairs of lines (AB 
A B) (BC &gt; B C) (OA\ C A) he in a plane * , and show tilt, as P describes* 
the curve, IT turns about a fixed chord of the cubic, which joins the self 
corresponding points of the homographic ranges of the third order defined on 
the cubic by the triads (A, B, C), (A , B 9 C ) 

19 Prove that a developable of the third class is entirelv determined to 
any six of its tangent planes, and show how to construct (a) the tangent 
to the cuspidal edge, (&) the point of contact of this tangent with the cuspidal 
edge, corresponding to any one of these tangent planes 

20 Show that the common tangent planes to two quadries with a common 
generator envelop a developable of the third class, and that through each of 
the generators of one system in each quadnc, two planes of the developable 
pass, but through each of the generators of the other system there passes 
only one plane of the developable Show further that, in general, an 
arbitrary line does not he in a plane of the developable and cannot m any 
case he in more than two 

2 1 Prove that the tangent planes of a developable of the third class meet a 
given tangent plane of the developable in a pencil of the second order , 
and hence that every such developable can be generated by the common 
tangent planes to two comes which have a common tangent line 

22 Two plane fields in planes n l9 ir 2 are in space perspective Show that 
cross joins A 2 B lt A^ z meet on a fixed plane y passing through r x - and 
that the two fields define a harmonic space perspective, in which / i*. the 
plane of perspective 

23 a, j8 are two planes , a, & two non coplanar lines m space which both 
meet a/? Show that if P l P 2 be points of a, f$ respectively such that P X P 
meets a and &, the correspondence between the plane fields [PJ [P 1 it&gt; 
homographic 

24 Prove that, if two harmonic space perspectives have the pole of either 
lying on the plane of perspective of the other, and a field d&gt; corresponds to 
(f&gt; l in one perspective and to &lt;f&gt; 2 in the other, fa and ^ are related fields in a 
harmonic biaxal homography 

25 Prove that, of the six faces through each of t\\o complementan vertices 
of a twelve face eight point three are common and thiee are opposite 

26 Two complete quadnlaterals have in common t\\o \eitices on i 
diagon il and ilso the two vertices of the diagonal tnande on this diagonal 
Show tint their icmaining veitices form a t\\el\e face eight point 

27 Discuss the problem of constructing a tetrahedron of \\ Inch the vertex 
O shall be in a given plane a the faces that meet it shall pas-* thruuji 
given lines I, m, n and the base ABC shall be an equilattial tnanje in a 

crivpn ilim R Hnw mnnv &lt;mlntmnq nre theio ? 
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28 Show that the intersection of a plane 7^ of a star vertex O : with the 
corresponding line # 2 of a reciprocal star vertex 2 lies on a quadric Q passing 
through 19 O z , and the intersection of jp x and 7r 2 lies on the same quadric 
Prove that Q meets any plane a m the locus of incident points in the reciprocal 
fields determined on a by the stars 

29 If $, &lt; be two reciprocal fields in different planes, the plane joining a 
point of ^ to its corresponding line of $ envelops a quadric Q, the tangent 
cone to which from any point is the envelope of incident planes in the two 
reciprocal stars of vertex by which &lt;j&gt;, &lt;/&gt; are projected from 

30 Show that, given three skew hues a, b, c, a definite line d exists m space, 
which is harmonically conjugate to a with respect to 6, c in a regulus 

Show further that two polar lines with respect to a quadric ifj determine 
in each system of generators of */*, an involution, and find the double lines of 
these involutions 



CHAPTER XVI 
FURTHER PROPERTIES OF QUADRICS 

278 Self-polar tetrahedron Let P be any point, TT its polar 
plane with respect to a quadnc, R a point of ?r, and p its polar 
plane, which passes through P Also let 8 be a point of w/&gt;, and 
a its polar plane, which passes through both P and R and meets 
TTp at a point T Then T lies on TT, p, a its polar plane r is PUS 
A tetrahedron such as PRST is said to be self-polar with regard 
to the quadric Each vertex is the pole of the opposite face 
Any two of its vertices, or any two of its faces, or any two of its 
edges, are conjugate with regard to the quadric and any two of 
its opposite edges are polar lines 

Any three-edge oc/Jy whose faces are mutually conjugate for the 
quadric $ is termed self-conjugate for $ If 3 is the polar plane 
of the point ocjSy, any two of the four planes a, /2, y, 8 are conjugate A 
for $ and the tetrahedron ay8 is self-polar The triangle in which 1 
the three-edge ocjSy meets the plane 8 is self-polar for the section ^ 
of $ by 5 , and the three-edge is therefore self-polar for the tangent 
cone to i/r from its vertex 

Again any triangle ABC whose vertices are mutuallv conjugate 
for &lt; is termed a self-conjugate triangle for ^ , it is self-polar 
for the come in which the plane ABC meets , and if D is the pole 
of the plane ABC with regard to 0, the tetrahedron ABCD is 

self-polar 

It should be noted that two edges of a self conjugate three-edge, 
or sides of a sell conjugate triangle, are conjugate, but not polar, 
lines with respect to the quadric The polar plane of any vertex 
of a self-conjugate triangle contains the opposite side and the 
pole of any face ot a self -conjugate three edge lies in the opposite 



n general a self-conjugate three edge does not meet an arbitrary 
plane m a self-conjugate triangle, unless that plane is the polar 
plane of the vertex of the three-edge In like manner the line, 
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joining the vertices of a self-conjugate triangle to any point do not 
form a self-conjugate three-edge, unless the point is the pole of 
the plane of the triangle 

If, however, the quadric iff degenerates into a cone of vertex 
0, then is the pole of any plane TT, not passing through If 
now a is any line through 0, a its conjugate diametral plane with 
respect to the cone (Art 241), then every line which meets a and 
a is harmonically divided by the cone In this case any point of 
a may be regarded as the pole of a If dbc be a self-polar three- 
edge of vertex for the cone, then a, b, c will meet TT at points 
A, B, C which are poles of a, jS, y respectively, so that A, B, C, 
are mutually conjugate m pairs , thus OABG is a self-polar tetra 
hedron for the cone, and every such tetrahedron must have for 
a vertex 

In this case the self-polar three-edge through meets every plane 
TT in a self-conjugate triangle, and every self-conjugate triangle 
in a plane not passing through is projected from by a self-polar 
three-edge 

If a twelve-face eight-point is inscribed in a quadnc ^, then its 
diagonal tetrahedron is self-polar for the quadric For reverting 
to the notation of Art 273, if we take the four lines fty^ /J^, 
&yi&gt; &y 2 through A, each of these is an edge of the eight-point , 
thus P\y\&gt; for example, contains the two vertices u.\Piy\, a 2 )8 1 y 1 
A is the point fi\yi and the point where the plane BCD meets 
Ptfi is ajSjyj But &lt;*!, &lt;x 2 are harmonically conjugate with respect 
to a, 8 by the property of the eight-point Hence the point a/?^ 
is harmonically conjugate to A with respect to a^yj, a 2 j8 1 y 1 
which are two points of the quadric on a chord through A Thus 
a ftyi 1S a point on the polar plane of A Similarly a^8 1 y 2? a/3 2 y b 
aj3 2 y 2 all he on the polar plane of A, which must accordingly be a 
Similarly /? is the polar plane of B, y of C and 8 of D ABCD is 
therefore a self-polar tetrahedron for 

It follows from Art 277 that, if a self-polar tetrahedron lor &lt;// 
be given, and also one point P on the quadric , sc von other points 
can be at once constructed, which he on the quadnc and foira a 
twelve-face eight-point For, in the construction of Art 277, 
the same points P b P 2 , P 3 , P 4 , Q }9 Q 2 , Q } are obtuiiul is points 
of the quadric, if we make use of the propertu s tli it each lace of 
ABCD is the polar plane of the opposite vertex and that evciy chord 
of the quadric intersecting two opposite edges ot ABCD (which 
are polar lines) is harmonically divided by these lines 
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EXAMPLES 

1 Show how to construct a quadnc, given a self polar tetrahedron, and a 
given point and plane as pole and polar 

2 Show that an infinite number of self polar tetrahedra for a given 
quadnc can be constructed, having two given conjugate points P, Q for 
vertices, and that their other vertices form an involution 

3 Prove that, if through an edge yd of a self polar tetrahedron &lt;x/Jyd 
any plane TT is drawn, meeting the opposite edge otj8 at E, the three planes 
through E, namely a, j8, IT, form a self conjugate three edge 

4 Prove that, if on an edge CD of a self polar tetrahedron ABCD a point 
P is taken, the three points ABP form a self conjugate triangle 

5 Prove that, if a quadnc contains seven vertices of a twelve face eight- 
point, it must also pass through the eighth vertex 

6 Prove that if a quadnc touches seven faces of a twelve point eight-face, 
it must touch the eighth face 

7 Show that, in general, one quadnc can be described through three given 
points of space and having a given tetrahedron for a self polar tetrahedron 

8 If three quadncs have a common self polar tetrahedron, their eight 
intersections form a twelve face eight-point, and their eight common tangent 
planes form a twelve point eight-face, and these have the same diagonal 
tetrahedron 

279 Centre, principal axes and planes lite pole of the 
plane at infinity is termed the centre of the quadnc The ellipsoid 
and hyperboloids have their centre at a finite distance The 
paraboloids have no accessible centre Lines and planes through 
the centre are diameters and diametral planes respectively As 
in the case of the conic all diameters are bisected at the centre, 
when this is accessible Diameters of a paraboloid are parallel to 
a fixed direction 

The polar plane TT of a point P at infinity passes through the 
pole of the plane at infinity and so is a diametral plane, which is 
conjugate to all lines p passing through P Such parallel lines 
&lt;p determine chords of the quadric which are harmonically divided 
by TT and P Hence chords parallel to a given direction are 
bisected by their conjugate diametral plane 

If rfoo 1S a line at infinity, its polar line A passes through the 
pole of the plane at infinity and so is a diameter Anv point C 
of f is conjugate to every point of HP for the quadric hence C 
,s the centre of the section of the quadnc by the plane C d^ which 
plane is conjugate to t Thus the locus of centres i ol sections 
of the quadnc by a system of parallel planes is the diameter 
eomugate to those planes 
Tllf-conjugate three edge whose vertex is the centre form, a 
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system of three conjugate diameters, and its faces a system of three 
conjugate diametral planes Any one of its edges is the diameter 
conjugate to the opposite face 

In the case of an ellipsoid or hyperboloid with centre 0, any three 
mutually conjugate diameters form three edges of a self-polar 
tetrahedron OA^B^C Chords parallel to a diameter 04 are 
bisected by its conjugate diametral plane OS 00 ^ 00 , and the locus 
of centres of sections by planes parallel to a diametral plane OB^C 
is the diameter OA conjugate to that plane 

The plane at infinity meets the quadric in a conic & In general 
it 00 and O have one and only one common self-polar triangle 
joojcojfco Th. e lines O/ 00 , OJ, OK are the only set of three 
mutually perpendicular conjugate diameters of the quadric, and 
are termed the principal axes of the quadric Each is per 
pendicular to its conjugate diametral plane , these three planes 
are called the principal planes of the quadric A principal 
plane is a plane of symmetry for the quadric, since every chord 
parallel to an axis is bisected by the perpendicular principal 
plane 

In the case of a paraboloid & degenerates into a line-pair, namely 
the two generators of the quadric in the plane at infinity In this 
case there is still a common self-polar triangle Z 00 / 00 ^ 00 , but one 
vertex K is now the double point of the line-pair, that is, the 
point of contact of the plane at infinity with the paraboloid, and 
Z, J determine two perpendicular directions in a plane per 
pendicular to the direction of -K 00 There are now two accessible 
principal planes, namely those which bisect chords passing through 
Z, J 00 , these are the polar planes of 7 J and their intersection 
is the only accessible principal axis of the paraboloid The pokr 
plane of K is the plane at infinity itself , the othor two ixos &lt;ire 
therefore at infinity As before, the accessible prmeip il pianos ire 
planes of symmetry for the paraboloid, which then lore his only 
two plane symmetry In any set of three mutuilly conjugate 
diameters of a paraboloid, two are in the pUm it infinity , incl 
the plane at infinity must be one of any set of tlim conjugate 
diametral planes 

Eeturning now to the case of the general qu idnt , with ic&lt; c ssible 
centre 0, if & and O touch at two points A, B rJJ , they h we my 
number of common self-polar triangles, namely those h wing for 
vertices the common pole K*&gt; of A*&gt;B*&gt; vubh respc ct to A a incl O 
and any pair of conjugate points /, J on A^B Thoic is 
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accordingly a determinate axis OK, but any two rectangular lines 
0/, 0/ in a plane perpendicular to OK are also axes Further, 
any section of the quadric by a plane through IJ contains 
A, B Since these are circular points, this section as a circle, 
of which the centre lies on the axis OK Thus sections of the 
quadric by planes perpendicular to OK are circles, whose centres 
lie on OK The quadnc is therefore a surface of reodutwn, and, 
in the case of an ellipsoid, is termed a spheroid 

Finally, & and O may coincide, in which case svery triangle 
jroojcogoo S elf-polar for Q gives a set of axes The quadnc then 
contains O and reduces to a sphere, since every plane section of 
it is then a circle Any set of conjugate diameters of a sphere is 
trirectangular and thus a set of principal axes 

The reader can easily trace for himself the modifications of the 
above necessary for the (real) paraboloid of revolution It may, 
however, be worth while to point out that A, B are necessarily 
conjugate imaginary points, for K is here real, and the pknes 
perpendicular to the direction of K are also real, and therefore 
must meet O in two points A, B which are conjugate imaginary 
Now fc cannot then be a real line-pair, for AB, joining con 
jugate imaginary points, would be real, and its intersections A 00 , 
JB 00 with k would also be real, which is not the case Thus i x 
is an imaginary line-pair and a paraboloid of revolution must be 
an elliptic paraboloid (Art 257) 

280 Asymptotic cone and planes of circular section The 

tangent cone to the quadric iff from the centre touches the quadnc 
along the conic k in which iff meets the plane at infinity This 
cone is termed the asymptotic cone of the quadric Since it 
meets the plane at infinity in the same conic that the quadnc does, 
it has the same axes and principal planes as the quadric 

Also any plane TT meets the quadric and its asymptotic cone in 
two comes q and t which have their points at infinity common 
and so are similar (Art 235) 

Hence planes parallel to the cyclic planes of the asvmptotic 
cone cut the quadnc in circles (Art 250) The tangent planes 
parallel to the planes of circular section meet the quadric in point- 
circles Their points of contact are called umbillCS of the quadric 
Since there are six cyclic planes, of which two are real, there are 
twelve umbihcs, of which four are real , and thev lie in fours m 
the three principal planes 
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An ellipsoid, since it has no real points at infinity, has clearly no 
real asymptotic cone On the other hand a hyperboloid has a 
real asymptotic cone We have seen in Art 257 that if the tangent 
planes at infinity meet the quadric in real lines, then the hyper 
boloid has real generators, this requires that the hyperboloid 
should he outside its asymptotic cone, since the tangent plane to a 
cone of the second order, like the tangent to a conic, has no real 
points inside the cone The surface consists of a single sheet 
entirely surrounding the cone Hence the name hyperboloid of 
one sheet 

If, on the other hand, the hyperboloid has no real generators, the 
tangent planes to the asymptotic cone do not intersect the hyper 
boloid in real generators The quadric then consists of two sym 
metrical portions, one inside each of the two opposite half-cones 
which make up the asymptotic cone Hence the name hyperboloid 
of two sheets (see Art 257) 

In the case of a quadric of revolution, since & has double 
contact with O&gt; the asymptotic cone is a right circular cone 
(Ait 245) whose axis is the axis of revolution 

The asymptotic cone of a sphere is, of course, the spherical cone 
through the centre 

In the case of a paraboloid & becomes a line-pair, whose members 
are w, #, say There is here no accessible centre, the asymptotic 
cone degenerates into the envelope of the tangent planes through 
the generators w, v, that is, into the line-pair /c 00 itself 

If J7, 7 are the points in which a plane y perpendicular to 
the accessible axis meets w, v 00 , respectively, let x, y be the second 
generators of the paraboloid through t/, 7 Then ju, y belong 
to opposite systems, so that u 00 , v, x, y form a skew quadrilateral 
of generators The tangent planes xu, yv^ at t/ 00 7, are termed 
the asymptotic planes of the paraboloid They inteistet m the 
polar line of Z77 00 , that is, in the accessible ixis \lso they ire 
harmonic with respect to the two accessible princip il j&gt;i mcs, since 
a pair of conjugate planes through the ixis u&lt; Inimojm with 
respect to the two tangent planes through tin IMS Thus the 
accessible principal planes bisect the dihednl uigks between the 
asymptotic planes 

Since lines parallel to the accessible ixib already m t flu p u i- 
boloid in one real point at infinity on that axis, th( y me &lt; 1 1 h&lt; sin lace 
at only one other real point Thus every r&lt; al p u iboloid is i one- 
sheeted surface 
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The point xy is termed the vertex of the paraboloid and the 
plane xy is the tangent plane at the vertex and perpendicular to the 
accessible axis 

A plane parallel to this axis meets the paraboloid in a section 
which touches the plane at infinity at its point of contact \vith the 
paraboloid Such sections are therefore parabolas whose axes are 
parallel to the accessible axis of the paraboloid 

A plane perpendicular to the axis meets the paraboloid in a come 
passing through Z7 00 , F 

If & is a real line-pair, the paraboloid is a hyperbolic para 
boloid , the points Z7 00 , F s the asymptotic planes, and the lines 
x, y are all real, and the sections by planes y perpendicular to the 
axis are hyperbolas having parallel asymptotes The line-pair xy 
divides these hyperbolas into two sets, which he on opposite sides 
of the plane xy and in supplementary dihedral angles formed by 
the asymptotic planes, so that the surface is saddle-shaped 

If & is an imaginary line-pair with a real double point, the 
points 17, 7, the asymptotic planes and the lines x, y are con 
jugate imaginary The paraboloid is then an elliptic paraboloid, 
which lies entirely on one side of the plane xy , all its sections by 
planes perpendicular to the axis are ellipses 

EXAMPLES 

1 A tangent plane to the asymptotic cone meets the quadnc in parallel 
generators belonging to opposite systems 

2 Prove that two intersecting generators of a quadnc are asymptotes of 
the section of the asymptotic cone by the plane containing the generator* 

281 Common self-polar tetrahedron of two quadncs Let 

ft, ft be two quadrics, P l any point, -n its polar plane with reject 
to ft, P 2 the pole of TT with respect to fa The relation between 
the fields [PJ, [P 2 ] is algebraic and one-one Moreover n PI 
describes a line p l9 TT revolves about the polar line p of Pl with 
respect to ft, and P 2 describes the polar hue p, of p with rt.p^t 
to ft Straight lines therefore correspond to straight lines and me 
space fields [P,l [P,] are homographic Th* &gt;- . J| La, 
in general, four, and only four, self-corresponding point, 4, B I U 
each one of which has the same polar plane, y, ft / 8 redeem m 
with respect to ft, ft Since /?yS has BCD for it, pohr plant * ith 
respect to both ft, ft, the ^ertlces of the tetrahedron ,3 mu- 
be identical with the points 4, 5, C, D * that the tetrahedron 
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ABGD is self-polar for both quadrics, and is the only such tetra 
hedron 

If we now transform the fields [Pi], [P 2 ], ^7 a homography, so 
that 5, C, D become tnrectangular points at infinity, the quadrics 
become coaxial quadrics, with a common centre at the point 
corresponding to A All non-metrical properties of two quadrics 
can therefore be derived from those of two coaxial quadrics 

The fields [PJ, [P 2 ], however, may have more than four self- 
corresponding points , this happens when they are related by a 
umaxal or biaxal homography, or by a space perspective 

If the homography between [PJ, [P 2 ] is uniaxal, and x is the 
axis, then # is a line of self-corresponding points If x meet fa 
at A and JB, the tangent planes a, /? to fa at A, B are polar planes 
of A, B respectively with respect to both fa and fa, so that A, B 
he in their polar planes with respect to fa an( * a &gt; ft touch fa 
at A) B Hence fa, fa have double contact and intersect along 
two comes If C, D are the two self-corresponding points of the 
homography not on x, U any point of x, the plane VCD has the 
same pole V for both quadrics V is therefore a self-corresponding 
point of the homography, which is not in general coincident with 
U, C or D and therefore is a point of x, which is harmonically con 
jugate to V with respect to A, B We have then an infinite number 
of common self-polar tetrahedra UVCD 

If the homography between [Pj], [P 2 ] is biaxal, then, if the axes 
x } y meet fa at A, B , C, D respectively, we have, &lt;is before, that 
fa, fa touch at the four points A, B, C, D, in which case their 
intersection is a skew quadrilateral of generators It is then easily 
shown that if (S 9 T), (V 9 V) are any pairs of harmonic conjugates 
with respect to (A, J5), (C, D) respectively, the tetidhcdron tiTUV 
is self-polar for both quadrics 

If the homography between [Pi], |P^| ifc&gt; &lt;* pUnt p&lt;ispcctive, 
it is proved as before that the quadrics touch &lt;ill ilong i conic h 
in which they are both cut by the plane ol perspective The 
vertex of the common tangent cone is a self-corresponding point of 
[Pi] [P 2 ] not in the plane of perspective, &lt;ind so is the pole of 
perspective If ABC is any self-polai tuangk Joi the come k, 
OABG is a common self-polar tetrahedron for both quddnes 

So far we have considered those special cases wh( re thcie ire 
more than four self-corresponding points of [P l \ [P 2 \ But other 
special cases also arise when two or more of the loin sdi-eone 
spending points A, B, C, D coincide, m which uibe theie &lt;uc less 
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than four points which have the same polar plane for both 
quadrics 

First let A and B coincide along a line u Then A lies in its 
polar plane BCD=ACD with respect to both quadrics These 
accordingly touch at A, the plane ACD being the common tangent 
plane CD and u are common polar lines for ^ b $ 2 

Let, further, C and D also coincide along a line i Then A lies 
in its polar plane Av and C lies in its polar plane Gu, with respect 
to both quadrics Hence ^ and ^ 2 touch at A and (7, the tangent 
planes Av, Cu passing through AC Thus AC is a generator of 
both quadrics, the remainder of their intersection being a twisted 
cubic The lines u t v are polar lines for both quadrics 

If A, B, C coincide, the sides BC, CA, AB approaching a, 6, c 
as limits, then A is the pole, with regard to both quadncs, of three 
planes aD, ID, cD, all passing through AD, but generally distinct 

If A 9 B, C, D coincide, then A is the pole, with regard to both 
quadrics, of four planes a, ]8, y, S through A, which are generally 
distinct 

This clearly implies that the relation between pole and polar 
plane is no longer unique for either quadric , hence $ b &gt; must 
be degenerate quadrics Moreover, the &lt;&gt; &gt;JP* r )L\ between the 
fields [Pi], [P 2 ] would cease to be determinate 

Such cases must therefore be excluded from consideration here, 
unless the above three (or four) planes happen to coincide When 
this is so, the point A will be found to be a point where the quadric* 
have contact of higher order , the investigation of this will, however, 
be omitted 

282 Pencil and range of quadrics The ten coefficients m 
the equation of a quadric through eight grven points must s atkfv 
eight linear equations , they can therefore in general be expressed 
as homogeneous linear functions of two arbitrary parameter* X l X 2 
The equation of any quadric through the eight point* is therefore 

of the form 

A^+AoS^O, 

where S l S, are definite expressions of the second degree in the co 
ordmates Every quadric through the eight points therefore pi-e* 
thiough the twisted quditic cune of intersection of the qindriL, 

^=0, S 2 =0 

Hence the set of quidrics through eight gntn point, ront.m, m 
geueial a dett minute twisted qiurtic 
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It should be noted that the above reasoning assumes that the 
eight given points are of sufficiently general position for the eight 
Lnear equations satisfied by the coefficients to be linearly inde 
pendent It -will be shown later (see Art 292) that all quadrics 
through seven given points pass also through an eighth fixed 
point 

Such a set of quadrics is termed a pencil of quadrics and their 
common twisted quartic will be referred to as the base of the 
pencil 

Through any point of space, not lying on the above quartic, one 
quadnc of the pencil passes 

Reciprocating the above results we see that the quadrics which 
touch eight given planes touch a determinate developable of the 
fourth class They are said to form a range of quadrics, and the 
developable is termed the base of the range 

One quadnc of the range touches any given plane, which is not 
a tangent plane of the base developable 

283 Properties of a pencil of quadrics A pencil of quadrics 
determines an involution on any straight line Two quadrics of 
the pencil touch this straight line at the two double points of this 
involution These two double points are conjugate for all the 
quadrics of the pencil and may be said to be conjugate points 
for the pencil Since two pairs of mates determine the double 
points of an involution, it is clear that if two points P, P are 
conjugate for two quadncs ^ 1? ^ 2 f a pencil, they are conjugate for 
the pencil If then TT^ 7r 2 are the polar planes of P with respect 
to J/TJ, i/r 2 , their meet p =7r l9 ?r 2 is the locus of points P conjugate 
to P for the pencil, and we may call this the line conjugate to 
P for the pencil 

The comes in which the quadrics of a pencil meet any plane 
form a pencil of comes passing through the four points in which 
the twisted quartic which defines the pencil meets this plane 
Three of the quadrics of the pencil therefore meet the plane m 
line-pairs, that is, they touch the plane at the centres ol the lm&lt; - 
pairs These centres are the vertices of the common self-polai 
triangle of the comes m which the pencil of quidncs muts the 
plane Hence 

In every plane there is one triangle self-conjugate with regard 
to all the quadncs of a pencil Its vertices are the points of 
contact of the three quadrics of the pencil which touch the plane 

A pencil of quadrics has, in general, one, and only OIK c onnnon 
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self-polar tetrahedron For let ABOD be tie common self-polar 
tetrahedron of two of the quadncs of the pencil, & and fa, thea 
any pair of its vertices, such as A, B, are conjugate for every 
quadric ifs of the pencil, and therefore the tetrahedron is self-polar 
for every such quadric \fs 

Cases of exception arise, as in Art 281, whenever there are one 
or more points where all the quadncs of the pencil touch The 
detailed discussion of these cases will be omitted 

Any ray through a vertex, say A, of the common self-polar 
tetrahedron of a pencil of quadncs, which meets the quarfce base 
at a point P, meets it again at a point P For, if AP meet the 
opposite face of the tetrahedron at L, AP meets both quadncs again 
at the point harmonically conjugate to P with respect to A and L 
This point, therefore, lies in the quartic base Hence the four points 
P, P , R, R in which any plane through A meets the quartic lie 
in two paus (P, P ) (R, R) on rays through A The quartic is 
therefore projected from A by a cone which has two generators in 
any plane through A 9 that is, a cone of the second order A mmrfr 
result holds for the other vertices B 9 C, J) of the tetrahedron. 

Hence, in general, four of the quadncs of a pencil are eones, 
whose vertices are the vertices of the common self-polar tetra^ 
hedron of the pencil 

The above assumes that the common self-polar tetrahedron is 
both unique and proper 

Of the cases of exception we will only consider one, namely that 
when the quarfcic base breaks up into two comes In this case the 
common self-polar tetrahedron has two distinct vertices A and B 
through which pass two cones of the pencil and an edge CD everr 
point of which has the same polar plane for every quadnc of the 
pencil This edge is the double line of the plane-pair formed 
by the planes of the two comes The two remaining cones of the 
pencil therefore coalesce with this plane pair 

If the quartic base reduces to a skew quadrilateral, no proper 
cone can be drawn through the intersection, but there are then two 
plane-pairs, of which the diagonals of the skew quidnlateral are 
the double lines 

If we take a point P on the twisted quartic common to a pencil 
of quadncs, the twelve-face eight-point of tthich P i* a \erte \ and 
A BCD the diagonal tetrahedron is inscribed in e\ en quadric of the 
pencil, and therefore in the twisted quartic By \ an ing P * e *ee 
that an infinite number of such eight points can be mbtiibed in 
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any twisted quartic which is the intersection of two quadncs In 
view of the degenerate character of the self-polar tetrahedron 
for two quadrics with a common generator the same result does not 
generally hold when the quartic breaks up into a line and a twisted 
cubic 

An important particular case of a pencil of quadrics occurs when 
two of the quadrics are spheres , the quartic base then breaks up 
into the circle at infinity and an accessible circle c (which may be 
real or imaginary) lying in a real plane a, which is termed the 
radical plane of the two spheres 

Clearly every quadric of the pencil contains O and so is a sphere 
Also each passes through the circle c , and any two have a for their 
radical plane 

Such spheres provide an analogue of coaxal circles in a plane, and 
may be called coaxal spheres Their centres he on the line through 
the centre of c perpendicular to its plane Also any plane meets 
such a pencil of spheres in a set of coaxal circles 

It is easily proved that the tangents from any point on the radical 
plane to all the spheres of the pencil are equal There are two cones 
of the system, which are spherical cones and therefore point- 
spheres lying on the line of centres, giving the limiting points of the 
system All spheres through the limiting points meet every sphere 
of the pencil orthogonally and have their centres on the radical 
plane These spheres, however, do not form a pencil of quadrics 
Their centres all lie on the common radical plane of the original 
pencil, and they provide another type of three-dimensional 
generalisation of coaxal circles, namely spheres through two 
points 

284 Polar quadric of a line for a pencil of quadrics It is 

clear that the polar plane TT of P with regard to a quxdiic ifs ot n 
pencil passes through the line p which is conjugitc to P for the 
pencil 

If now TT be a given plane through p , i/j is uniquely &lt;1&lt; tcrmmed 
For, if P do not he in the base quartic, let Q be any point of the 
base quartic , join PQ meeting TT at fi&gt; and let R bo Ihinnomo illy 
conjugate to Q with respect to P, Then R is i point ol md, 
in general, determines # uniquely If P lies on th&lt; bisc qu utu, 
p f is the tangent line at P to the base quartic, TT is the t mgc nt ]&gt;1 me 
at P to the quadric A line in TT } other than j/ 9 gives i point of 
iff ultimately coincident with P, but not lying on tin lus&lt; &lt;\n utu , 
and this also determines ifj Hence, when TT is known is de- 
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termmed, and conversely Thus the pencil of quadncs [$] is 
homographic (cf Art 208) with the axial pencil [TT] 

If now u is any straight line, P b P 2 two points of it, ir l9 7r 2 their 
polar planes with regard to a quadnc t/f of the pencil, we have 



Hence 77-^2 generates a regulus in a quadric &lt;/&gt;&gt; in which the 
axes pi, Pz of [T^], [TT%] are generators of the other system 

Now TTiTTg is the polar line of u with respect to ^r and is inde 
pendent of the choice of P l9 P 2 

Thus the polar lines of a given line u with respect to the quadncs 
of a pencil form a regulus of generators of a quadric &lt;f&gt; 9 which is the 
polar quadric of u with regard to the pencil 

Since pi has been shown to be a generator of &lt; of the other 
system, and PI can be taken arbitrarily on u, the conjugate hues 
to points of u with respect to the pencil form the second set of 
generators of the polar quadric 

Finally any point Q of the polar quadric of u lies on a line 
conjugate to a point P of u with regard to the pencil, and so is 
conjugate for the pencil to a point P of , and also lies on the 
polar line of u with regard to some quadric $ of the pencil, so that 
it is the pole of some plane through u with regard to $ 

Thus the polar quadric is also (i) the locus of points conjugate 
to points of u for the pencil, (u) the locus of poles of planes throush 
u for quadrics of the pencil 

The polar quadric &lt; of u passes through the vertices A, #, 0, U 
of the common self-polar tetrahedron of the pencil For if the 
plane BCD meet u at U, then A and U are conjugate for the pencil, 
so that A must lie on &lt;f&gt; , and similarly for 5, and P 

&lt; also passes through each of the two points of u which are 
conjugate for the pencil [fl, since each of these is conjugate to a 
point of ^namely the other point of the pair 

Note also that $ meets any plane A through u in the eleven-point 
conic of u for the pencil of comes in which [fl meets A 
285 Polar cubic of a plane for a pencil of quadnes Let ~ be 
t^lane A B G any three noncollmear points on it, a H / 
plr %fa nes of A -th regard to a quadric , of , 
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whose axes are the lines a. &, c conjugate to 4 B C te the P 
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cubic will be termed the polar cubic of TT with respect to the 
pencil of quadrics It passes through the points of contact of the 
three quadncs of the pencil which touch TT, and also through 
the vertices of the common self-polar tetrahedron of the pencil, 
for, if D be any such vertex, D is the pole of any arbitrary plane 
and therefore of IT, with respect to the cone of the pencil which 
has D for vertex 

Since the pole of TT lies on the polar Line of any line in TT, it 
follows that the polar cubic of TT lies in the polar quadric of any 
line IHTT 

In particular, if TT is the plane o&gt; at infinity, the locus of the 
centres of the quadrics of a pencil is a twisted cubic passing through 
the vertices of the common self-polar tetrahedron and through 
the three points at infinity where a&gt; touches the three paraboloids 
of the pencil 

If the centre-locus meet a quadric iff of the pencil at P, the 
tangent plane TT to iff at P meets to 00 in a line ^ co Since TT is the 
polar plane of P for iff, and o&gt; is its polar plane for some other 
quadric of the pencil, ^ =a&gt;7r is the line conjugate to P for the 
pencil 

If now one quadric of the pencil is a sphere or, of centre 0, P 
is conjugate to all the points of * for a- Hence the polar line of 
^ 00 for a is OP and consequently OP is perpendicular to all planes 
through ^ 00 , and thus to TT Therefore OP is the normal to $ at P 

But it has been shown (Art 266) that a twisted cubic meets a 
quadric at six points There are accordingly six points P and six 
normals OP which can be drawn from to the quadric i/s 

The centre-locus of the pencil defined by and any sphere a of 
centre passes through the feet of the six normals from 0, through 
itself, through the centre G of if/, through the four vertices of the 
self-polar tetrahedron of a and if/ and through the points of contact 
J, F 30 , Z of the paraboloids of the pencil with w 00 

But the last three points X^Y^Z form the common solf polar 
triangle of O and the conic & in which iff m&lt; cts c//- Th( y thus 
correspond to three rectangular directions, mutu illy c onjugitc for 
ip, that is, to the directions of the principal axes of if/ 

Thus the asymptotes of the twisted cubic uc paiallel to the 
principal axes of iff 

The properties of this twisted cubic ire thus malogous to those 
of the hyperbola of Apollonms (Art 222) md it m ly bt termed the 
CUblC Of ApolloniUS for the point and the qu idnc $ 
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EXAMPLE 

The six normals from a point to a quadnc lie on a cone of the second 
order, of which three generators are parallel to the axes, and which contains 
the centre of the quadric 

286 Properties of a range of quadnes The properties of a 
range of quadrics are immediately derivable from those of a pencil 
of quadrics by reciprocation We will note the following 

The tangent cones from any point P to the quadnes of a range 
form a system touching four planes of a star vertex P 

Through any point P three quadrics of the range can be made 
to pass, the tangent planes to which at P form a three-edge self- 
conjugate for all the quadnes of the range 

A range of quadrics determines an involution of pairs of tangent 
planes through any straight line not m a common tangent plane, 
the double planes of the involution being the tangent planes to 
the two quadrics which touch the line 

Two planes which are conjugate for each of two quadnes of a 
range are conjugate for every quadnc of the range, and the tetra 
hedron self-polar for two quadrics of the range is self-polar for every 
quadnc of the range 

To any general plane TT corresponds a line p through which pass 
all planes conjugate to TT for the quadnes of the range and which 
is also the locus of poles of TT for the quadnes of the range 

Taking TT at infinity the locus of centres of the quadnes of a range 
is a straight line 

The surface generated by the lines p corresponding to planes 
TT through a given line p is a quadric touching the four faces of the 
tetrahedron self-polar for all the quadnes of the range 

The poles of any two given planes with respect to a variable 
quadric of a range correspond, in general, in two ranges of the first 
order, which are homographic with each other and with the range 
of quadrics 

Bearing in mind that a cone reciprocates into a conic we see 
reciprocating the property of Art 283, that in general 

Four of the quadrics of a range are disc quadries, whose 
planes are the faces of the common self-polar tetrahedron of 
the range 

287 Confocal quadnes Consider the range determined bv 
any quadric ^ (not a paraboloid) and the circle C it niiiniu id 



378 PROJEC1TVE GFOMFTRY 

degenerate case of a quadnc) There are three comes of this range, 
besides the circle at infinity Their planes a, j8, y and the plane at 
infinity form the self-polar tetrahedron of the range a, j8, y are 
therefore three conjugate diametral planes of any quadnc ^ of 
the range They form a self-conjugate three-edge for every quadnc 
of the range, in particular for O Hence they are faces of a tri- 
rectangular three-edge, so that a, j8, y are principal planes of every 
quadric of the range 

Hence the quadrics iff of such a range are concentric and coaxial 
There are three comes of the range lying each in one of the three 
common principal planes 

These comes are called the focal comes of iff every point of 
them is called a f OCUS of 

The quadrics $ are said to form a confocal system 

Let F be any point of a focal conic Then the tangent cones 
from F to the quadrics of the confocal system form by Art 286 a 
system of cones touching four fixed planes through F Now 
consider the tangent cone to a conic from any point in its plane 
This tangent cone (treated as an envelope) reduces to the two 
tangents from the point to the conic Hence the tangent cone 
from F to the focal conic consists of two coincident tangents to 
this conic at F The four fixed planes therefore consist of the two 
tangent planes to any cone of the system through the tangent line 
to the focal conic at F, each such tangent plane being doubled, 
that is, its line of contact being given Hence every cone of the 
system touches two fixed planes through F along given lines through 
F in these planes, or the tangent cones from F to the system of 
confocals have double contact But one of these tangent cones is 
the tangent cone to O, that is, it is the spherical cone through F 
The tangent cones from F to the system of confocals have therefore 
double contact with the spherical cone, that is, th&lt;y uc right 
circular cones 

Foci of a quadne are thus points, the tangent cones from 
which to the quadric are right circular 

Through every point P three quadrics ^ 1? ip&gt;, ^j of i confoc il 
system can be drawn The three tangent plams TT,, TT&gt;, TT { lonu 
a three-edge self-con] ugate for the range, ind th&lt; r&lt; fort loi (J 
Hence they are mutually perpendicular, ^nd flu qtudrics uc 
orthogonal at all their points of intersection 

The line j/, which is the locus of the poles of TT\ for th&lt; &lt; onfocal 
quadrics, contains the pole of 77 1 for O and so is p&lt; rp&lt; n&lt;li&lt; ul ir to 
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TTI It must also pass through the pole of ^ for fa, that is, through 
the point P Hence the locus o! the poles of a fixed plane ^ 
with respect to a set of confocal quadrics is the normal to the 
confocal which touches ?r l5 at its point of contact with n i 

EXAMPLES 

1 Prove that if /f is the locus of lines conjugate to planes K through a hue 
p for a range of quadrics, the generators of ^ belonging to the complementary 
system are the polar lines of $ for the quadncs of the range 

2 Prove that a single focal conic defines a family of confocal quadncs 

3 Show that, if t is the tangent at P to the intersection of two oonfocal 
quadncs fa, i/r 2 &gt; the tangent planes through t to any other confocal quadnc 
of the system are equally inclined to the tangent planes at P to fa, fa 

4 If the quadric fa of the above Article be a paraboloid, prove that the 
range consists entirely of paraboloids, and that there are only two focal 
comes, instead of three 

288 Lines of curvature on a quadric A line of curvature 

on any surface is defined as a curve on the surface such that the 
normals to the surface at the points of this curve generate a develop 
able This is sometimes expressed by saying that the normals to 
the surface at any two consecutive points intersect 

If the normals to the surface at two points P, Q intersect, and 
Q approaches P in such a manner that the normal at Q always 
intersects the normal at P, the tangent at P to the locus of Q gi\es 
the direction at P of a line of curvature on the surface 

If the surface be a quadric &lt;/f, the two generators PA, PB through 
P intersect the generators QA, QB through Q at A, B The normals 
at P and Q are perpendicular to the tangent planes PAB 3 QAB 
and therefore perpendicular to AB These normals intersect if, 
and only if, they are coplanar and so lie in a plane perpendicular 
to AB The necessary and sufficient condition for this is that PQ 
is perpendicular to AB Since PQ and AB are polar lines for & 
the condition for the normals at Q, P to intersect is that PQ should 
be at right angles to its polar line 

When Q comes into coincidence with P along a curve ^tibfvmg 
this condition for every position of ft the tangent t at P to thb 
curve is perpendicular to its polar line t Since t lies in the tangent 
plane at P, and passes through P, so does its polar line t , and 
t, t are harmonic conjugates with respect to the two generator, 
through P Since t, t are at right angles they bisect the angk* 
between the generators 
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Hence there are two lines of curvature through P, touching 
, t f respectively at P The lines of curvature on $ therefore 
form two orthogonal systems , the tangent to a line of 
curvature at any point is a bisector of the angles between 
the generators through that point 

Note that, since the tangent plane at an umbihc (Art 280) 
meets the quadric in a point-circle, if the point P above is an 
umbihc, the generators through P are circular lines, and any tangent 
line through P is perpendicular to its polar line Thus an infinite 
number of lines of curvature, lying in all possible directions on the 
surface, pass through an umbihc 

Let now fa, fa be the two quadrics confocal with iff through P, 
and TT, 7?!, 7T 2 the tangent planes at P to iff, fa, fa respectively 
The three planes TT, ir l3 TT Z form a three-edge self-conjugate for the 
confocal quadrics Therefore the pole L of TT^ for iff lies on 7nr 2 , 
also the pole of TT f or iff is P The polar line of 777^ for iff is therefore 
PL==7nr 2 But TT, 7r 1? 7r 2 are orthogonal (Art 287) , hence TTTT I 
and 7T7r 2 are perpendicular polar lines for iff, and therefore tangents 
at P to the lines of curvature through P on iff Since this is true 
of every point P on the intersection of iff with fa (or fa), it follows 
that the lines of curvature on a quadric $ are the intersection 
of ^ with the quadrics of the confocal system to which iff 
belongs 

289 Principal radii of curvature The result of the first part 
of Art 288 may also be obtained in a different manner 

Let be a point of a quadric i/f , cut the quadric by a plane IT 
parallel to the tangent plane at The section is a conic k, which 
is often spoken of as the relative mdicatrix of 0, which the 
student should be careful not to confuse with the spherical m- 
dicatrix mentioned in Art 255 

Let ON be the normal at 0, meeting TT at N Thzough N four 
normals can be drawn to the conic k, of which let the feet be 
PI, P 2 , P 3 , P 4 At P! the tangent to the eomc L is ptrpendieulir 
to NPi, and, since it lies in TT, it is also perpendic ular to ON 
Therefore it is perpendicular to the plane ONP l Now the t uigent 
to k at PI is also a tangent to the quadrie at P 1} and a pi me 
perpendicular to it must contain the normal to the quadiie at I\ 
Accordingly the normal at P l to the quadne litb m tin pi me 
ONP l and so must intersect ON Similarly tin norm ils at P 2 &gt; 
P 3 , P 4 intersect ON Hence, if TT is made to move up to the 
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tangent plane at 0, the loci of P 1? P 2 , P 3 , P 4 touch at the lines 
of curvature through 

Now the centre C of k is the point where the diameter of ^ 
through meets TT, and the ratio CN ON is therefore constant, 
if TT remains parallel to the tangent plane at On the other hand, 
if P is any point of Jc, the angle NOP approaches a right angle as 
N moves up to 0, so that the ratio ON NP approaches zero 
Accordingly the ratio CN NP approaches zero, that is, N approxi 
mates to the centre of the indicates Thus, as we approach the 
limit, PI, P 2 &gt; P$, P approach the feet of the normals to 4 from its 
centre, and the tangents to the lines of curvature at are parallel 
to the axes of the indicates 

Since parallel sections of a quadric are similar and similarly 
situated, the asymptotes of To are parallel to the generators of 
through 0, and the axes of k are parallel to the bisectors of the 
angles between these generators, confirmmg the result obtained in 

Art 288 

If we now consider the circle in the plane ONPi which touches 
the quadric at and passes through P l9 its radius Jfy is given by 
20N JRi=OPi 2 In the limit, when the plane v approaches the 
tangent plane at 0, this circle has three-point contact with the 
normal section of the quadric containing the tangent to the line 
of curvature which touches the locus of P l Calling Pl the radius 
of this circle, pi is the limiting value of BI 

Similarly if P 2 describes a curve touching the other line of curva 
ture at 0, so that P l9 P 2 approach different axes of the indicate, 
the radius of curvature /&gt; 2 at of the normal section touching the 
second line of curvature is the limiting value of # 2 , where 

2 The5 two normal sections are termed the principal normal 
sections of ^ at , the centres K l9 K, of their circles of curvature 
at are the principal centres of curvature of 4, at , Pl , P2 
are the principal radii of curvature at 

cial radii of curvature ft&gt; P2 are knimn, the radiu, 
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centre C of the indicate: without sensible error, then, approxi 
mately 



where CA 9 OB are semi-axes of the indicate: k, and if M be the 
foot of the perpendicular from U on CA, then 

U = CU sin &lt;f&gt;, to the same approximation 

Also we have (Art 76) 



CA* + CB* * 
1 cos 2 &lt;/&gt; sin 2 (j&gt; 
whence CU* S= ~CA* + ~CB* 

Multiplying by 2 ON and proceeding to the limit, we obtain 
1 cos 2 (/&gt; sin 2 (/&gt; 
P Pi P2 

This formula shows that pi and p 2 are the maximum and minimum 
values of the radius of curvature of a normal section at 

To justify the above procedure it should be noted that, although 
all the terms in the above approximate equations vanish m the 
limit, the ratio of the terms neglected to those which actually appear 
also tends to zero, so that the final formula is not approximate 
but exact 

We note that pi p% is in the ratio of the squares of the semi-axes 
of the relative mdicatrix k when 77 approaches the tangent it , 
but since all such comes k are similar and similarly situated, the 
ratio in question is the ratio of the semi-axes of any relative m- 
dicatnx for all parallel positions of TT 

If now a conic be constructed in the tangent pi UK it 0, which 
is similar and similarly situated to any relative mdicitm, but 
with its centre at and on such a scale that the squares of its s&lt; mi- 
axes are equal to the corresponding principal radii of curviturc 
Pi, /&gt; 2 , this will be called the absolute mdicatnx of If now 
the plane NOU above meet the absolute indie itnx it P, w( find 
that 

J_ cos 2 (ft sm 2 &lt;/&gt; 1 
~ ~ 



so that /&gt;=OP 2 and is given by tht, square oi the comspondmg 
radius- vector of the absolute mdicatnx 
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290 Curvature of oblique sections Meumer s Theorem 

Let P be any point of a surface i/r (which need not here be restricted 
to be a quadric), PT any tangent line, a and /? two planes through 
FT meeting the surface in curves h, k, which must touch PT at 
P , then, if R, S be any two points on h, k respectively, a sphere 
a can be uniquely described touching PT at P and passing through 
R and S, since its centre is determined by the meet of the per 
pendicular to the plane PR8 through the circumcentre of the 
triangle PRS and the plane through P perpendicular to PT 

The planes a, /J meet the sphere a m circles c, d respectively, 
which touch PT at P and pass through JB, S respectively, so that 
c touches h at P and meets it again at R, and d touches I at P 
and meets it agam at S 

If now R, S coincide with P, &lt;r becomes a sphere having four- 
point contact with the surface ^ at P Also the circles c, d become 
the circles of curvature of 7i, k at P The centre C of a will then 
be on the normal to iff at P 

Let &lt;x be taken to contain this normal, so that A is a normal 
section of $ through PT , c is then a great circle of &lt;r , if jS makes 
an angle 6 with a, d is a small circle of the sphere, touching c and 
inclined to c at an angle 6 The spherical centre of d is therefore 
at an angular distance from the spherical pole of c, and the 

spherical radius of d is ^ - 6, so that its actual radius is R sin ^ - e ) 

or R cos 0, where R is the radius of the sphere, that is, of c 

Hence, if the radius of curvature at P of a normal section A 
of a surface $ is R, the radius of curvature of an oblique 
section touching h at P and inclined to the normal section at 
an angle 8 is R cos This is known as Meumer s Theorem 

It is clear that the circles of curvature of all plane sections 
through PT must lie on the same sphere or, since this sphere is 
entirely determined by the radius of curvature of the normal section 
through PT, and is independent of the choice of 

But it should be noticed that, to different tangent lines PT 
will correspond diflerent radu of curvature of normal sections 
(see Art 289) and therefore different spheres a Thus, whereas in 
the plane we have only one circle having three-point contact with 
a given curve at a given point, there are an infinite of spheres 
having four-point contact with a given surface at a guen point 

ThTse are determined from the data that they have a common 
tangent plane at P (giving three coincident points) and, m addition 
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pass through another point R which coincides with. P in a specified 

plane 

Meumer s Theorem enables us to see easily that the osculating 
plane of a line of curvature is not, in general, the normal plane 
to the surface of which it is a line of curvature For if $ l9 ^ 
are two confocal quadrics, their intersection is a line of curvature 
on each of them Taking a point P on this line of curvature, the 
corresponding principal radii of curvature of ^, ift 2 will be p l9 p 2 
say If now /&gt; is the radius of curvature of the line of curvature, 
considered as a twisted curve (Art 253), and the osculating plane 
of this curve at P make an angle 6 with the tangent plane 7r x to 
0! at P, p =/&gt; 2 cos 6 &gt; P =Pi sm 0&gt; ky Meunier s Theorem, so that 



and tan0 / 

In general pi and p 2 are neither zero nor infinite, so that 9 is 
neither zero nor a right angle 

291 Quadrics ol curvature If P be any point of a quadric ^r, 
another quadnc $ can be drawn through P and eight other specified 
points If two of the other eight points he on $ they may be made 
to come into coincidence with P in different directions , in the limit 
and $ f will then have the same tangent plane at P If now three 
more of the eight points he on ^ and are brought into coincidence 
with P in three different directions, the common normal planes 
through each of these directions meet i/j, in conies having the 
same radius of curvature p at P The absolute indicatnces of 
P for ifj and have then a common centre and three other common 
points, and therefore must coincide entirely Thus the quadrics 
i/f and $ have the same directions of principal curvature at P and 
the same curvature in every normal section through P By 
Meumer s Theorem they have also the same cuivaturc in every 
obhque section through P 

Since the sections for which the radius of curv iturc is infinite 
he in the same planes, the quadrics must have tlu two gi neiators 
through P common, so that the remainder oJ th&lt; ir mt&lt; r section 
is a come The plane of this conic must piss through P, since 
the plane joining P to any two other common points Q, H (not lying 
in the tangent plane at P) meets the qiudnes in two &lt; onic s passing 
through Q, R and having three point contact at P, so that tho two 
comes coincide entirely 
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A quadrie ? which has contact of this kind with any surface a 
will be termed a quadric of curvature for a at & point P of 
contact The directions at P of the lines of curvature on i are 
the directions at P of the lines of curvature of a and tie principal 
radii of curvature of a at P are those of f The curvature pro*- 
erties of a at P are therefore identical with those of any quadnc 
of curvature of a at P Since six of the nine points which detomme 
^ have been made to coincide mth P, a quadnc of curvature at P 
can, in general, be made to pass through three other given pomte 
in particular it may be made to touch a given plane at a giveil 
point, so that there is one paraboloid of curvature at P with its ass 
in any prescnbed direction 

292 Net of quadrics If a quadric passes through seven given 
points, we can show as in Art 282 that its equation may be put 
into the form 



S\, $ 2 , $3 being given expressions of the second degree in the 
co-ordinates and A la A 2 , A 3 arbitrary parameters This quadnc 
passes through the intersections of the three quadrics 

^=0, S 2 ^0, S 3 =0, 

that is, quadrics satisfying such a condition pass through eight 
fixed points Thus, in addition to the seven given points, there 
is an eighth fixed point, which is determined by the seven first, 
and through which the quadrics pass 

Such a set of eight points is termed a set of eight associated 
points 

The quadrics through seven given points are said to form a net 
of quadrics of which the given points are base points 

It should be noticed, however, that every quadnc through seven 
given points on a twisted cubic curve passes through the curve, 
since, in general, a twisted cubic cannot meet a quadric in more 
than six points unless it lies entirely in the quadnc (Art 266) 
In this case the quadrics through the seven points form a net having 
the cubic for base curve 

The quadrics of a net which pass through another gnen point PI 
form a pencil, and so have a twisted quartic in common 

Consider then two pairs of quadrics of the net (0 1} /&gt;/) md 
(fe 02 )&gt; not belonging to the same pencil Let P l be a point on 
the intersection of (fa, fa ) other than the eight associated point*, 
the base points of the net Then the quadrics of the net, ^ 
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pass &lt;flffHigh PI, contain the intersection of ^ and 0/ Similarly 
if j? 2 be a point on the interaction of 2 and 2 ^e quadrics of 
tike Bfct which pass through P$ contain the intersection of 2 and 
fy Therefore the quadnc of the net which passes through both 
PI said P 2 contains the intersections of fa, fa and of 2 , ^ 

%e deduce tfeat if four qpadncs fa, 2 &gt; fe #4 ^ siac h that 
tte mt&sectian of fa, 2 and that of fa 4 lie on a quadric the 
gaiae is. true however we choose the two pairs out of the four 
qtiadrics 

For consider the Bet defined by the quadrics fa, 2 , 3 Any 
Ae Interaction of two quadrics of the net is a 
^fe Therefore ^ is a quadnc of the net , therefore 
^ which passes through the intersection of ^3 and iff is a quadric 
of flie net ^, ^ 2 , ^ 3 , ^4 are therefore four quadrics of a net and 
the result follows 

% e obtain also the following important theorem of plane 
geometry 

"If there be four comes $ l9 $ 2 , ^3, 54 such that the four points of 
intersection of s l9 s 2 and the four points of intersection of $ 3 , $4 he 
on a come 5, the same is true of any other two pairs chosen out of 
the four comes 

Through s l9 s 2 , $ 3 describe any three quadrics l9 ^ 2 &gt; ^r 3 These 
will define a net A quadnc of the net can be drawn through 
one of the intersections of s 1? s 2 and one of the intersections of 
t It will therefore contain, besides the eight points common 
TO y/i, 2 , ^3, another point common to fa, ^ 2 and thus the whole 
intersection of ^ 1? ^ 2 Hence contains the four intersections 
of $!, s 2 and one intersection of $ 3 , 5 4 , therefore it contains the 
come s Now through the intersection of ^ and 3 draw a quadric 
04 to pass through any given point of $ 4 This quadric cuts the 
plane in a come having five points common with s 4 and therefore 
identical with s 

Four such comes s l9 s 2 , $ 3 , s 4 are therefore the intersections 
of four quadrics of a net by a plane The theorem is then obvious 

293 Conjugate points with regard to a net of quadrics 

If two points P 3 P f are &lt; ) im with regard to time quadrics 
^b 0s&gt; 3 of a net, not belonging to the same pencil, thoy are 
conjugate with regard to all quadrics of the net For if 4 be any 
other quadric of the net, we have seen by the above th it a quadnc 
f o both "noncils (t/n ii&gt;^ and hit, ilt t ] Jf P P 



FURTHER PROPERTIES OP QUADRICS 

are conjugate with regard to (fa, fa) they are also (by Ail 
conjugate with regard to Also ^ fa, ^ 4 are quadncs o{ 
pencil Hence P, P being &lt; on j ugato with regard to & fa, ifey ^ 
also conjugate with regard to fa 

Thus to every point P of space corresponds a point F conjugate 
to P with regard to the net P is obtained as the 



the polar planes of P with regard to any three quadncs of the fcet, 
not belonging to the same pencil Hence the polar planes of P -wri& 
regard to the quadncs of the net pass through a fixed point F t **t* 

294 Web of quadrics A web of quadrics is the system^ 

quadrics touching seven fixed planes Reciprocating the properties 
of a net of quadrics we obtain the following 

The quadrics of a web touch an eighth fixed plane If four 
quadrics fa, fa, fa, fa belong to a web the common tangent planes 
to fa and fa and the common tangent planes to fa and fa all touch 
a quadnc ifi 

To every plane of space there is one plane conjugate with rqgarft 
to a web of quadrics, & e the poles of a fixed plane with regard to the 
quadncs of a web lie on another fixed plane 

In particular if the given plane be taken at infinity the locus of 
centres of quadrics of a web is a plane 

295 Any two quadrics may be transformed into one anot 
by reciprocal polars Two quadncs fa, fa which have a propex 
common self-polar tetrahedron may be transformed (Art 281) 
into coaxial quadrics fa 9 fa by a homographic transformation 
If a l9 bi, c i and a 2 , 6 2 &gt; C 2&gt; be corresponding semi-axes of fa , fa , 
construct a coaxial quadnc *// with corresponding semi-axes a, 6, c, 
where 2 = i a^* & 2 = ^ ^i&2&gt; c 2 = c^ On reciprocation with 
respect to &lt;/&lt; , tht vertices of i/r/ transform into the tangent planes 
at the vc rticc s of /r/ anc ^ ^ c tangent planes at the vertices of fa 
into the points of contact of the corresponding tangent planes to ^ 2 
The reciprocal of if/i is therefore a quadnc fa" having the same 
vertices as ^ 2 &lt;in&lt; l touching the same planes at those points , any 
principal plane thus intersects ijj^ and fa in comes which touch 
at four points, and therefore coincide Since fa", fa intersect 
in thu&lt; (liftoidit (onics they must coincide altogether, hence 
ifj L 9 i/j 2 ait polar ice iprocals with respect to $ On reversing the 
homographic transform ition ft is transformed into a quadnc ift 
with respect to which fa, $1 arc polar reciprocals Owing to the 
alternatives of sign there are in all eight such quadrics ^ 
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B m &ow eoBsider the case where a 2 = H-a^g and take A, AI, A 2 
the vertices of ^ , ^frj , ^2 on *^ e sa^e side of the common centre 
"Hs& 4j transforms by reciprocal polars with regard to iff into the 
taiigent plane at ^E 2 and conversely There are four qnadrics $ 
Id? "witaeh tins is the case If is now removed to a large distance, 
j, .4j, ^ remaining accessible, A approaches the middle point of 
und iff, #1 , ^ 2 approach paraboloids having AiA 2 as their 
accessible axis and having common accessible principal 
Tbm two such paraboloids fa , fa are reciprocal polars 
writ respect to each of four coaxial paraboloids $ 

If we start wiib two qtiadncs fa, fa touching at a single point .B, 
ffcese quadrics do not have a proper common self-polar tetrahedron, 
bat two of the vertices of their common self-polar tetrahedron 
eoaiwade at J?, and the remaining vertices C and D lie in the common 
tas&*en* plane at B, and are, in general, distinct from B If we now 
appiy $ homographic transformation in which 5, C, D are trans- 
feiaed into points at infinity in mutually perpendicular directions, 
$ b $ 2 are transformed into coaxial paraboloids i^ , $% and there 
are four paraboloids \js with respect to which 0j/, ^ are reciprocal 
polars Transforming back there are four quadrics ^ with respect 
to which the given quadrics 1? fa are reciprocal polars 

Similarly other cases where more than two of the vertices of the 
common self-polar tetrahedron coincide may be regarded as limits 
of a more general case , without going into details, we may expect 
that in such cases there will be at least one quadric with respect to 
which ^r l9 ^2 are polar reciprocals, this being the limit of one or more 
such quadrics in the more general case 

296 Quadrics outpolar and mpolar to a quadric If there 
be one tetrahedron ABCD inscribed in a quadric ^ and self-polar 
for another quadric ^ 2 , it will now be shown that there must exist 
any number of tetrahedra A B C D inscribed in X and self-polar 
for ^ 2 &gt; one vertex A may be arbitrarily selected on fa and a 
second vertex B may be any point of fa which is conjugate to A 
for fa 

Let a be the polar plane of A with respect to fa, that is, the plane 
BCD , a meets fa, fa in comes * l9 k 2 and BCD is clearly a triangle 
inscribed in ^ and self-polar for k 2 Thus i x is outpolar to A 2 

If now A is an arbitrary point of fa, let L be a point m which 
the polar plane a of A with respect to fa meets ^ Since L is a 
point of k l9 there exists a triangle LMN inscribed in jfcj and self- 
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and self-polar for fa The plane A MN is the polar pla&e | J| 
with respect to fa and it passes through A , since L, A areoniafee 
for fa If this plane meets fa.fa^ comes * lf $ 2 , then, as befeafe, ^ 
is outpolar to s 2 , and there exists a triangle A M N inscribed m*. 
and self-polar for s 2 , so that the tetrahedron A LM N K : 
in ^i and self-polar for fa 

The plane LM N is then identical with a If it meet 
in comes V, ^2 then, again, ki is outpolar to & 2 , any poB& J* 
of fa conjugate to A for fa is a point of &/ and is one vertex! f% 
triangle JS C D inscribed in / and self-polar for k% The tebtK 
hedron A B C D is then inscribed in ^ and self-jwlar for fa ,&lt; i 

A quadric fa which is such that there are tetrahedca : 
in fa and self-polar for another quadric fa is said to be 

tO fa -, j| 

In a similar manner we can show that, if one tetrah&faG& i 
circumscribed to fa and self-polar for fa, an infinity- of 
tetrahedra can be constructed, one face a of which can be 1 
any tangent plane to fa and a second face /? is any 
to fa conjugate to a for fa 

The quadric fa is then said to be mpolar to fa 

If there be a tetrahedron ABCD inscribed in a quadnc fa aad 
self-polar for a quadric ^ 2 , so that fa is outpolar to fa, let $ be a 
quadric with respect to which fa, fa are polar reciprocals (Art 295) 
Reciprocating with respect to iff, ABCD is transformed into a 
tetrahedron a/tyS circumscribed to fa and self-polar for fa Thus, 
if fa is outpolar to fa, then ifj 2 is mpolar to fa 

297 Outpolar and mpolar envelopes and loci of two quadries 

In general, a plane does not cut two quadries fa, fa in comes J l9 i 2 
such that LI is outpolar to k 2 This may, however, happen in 
certain cases 

Let Z be any line, P a point where it meets fa, TT the polar plane of 
P with regard to 2 &gt; meeting Z at R Then IT meets fa,fa\& comes 

Let s bo the haimomc envelope (Art 201) of s lt s 2 From R 
draw two tangents r, r 1 to 6, determining planes p = Pr, p =Pr , 
which pass through I 

If r meet s^ at U, V then, by the property of the harmonic 
envelope U, V are conjugate for s 2 and therefore for i/f 2 Since 
U, V lie in TT, they arc conjugate to P for ^ 2 &gt; so that PUV is self- 
conjugate for j/f 2 and is inscribed in the come ki in which p meets ^ 
T-f o Tn^+Q ,// m flip oomc &o then &i is outpolar to A 2 Similarly 
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which /&gt; meets ^ is oui/polar to the conic k 2 in 

2 

throng any line I two planes can be drawn, meeting 
in tonics satisfying the given conditions The planes 
this holds th^mfore envelop a quadric $ which may be 
the autpalar envelope of fa with respect to ^ 2 Clearly 
w?H be $ second envelope of planes meeting the quadncs in 
j, * 2 such that A 2 1S outpolar to * t This may be called the 
mpelar envelope of fa with respect to 2 

- J$ m tie abtfve, fa Is a cone, and Z passes through the vertex of 
tie -CCP$ 4up&fei& m a li^ie-pair $ 2 In this case the harmonic 
^pop* ^ ^bfe product of Badges on the lines of s 2 conjugate for s l 
^^Stefe^ta^gints r, r coincide with the line-pair 5 2 In this case 
iifee i^ngent planes through I to ^ coincide with the tangent planes 
%$p^$i*to fa so that fo is a tangent cone to 
,! Jffecap^catog tiue above theorems, we have 
x33fcfr locus of tie vertex of a three-edge whose faces touch fa, 
and which is self-conjugate for fa, is a quadric 0, the mpolar locus 
ol fa with respect to fa, or the outpolar locus of fa W1 th respect 
to fa 

If ^ degenerates into a conic, this conic lies on iff 
A. very important case of the latter is when 2 is the circle at 
mfimfv Tlip mpolar locus of fa with respect to O is then a quadric 
&gt;, that is, a sphere This sphere is the locus of the 
of three tangent planes to fa which are mutually con- 
jugauo j-vj. O* that is, mutually perpendicular This is known as 
the orthoptic sphere of fa 

Since tangent planes at the extremities of a diameter are parallel, 
to every point of the orthoptic sphere corresponds a second point, 
symmetrically situated with respect to the ccntic of the quadnt 
The latter is therefore also the centre of the orthoptic sphere 

EXAMPLES 

1 Prove that if V is a point on the outpolar locus of i/j l with i&lt; spt ( t to /f 2 
any number of three edges with V for vertex exist, whose ( dg(s tou&lt; h &lt;// t 
and which are self conjugate for /r 2 

2 If /f 15 j/&gt; 2 are polar reciprocals with respect to a quad IK &lt;// tho inpolar 
locus of ^ 2 with respect to contains the intersection of ^ and i// t 

3 Prove that the outpolar envelope of a quadric ijj i with K 8p&lt; ct lo anulhr r 
quadno ^ 2 touches the tangent plane to ip 2 it any point 7* ol the mt&lt; rs&lt; ction 
of J/T!, /r 2 

State the corresponding property for the outpolar locus of j/; t with ipspe&lt; t 
to tA 
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4 In any transformation by reciprocal polars whieh transforms *k into &lt;A 
tfce mpolar loons of fa with, respect to fa reciprocated mto tb outete 
envelope of fa with respect to fa Jr ^7 

298 Pencil of quadries outpolar to a quatoe. It 1 

quadnos ^, fa of a pencil are outpolar to the same qoaeb 
every quadnc of the pencil is out/polar to if/ 

JOT let ^ 3 be any other quadnc of the pencil, A my point of -^ 
twisted quartic q which defines the pencil The pokr plane &lt;x 01 A 
with regard to ^ will meet fa, fa, ^ $ , m comes & 1} ^ 
The eonios k l9 A 2 , A 3 belong to the same pencil in a But 
are both outpolar to k Hence, by Art 232, every come qf 
pencil is outpolar to 4, and therefore A 3 is outpolar to k 
therefore find a triangle BCD inscribed in A 3 , which is self-polar for 
k, $nd therefore self-conjugate for ^ Hence the tetrahedron ABQQ 
which is clearly inscribed in ^ 3 , is self-polar for fa which proves what 
is required 

As a particular case, if the twisted quartic breaks up uxto t^?o 
comes, the plane pair through these comes is conjugate for ^ t 

If the quadncs fa, fa are spheres outpolar to the same quacbic fa 
the last-mentioned case arises, the plane-pair being the commofi, 
radical plane and the plane at infinity The 
plane then passes through the centre C of if/ Thu^ 
of centre (7, whose radius is the distance from C to uuc 
points of the pencil (fa, fa) is orthogonal to all the spheres 01 \ 
pencil which are necessarily spheres outpolar for $ 

In particular the point-spheres of the pencil are the vertices 
of spherical cones outpolar for if/, that is, such that ^ is inscribed 
in three-edges self-polar for these spherical cones , these are tn- 
rectangulttr tlm c-c&lt;lg( s, so thdt tho point-spheres in question lie on 
the orthoptic sphcn of $ This orthoptic sphere is therefore 
orthogonal to &lt; v&lt; ry spline of the pencil, &lt;md since ^ fa were 
arbitrarily s&lt; lc ( tl in th&lt; fust mstince, tho orthoptic sphere of $ is 
orthogonal to every sphon outpolar to i/t 

I&lt; \AMIM IS XVI 

1 Prove that th&lt; tangc nt plane s at tho v&lt; rtiocs of a twelve face eight point 
insonbcd iniKjuaciiK lomuilw&lt;lv&lt; point ( ight hu &lt; hi v ing tho same diagonal 
tetrahedron 

2 If two non patalh 1 &lt; IK ulai se ( turns of i (juadrif aro given show how to 
find tht dirtetioriH ot its axtn 

The circlew c irtumstiibcd about two tnuitfhs AB(\ DhL&lt;\ in different 
planes have a common dmim t&lt; r with 1lu sanu ( xti( nuties M 9 N , and 
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is ike middle point of MN A third plane through MN meets the twisted | 

cafefcc curve through ^, JS, C, , $, P at P, # and .K Prove that MN is jf 

an axis of the conic through P, Q, R, which has for centre ^ 

3 If two quadncs of a pencil meet a plane in comes outpolar to the same jf 

cdmxj s, show that tins is true of all the quadrics of the pencil ^1 

By takrng 5 to be the circle at infinity, show that if two quadncs of a \ 

pencil are equilateral (%e are such that rectangular three-edges can be " 

inscribed in their asymptotic cone) then all quadncs of the pencil possess \ 

line same property * 

4* ^yove that If u be any straight line, ABCD the common self polar tetra * 

hedton of a pencil of quadrios, the polar quadnc of u for the pencil contains | 
the eleven ponit comes of the hues a, &, c 9 d, in which the planes Au t Bu, 
On, Du respectively meet the opposite faces x, j8, y, 8 of the tetrahedron, with 
respect to the pencils of comes in which a, /?, y, 8 meet the given pencil of 



5 Show timt the tangent planes through a given straight line to the 
two quadxics o a confoeal system which touch that straight hne are per 
jeadicular, and bisect the dihedral angles between the tangent planes through 
the- grven straight hne to any quadnc of the system 

$&gt; !&gt;rove that the polar lines of a given hne with respect to a system of 
ooifbcal quadnes are the generators of the same system of a hyperbolic 
paraboloid 

3|feow further that the three principal planes of the confoeal system cut off 
d$oj@a each of the other system of generators intercepts bearing to one another 
a constant ratio, which is independent of the position of the given hne 

7 Prove that if 2oc is the angle between the two generators of a quadnc 
at P, P!, p 2 ^ e principal radn of curvature in the planes bisecting 2oc and 
7T-2oc respectively, then 



8 Two quadnc cones \ 19 A 2 belong to a pencil [if/] of quadrics The tangent 
plane TT to A x along a generator g meets A 2 m a conic k and T is the pole of g 
with respect to k Prove that any two lines through T in TT which are con 
jugate with respect to k are conjugate lines with respect to the conic in which 
any quadnc ^ of the pencil meets TT, and also with lespect to the tangent cone 
from T to ^ 

9 State the reciprocal of Ex 8 for a range of quadrics and deuve, as a 
particular case, the theorem that, if P is any point on a focal &lt; omc of a system 
of confoeal quadncs, the normal plane to that conic at P cuts th( quadrics of 
the system in comes which have one focus at P 

10 Prove that the quadncs through a come 6 and two iixed points foini a 
net of quadrics, and show that if five of the seven points which fix a not of 
quadncs are coplanar, the eighth fixed point of the net is any point of a fixed 
conic 

11 Prove the following construction for the point P conjugate to any 
point P for all the spheres passing through two points A, B (Ymstiuct the 
circle ABP and let the tangent at P to this circle meet 47* at \ Vmdua 
PX to P , making XP =PX 

12 Prove that if A^C^ and A^B^C Z D 2 are self polar tctrahtdra for a 
quadnc y, any quadnc passing through seven of i , 
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13 Show that the curve of contact of the developable of the fourth i 
generated by two quadncs v&gt;i y 2 vn-th one of them, y lf hes on the &lt;mtpolaar 
locus of yi with respect to y 2 

14 Prove that the developable generated by the common tangent ptaas 
to two quadncs touches either quadnc along a quartic curve , and that the 
tangent planes to a quadnc at its points of intersection with another quaebe 
envelop a developable of the fourth class 

15 Prove that the locus of the intersection of three mutually perpendicular 
tangent lines to a quadnc is a quadnc coaxial with the given quadctc 

16 Prove that if three pairs of conjugate planes for a quadnc pass thr-osa^ 
any three edges of a tetrahedron which do not concur at the same verte^ 
they determine a twelve face eight point of which any two opposite, fac^p &gt; 
conjugate pairs for the quadnc **HJM 

[Consider the point of concurrence of two pairs (a, a ), (]8, ) and use fte 
fact that two planes conjugate for a quadnc are conjugate for every tangent 
cone whose vertex hes on their intersection , then use the property of a pokr 
four edge for this cone ] 

Such an eight-point may be called a self conjugate eight point for l&e 

quadnc f 

17 Show that if an eight point self conjugate for a quadnc ^ is inscribed 
in /r 2 , an infinite number of such eight points exist 

18 Show that the umbilics on a quadnc are the intersections of the quadnc 
with its focal comes, and hence that only one of the focal comes can internet 
the quadnc at real points 

19 Prove that, if two quadncs fa i/r 2 , which have a common generator a, 
are reciprocal polars with respect to a quadnc ^ has x for a generator, 
and conversely that the polar reciprocal /r a of fa with regard to a quadnc 
$ which has a common generator x with ^ is a quadnc /r 2 having 
generator 



MISCELLANEOUS EXAMPLES 

Prove that if, m two collmear projeetive ranges, the self corresponding 
i coincide a* 0, and if P, P* be any other pair of corresponding points, 




._ ,l**p three ra y s through Of and the correspondence between 
ISsTZ^rSP is defined as follows if OQ is taken harmonically conjugate 
to dP with respect to OA, OB, then OP is harmonically conjugate to OQ with 
leaflet to OA, 00 Show that the pencils [OP], [OP ] are projective and that 
they have OA for a double self corresponding ray 

? i llwo comes $, # have three point contact at 0, and through a ray is 
drawn meeting the comes agam at T, T The tangents at T, T meet the 
common tangent at in P and P Prove that [P] 7\ [P 7 ] and that the self 
corresponding points coincide at 

What happens if the comes have four point contact ? 

3 Give a method of constructing a square whose sides taken in order shall 
pass through four given points A, B 9 (7, D Perform the construction, having 

- tu ~* AB=2 inches, 5(7= (71) =2 5 inches, DA=\ 5 inches, and the 
= 120 

4 Show how to cut the hyperbola whose equation in Cartesian co ordmates is 
- -q = 1 from a right circular cone 

5 ABC is an equilateral triangle of side 2 inches lying m a homontal 
plane the inscribed circle touches the sides AB AC at D, E H8pectml\ 
From the point V, one inch vertically above A, the ngure is piojected upon the 
plane through A parallel to the plane VBC Draw the pi ejection of the 
triangle ADE, and find the vertex and focus of the projection ot the &lt; IK U 

[For clearness it is advisable to rabat through the obtuse angle ] 

6 Draw a tnangle ABC with sides BC 3 inches CA AB 4= ineheH and 
mark the middle point D of AB A parabola touches the time sides of the 
triangle ABC and has its axis parallel to CD , construct (i) the ting&lt; nt it 
the vertex, (u) the axis, (m) the directrix 

7 Given a come Ic and a line p , not tangent to k, show how to find b^ a 
geometrical construction, (i) the point of eontaet of // with th&lt; eonic 7 
which has four point contact with k at a given point O and tone lit s p (u) th&lt; 
other extremity of the diameter of lc r through O (in) the oithoptu &lt;inl&lt; 
of I 
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&lt;&gt;f seotecm arbitrarily taken OB 4 B&gt; B, CD, &gt;, EF reaoee- 
provia tfeat the value of th o&lt;^taiiedpFodtietof^a & * 

d? 5? ?? ?? 5? 
P5 QO Z2D #$ TF 

& tnaJfcered by projection / f 

Hence show that, if P, #, #, A T, are collmear, the value of tWaboW 

product is -H 1 or - 1 according as the number of sides of the polygM* fe ^faa 

or odd i jj 

Is the converse of this theorem generally kme ? ^ s 

ABC1) is a skew quadrilateral whose sides AB, BO, CD, DA are efefc jU- a 
|tate at P, (2, JR, 8 respectively Prove that * * r ^ 

-4P 5Q 022 fl=PB 60 RD 4 , 

and conversely if P, Q, JB, 5 be any four points on these sides, so 
that t&e above relation holds, then P, Q, R, 8, are coplanar 

Generalise the first part of this theorem for a skew polygon of more 
four sides 

Prove that if a sphere touch each of the sides of a skew quadnlafeil 
Internally, the points of contact are coplanar J 

10 Any two tetrahedra ABGD, A B Q D for which each pair of 
spoiKhng edges AB, A B meet have the joins of correspond*^ 
concurrent 

11 Show that the cross axis of two ooplanar projective ranges # 
to the line joining their vanishing points 

12 Given a conic k and a line x, show how to construct the centre of the 
conic W which touches k at a given point 0, passes through a second given 
point A not on k and meets x m the same two points (real or imaginary) as ib 

13 The lines joining a point to the vertices of a triangle ABC meet the 
opposite sides at D, E, F and the sides of DJSF at P, Q, R Prove that BC, 
EF, QR are concurrent at U, with a similar meaning for V and W , that U, V, 
W are colhncar and that P, D are harmonically conjugate with respect to 
0,A 

Show also that, when describes a fixed line I meeting BG at X, P describes 
a fixed lino through X and UVW touches a fixed come, which touches BC 
at the harmonic conjugate of X with respect to B, 

14 Two tangents a, b to an ellipse arc parallel to the axes and a touches 
the ellipse at A P]P 2 PZ^S* aro a number of equal segments on a 
From P!, P 2 , etc tangents aie drawn touching the ellipse at T v T 2 , etc, 
respectively and AT lt AT 2 mtttb at Q 19 &lt;2 2 , respectively 

bhow that tht segments Q : Q Zt Q Z Q# arc all equal 

15 Prove that if a variable tangent to a parabola meets two fixed tangents 
at P and Q, the !&lt;&gt;&lt; UH of tht middle point R of PQ is a straight line 

10 A line 4P diawu iiom UK v( ittx A ol a triangle to a point P in the 
opposite Bide B( IM divided at Q HO 1 hat PQ QA = BP PC Prove that the 
locus of Q is a pai ibola which pauses through It, touches i( 1 it A and has its 
axis para Ik I to J3( 1 

17 Piove that if P In a vanable point on the fixed line Z, C and E any 
fixed pointa, b and d any fixed lines, then the eomc passing through the 
following five pointa (1) P , (2) ltd , (3) (6% b) , (4) E, (5) (CP, d), ] 
through a lived point on I 
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& Prora tfcat if & come touch the auks J5(7, CM, -4J? of a triangle . 
Q* D, JR # resfjeefcroly, and tf ^Z&gt;, #, &lt;7P meet the come again at P, Q, 
respectively, the tangents at P, Q, M meet &lt;7, (M, AB respectively at three 
coBmear porats 

19 Show that it is possible to construct a come circurnscribing a triangle 
ABO and touching the parallels through A, B, to the opposite sides 

2& Ofetam a gtoaaght hne construction for finding the fourth point of 
mtersecteon of two comes which pass through three points A, B, C, without 
drawing the comes, two other points on each conic being given 

21 Ifrom Q( grcen point on a conic k, any two chords OP, OQ are drawn, 
and through t&sr other extremities P, Q two chords PR, QS are drawn 
parallel to OQ, OP respectively Prove that US is parallel to the tangent 
atO 



Sbow 4M &ny two points A, B of the plane and the four points of 
contact of tangents from A, B to any conic k in the plane are six points of a 



Sfcate and prove the reciprocal result 

*%. Prove that conjugate ranges with respect to a conic 8, whose bases 
^ 15 intersect on s, are perspective from the pole of the chord joining the other 
mle%eefcions of a, I with s 

Prove that conjugate pencils with respect to a conic s, whose vertices 
A, B he on a tangent to s, are perspective, the axis of perspective being the 
polar of the meet of the other tangents from A, B to s 

If a point A of a hne x is conjugate to more than one other point of that 
hne, x must be a tangent to the conic and A its point of contact 

24 A conic touches the sides BC, CA of a triangle ABC at points D, E 
respectively, and meets A B at two points X, Y The tangents at X, Y meet 
at T, and U=(XD, YE) t V*=(XE, YD) Prove that each of the triangles 
DEU, DEV is in perspective with the triangle ABC , and that T, U, V he on 
the same hne through C 

Show further that, if M , N be the meets of BC, CA with the tangents at 
X, Y respectively, the lines AB, DE, MN are concurrent 

25 Prove that, if two comes k lt L% touch at and meet at two oUw r 
distinct points, and if through any hne be drawn to meet / { 7&lt; 2 again at 
P, Q respectively and R is harmonically conjugate to with respect to /* Q, 
then the locus of jR is a conic touching k lt Jc 2 at 

26 If Z, m be a variable pair of perpendicular lines conjugate with respect 
to a conic k whose centre is Q, and I pass always through a fixed point P 
prove that in general m always touches a fixed parabola, ol which the axes ol 
% and the polar of P for k are tangents 

Show further that the tangents from P to this parabola bisect tht angles 
between the tangents from P to k, and that OP is the directrix of the parabola 

27 If in Fig 26 AA 9 BB CO meet at a point, show that the Pascal Inu is 
the polar of this point 

28 Two triangles are inscribed m a conic The side s ot the ono nu &lt; t 
the sides of the other m nine points Show that tho join of any two of 
these nine points is a Pascal line of the six vertices of the tuanglos unit SH it is 
one of the sides of the triangles 

29 A variable tangent to a conic k meets two fixed peipondu ular tangents 
a, & at P, Q respectively , and the perpendiculars to a, ft at P, Q meet at K 

4.^ nnn n +i |^ n a ^ ff ia n Tprtnnrml ir hvntrbold 
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whose asymptotes are the tangents of k parallel to a, 6 , &M 
fe?y|^bola passes thr^ 
Investigate also the locus of E when fc is a parabola, 

30 Given a focus of an ellipse, one point on the curve and one 
(pot * the given point show that the tocus of the second foeos 
ofahyperbola 




for the major axis of the ellipse 

31 The tangents to an elhpse at points P, Q meet at T, 

of the elhpse , the circle, on ST as diameter meets TP, TQ _ _ 
respectively Prove that ST is bisected by the diameter of 
perpendicular to YZ 

Show that, if T describes the orthoptic circle of the elhpse, the 
of YZ describes a third circle, whose radius is half that of the ortL 
and that the envelope of YZ is the conic which has one focus at 
of the elhpse, and the third circle for auxiliary circle 

32 Show that the common self polar triangle of two circles which 
intersect in real points is formed by the hmiting points of the 
and the point at infinity on their radical axis 

33 Prove that if in two coplanar proactive figures two pairs 
sponding pencils are perspective, the same line being the axis of perspective* 
m both cases, then the two figures are altogether in plane perspective 

34 Show that the transformation by reciprocal polars is the only reciprocal 
transformation in the plane for which every point P of the plane has the same 
line for its reciprocal in the two figures 

35 If through the in centre K of a triangle ABC, lines KL 
drawn, perpendicular to KA, KB, KG respectively, and meetin 
sides BC, CA, AB at L, M, N respectively, prove that L, 1 
straight line which is the radical axis ot K and the circle through ^ 

36 A central conic 9 has foci F, F and corresponding directrices, 

A variable line I through t meets/ at Q and s at R, R , and P is harmomcali 
conjugate to Q with regard to 11, 11 Provo that the locus of P is a come k 
which passes through A T , F and be longs to the pencil determined by s and its 
orthoptic circle and that th&lt; name &lt;onic k arises in this manner from lines 
through F 

If F P meet/ at Q piovc that the envelope of QQ is a conic c confocal 
with s and touching/ / , and that / c are leeiprocal with respect to s 

37 A come mm nt&gt;&lt; d in a tuangh has ono loeus at the circumcentre Show 
that the othor for UH IH at t h&lt; ort hot &lt; ntn and that the length of the major axis 
is equal to the radiuHofthe ur&lt;um&lt;irclc 

[Use Kv J r &gt; i&lt; &lt; ipiocating uith i&lt; np( &lt; t to a cinle centre A ] 

38 Pom &lt; om&lt; s pans thiough thru given non eolhnear points A, B, C 
and have a fourth given point &gt;S (&lt;&gt;i (OUIH J lovc that the directrices which 
correspond to *S inu t in pans on th&lt; wd&lt; H of the triangle \.BQ and form a 
quadnlateial of which !/&gt;( is the diagonal tn mgl&lt; 

[Reciprocate with r&lt; gaid to /S th&lt; &lt; onespondmg property of the inscribed 
and esciibc d &lt; m 1&lt; s of a tnangh is obvious ] 

It one of th&lt; ioui (onus IH a &lt;n&lt;l&lt; show thit the directrices of the other 
three uhuh eoiKHpond to tf ato th&lt; joins ot the mid points of the sides of 
the triangle t HC 
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with respect to a eircfe whose centre is the ongm is a parabola with its 



, , 
of fchis eu*c curye by imrersion from the 

corresponding properties of the parabola 

^IfM * &lt;la ^^ toudjes *& e rot* cla?ve * at aB y P mt P and Passes 
tiffoagh Omeets the axis of y again at Q 9 the circle throtigh and Q orthogonal 
to %s (arefe -meets the axis of x again at a fixed point R 

J (i^ If ifce esrcies throng which touch k at pomts Pj, P 2 are orthogonal, 
t|wseeo^d mtersection fees on a fixed circle through , and 0, P x , P a , .ft 
are eoncyche 

4& If two tafegep*a to* pasca^oja make equal angles with a fixed straight 
kai%^&lt;w ite^^^^ord of lo^ae^^ost pass through a fixed point 
^^44 f fi^f*tree^cbagonals of a compete quadrilateral are divided harmonically 
at P, P 7 , Q, Q , JJ, JS in any manner Show that these six points he on a 

* j 

^ A fixedltt^Z iles m the jtej -of a eote /^ ? and d&gt; is the diameter of k 
con|gate to I Through each pomfc P I a Mne 3&gt; B drawn perpendicular 
to the polar of P with respect t9 & frove that, when I is not a diameter of Jc t 
these perpendiculars # all touch a certain fixed parabola, which touches I 
and has its axis perpendicular to d Show also that d is the directrix of this 
parabola 

43 feove that the in and ex centres of a triangle self polar for a rectangular 
hyperbola he on the curve 

44 Prove that the tangent at a point P of a parabola and the common 
chord of the parabola and its circle of curvature at P are equally inclined to 
the axis of the parabola 

The normals to a parabola at P, Q, E are concurrent, and the poles, with 
respect to the parabola, of the common chords of curvature at P, Q, E are 
JC, 7, Z respectively Prove that the perpendiculars from X, Y, Z to their 
respective polars are concurrent 

45 A family of comes have double contact with a circle o centre C at 
two fixed points A, B Prove that the foci of such comes on their axes parallel 
to AB and the points of contact of tangents from C to the conies all he on 
the circle circumscribing ABC 

[Project the quadrangle ABQW into QQ AB , O, O being the circular 
points at infinity in the plane ] 

46 A triangle ABC is circumscribed to a come k, the base AB being ot 
given length and lying in a fixed tangent t to k Show that the locus of the 
vertex C is a conic having four point contact with k at the point of contact E 
of the tangent to k parallel to t 

47 If two tangents to a parabola make a constant angle (oth&lt; i than a right 
angle) with each other, show that the locus of their intersection is i hyperbola 
and that their chord of contact envelops a conic 

48 A variable conic k touches the sides of a triangle ABC and a fouith 
fixed straight line I Prove that the locus of P, the point of concurrence of th&lt; 
lines joining the vertices of ABC to the points of contact of L with the 
opposite sides, is a come s through A, B, C and that the range ( \B( P) on s 
is homographic with the range determined on any tangent to / by BC CA, 



MISOBLLA^EOITS EXAIiPlJES 

49 If an involution pencil of the first order is homograpiac w&t 
lcil of tiie second order, show that their product is m general a eorrodElip 
i$&e$egree, having the vertex of the mvofation pencil for a aaiiifea^e pa$af 
the fourth order 

prove also that every quintic with a quadruple point cart he described W%9 
manner 

50 Tangents are drawn from a fixed point to each member of a raagextf 
Conies Prove that the locus of the points of contact is a cpimtae Wv&lt;T 

51 Prove that if an involution of points on a conic is homographic Tsyia^ 
involution pencil whose vertex is not on the conic, tlxere are m ge^escaJEt 
poants of the conic which he in one of their corre~powlin,r lux ^ , 

Hence show that, m general, the product oi two homographac wvokfoop. 



of the pencil of first order being a quadruple pomt 

52 Show that the product of an involution pencil of the second eider and 
a simple pencil of the first order, homographic with the first-named pencil, is a 
^aaxtic curve, of which the vertex of the second named pencil m a -desfeje 
point 

53 If a conic ^ be triangularly inscribed in another conic s a , prove that foe 
tangent to x at a common pomt of t l9 s z passes through the pomfe of oa*aet 
with 2 ^ a common tangent of s lt $ 2 

54 The centre of a circle lies on a rectangular hyperbola and the centre- 
of the hyperbola lies on the circle Show that the polar reciprocal of the 
hyperbola with respect to the circle is a parabola, of which the centre of the 
hyperbola is the focus, and prove that any two of these three curves are polar 
reciprocals with regard to the third one 

55 Prove that the circle hyperbola and parabola of the last example are 
such that any one of tho three is both outpolar to, and triangularly circum 
scribed about, any other 

56 If A, B be two fixed points on a sphero conic, P a variable point on 
the curve, and if the ares P 1 PB meet a cyclic line at X, T respectively, show 
that the arc Yl IH of constant length 

57 If through a point () on a sphcio conic two perpendicular great circle 
arcs be drawn uniting tin Hphuo conic again at two points (not antipodal 
to each other or to ()) th&lt; gnat cuclt arc through these two points passes 
through a fixed elyaei on the sph( le 

5S Show that th&lt; &lt; nv&lt; lope oi joins of homographic dyads on a sphero 
conn is anotln i spin 10 &lt; onie having double contact with the given sphero 
ce&gt;ni( antipodal &lt; &lt;&gt;nta&lt; ts l&gt;&lt; ing i&lt; &lt; Lon&lt; el as one 

^ ( ) Tiovi that th&lt; &lt; &lt;jiiat ion of tin &lt;ucl( at infinity in plane co ordinates is 

/ \.w | ?/ =-0 

f&gt;0 In th&lt; &lt; as( of a quidru of i&lt; volution show that the focal conies 
iceluee to (1) a &lt; m 1&lt; in th&lt; diani&lt; tial plane) perpendicular to the axis of 
re volution (2) two points / / &lt; die d pnne ipal foci, symmetrically situated 
with K gaid to t h&lt; nti&lt; ol tin quadn&lt; on the axis of i evolution 

(&gt;1 If a qiiaeliu toueh tin six e dgt s ot a teti ahe dron, the lines joining 
eaeh \eit&lt;\ of tin letiahidion to the polo e&gt;i the opposite face are 
concun e nt 

(&gt;2 Show that the locus of th&lt; polar e&gt;f a given line with respect to a 
system of eonfex al ejuaelnes ia hype ibohc paiaholoid erne of whose generators 
is the lino at inf nut y in t he plane pe i pr nelie ular to the given line 
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PROJBCTIVE GBOMETKY 

k -wgca^ of itaesM* of the second order in a star of vertex is homo 
pc^ T0$t aa axjal pencil [w 1 ], whose axis does not pass through If 
gfj^J Basra a self-eorrespondmg plane, show that their product is a regulus, 
Ikove that the product of a regulus and a homographic axial pencil is 
" a twisted eubic 

and prove independently, the theorem reciprocal to that of 

\ ifchat if through a fixed point hnes be drawn each of which 
* r to rfe polar hne for a given quadnc, these hnes generate a cone 

_a 



that IneS through a fixed point which are normal to quadncs of a 
ti$L -system are generators of a cone of the second order 
P is a vaaaa-ble point on a fixed diameter of a quadnc i/r, and E is the 
j$b.e jerpeadieuiar from P upon its polar plane with respect to iff Show 
b 4fe locus of 2? is a rectangular hyperbola 

^^cove tBat the product of two homographic pencils of quadncs is, in 
, a surface of the fourth order , and that the product of a pencil of 
b holographic axial pencil is, in general, a cubic surface 

*|ha$ ? if a regulus or a conical pencil of the second order is homo 
i with another re^dus or conical pencil of the second order (not having 
^/sajae vertex as the first conical pencil), then, in general, there are four rays, 
ajpd four rays only, which intersect their corresponding rays 

70 Two stars with different vertices O l9 2 are reciprocally related 
S3k&gt;w that the locus of the meet of a hne of either star with its corresponding 
plane of the other is a quadnc ^ passing through 19 2 , which meets any plane 
am the locus of incident points of the reciprocal fields determined in a by the 
two stars 

71 If [P], [&lt;2], [jR], [8] be four projective ranges on lour arbitrarily chosen 
straight hnes, prove that there are in general tour, and only iom planes, 
which contain four corresponding points P, Q, R, $ 
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Absolute length, 100 

Apollonius, hyperbola of, 271 , 

twisted cubic of, 376 
Associated 

points for a net of quadncs, 385 , 
eight point and eight face, 357 
Asymptotes 

defiiution of, 52 , construction of, 
from given conditions, 22, 120 , 
of a cubic, 237 
Asymptotic 
cone, 367 , planes of paraboloid, 

368 

Auxiliary circle, 103, 161, 217, 218 
Axes 

of a cone, 306 , of a conic, 83, 84 
construction of, 84 major, 
minor, transverse and conjugate, 
84, of a quadnc, 366, of a 
sphere conic, 307 
Axial pencil, 172 
Axis 

of in volution 130, of perspective, 
7 , of sp ice homography, 347 , 
of sphciical pcispectivo, 298, 
radical, 138 

Base conic 

of gctuial rccipiocil ti msforma 

lion 211 212, of icciprocal 

poliiH, 7S 
Base qn idn&lt; B ol iMipmcil ti ins 

fommtion in spue J r &gt;2 
Binomial {21 
Bii inchon s I lu OK in DO 

CuaoL s I IK OK in ( )7 

C&lt; n( K 

oJ i ( OIIK Si of i (jii idiK }(&gt; r &gt; 
of i spin 10 ( OIIK {07 of 
(inviliiK (&gt;} IOS {24 ol 
inv&lt; ision 222 ol involution 
127 1 JO 

( \ v i Mu t\r( m 47 



Chasles Theorem, 54 

Circle 

at infinity, 303 rectangular tines 
or planes conjugate for, 305, 
auxiliary, 103, 161, 217, 218, 
product of equal pencils, 5, 
projective with a come, 52, 57 , 
property of tangents to, 55 
of conjugate diameters to, 77 

Circles 

coaxal, 139, 140, 220, 22% 254, 
concentric, 141, 178, 220, 226, 
241 , through inverse pomts, 223 

Circular 

lines, 178 , pomts at infinity, 178, 
179 conjugate with respect to 
rectangular hyperbola, 179 , 
sections of a cone, 315 of a 
quadric, 367 

Class 

of a conic, 52, 79, 196 , of a 
developable, 323 , of a plane 
curve, 79 , of a quadric, 335 , 
of a surface, 318 , of a twisted 
curve, 323 

Coaxal circles, 139, 140, 220, 226, 
254 

Coaxial 

comes, 274, quadncs, 370, 387 

Cob isal forms, 34, 117, 125, 240, 332 , 
identical if three elements are 
self corresponding, 35 

Collmcation, 4 

Cono 

Asymptotic, 367 , of the second 
order 298 300, 301 , osculating, 
324, 325, light cncular, 307, 
spheric il 303 

Tom s of i pencil of quadncs, 373 

( Ymfoc il 

conies 183 208 iccipiocate into 
n\il ciiclcs, 220, quadncs, 
377 

Continent flames 15 17 



402 



INDEX 



* 

Ib 
^ 



Come 

construction of from given con 
ditions, 62, 90 ? 91, 93, 264, 267 , 
definition and types of, 52, 
determined &y five conditions, 
62, 63 , is identical with curve 
of second degree or second class, 
im, fundamental points and 
lengttbs connected with, 153 
Conjugate 

dimeters of a circle, 77 , of a 
ecrnic, 81, 8&, 85 harmonic 
with respect to asymptotes, 81 
l chords, 
of then- 



draaoaeters and diametral planes of 
eons of second order, 301, 
elements df a harmonic form, 
0, H6, hyperbola, 107, 
imaginary elements 175 , lines 
through & txsus are perpendi 
c&te, 145, Imes with respect 
to a range of comes, 260, paral 
lelogram, 103 , points and lines 
with respect to a come, 71, 73, 
137, 150, points, lines and 
planes with respect to a quadric, 
337, points with respect to a 
net of quadrics, 386 , pomts with 
rpfl-nect to a pencil of comes, 259 
uadrics, 372 

V^VJLL WIVJ 

of higher orders, 63, 64, 65, 108 , 
preserved in projection, 4 
Co ordinates, 170, 171 
Correlation 

m a plane, 208 , in space, 350 
uniquely determined by base 
comes, 212 
Cross axis 

of protective ranges m a plane, 
44 , of ranges of second ordei 
117 , of homographic flat pencils 
in star, 295 
Cross centre 

of pencils of second order 1 IS 
of projective flat pencils in i 
plane, 45 
Cross plane of homographic axial 

pencils m star, 295 
Cross ratio 

of four harmonic elements 40 , 
of four Imes of a regulus, 332 , 



172 , of four points of a range, 
29, 30, of four points on a 
conic, 116 , of four rays of a 
flat pencil, 31 , of four tangents 
to a conic, 116, of two corre 
sponding elements and the self 
corresponding elements, 118 , 
of two rays with the circular 
lines, 179, unaltered by pro 
jection, 29 or by homography, 
189 

Cubic 

plane, 236, 237, 257, 258, 260, 
twisted, 339, 342, 375, 376, 385 

Curvature 

circle and centre of for plane 
curve, 63, 108 , of any surface, 
385 , of normal sections of a 
quadric, 380 , of oblique sections 
of a surface, 383 , of parabola, 
110, 165 , of twisted curve, 324, 
325 , relations with radius of 
torsion, 326, 327, spherical 
of twisted curve, 324 

Cuspidal edge, 322 

Cyclic 

arcs of sphere conic, 314 , planes 
of cone of second order, 314 

Degree 

of a plane curve, 79 , of a twisted 

curve, 318 
Desargues Theorem on perspective 

triangles 1 1 
Developable, 321 322 

osculating polar rectifying "323 
Diagonal 

tetrahcdion &lt;&gt;t an ( j^ht poini or 
( ight far ( J r &gt;4 in in#l&lt; 42 
of an ins&lt; rilxd qu wlr m#l&lt; nt 
circumsmbul qu ululate ral 11 
73 points of i &lt;jiM&lt;hanj&gt;;I&lt; 42 
Diagonals 

oi an ( iu;lit pomi $ r &gt; r &gt; of an 
( i^lit fit ( { r )o of i qu idi i 
1 it( i il 42 
Di inu t&lt; rs 

of a &lt; ( nil il &lt; &lt;&gt;m&lt; S] &lt;&gt;l i &lt; &lt;m&lt; , 
}0l of a p ii ibol i S2 of a 
quad IK }o"&gt; 
Durm tral pi UK s 

of i (Oiw 301 }()(&gt; of i qu ulric 

3()0 
Dm (tor ( irx Ii ISO 
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Directo of a come, 151, 163 
its distances from the centre and 
foci, 153 

Disc quadrics, 336 
of a range, 377 

Double 

contact of comes, 210, 265 of 

quadncs, 342 , 

elements of an involution, 126, 131 , 
points on a curve, 237, 245 , 
tangents to a curve, 238, 246 

Duality, principle of, 80, 172 

Dyad, 296 

Eccentricity 

of a conic, 152 for each pair of 
foci, 182 , of a sphero conic, 312 

Elements 

accessible, 6, at infinity, 5, 
coincident, 91 , definition of, 2 , 
harmonic, 40, imaginary, 173, 
175, 176 , self corresponding, 
33, 35, 118, 119, 202, 214, 233, 
243, 344 

Eleven Ime conic, 262 

Eleven point conic, 261 

Ellipse, 52, 85, 102, 103, 104, 105, 
146, 150, 153, 154, 155, 162 

Ellipsoid, 328 

Envelope 

correlative to loc us 54 , harmonic , 
244 of chord subtending given 
angle at IOCUH 219 ot muduit 
lines of two iipro&lt;al hcldH 
208 of iouilh &lt;IasH 24&lt;&gt;, 218 
of third claw, 2 *8 

Equations 

of conic i(f&lt;nl to &lt;onjui^al&lt; 
dianutus 100 o( horno^raplin 
tiaiiHtormation ISO I ( )I I ( )7 
M3 ol i&lt; &lt; ipt&lt;&gt;( tl ti disloi in i 
tion 207 r&gt;0 

Fquatot ol point on i npli&lt; M 2&lt;)7 

!MJ[UI uihamionu (onus {{ r &gt;4 71 
IK) 1H&lt;) 2&lt;)J 

Jb inn and ( asKin H MM on m 2S7 

IMC Ids 

inxolutoiv 20 { U7 pdsputivt 
1 S 9 20 J 2&lt;)&gt; JOS H&lt;&gt; MM 
plam lioino^i ipln&lt; l ( )(&gt; pto 
jntivc 4 II 20 200 J02 
Kdpnxal 207 20S 212 T&gt;0 
wpat ( hoinogi ipln&lt; ili U7 
W ( ) Hi&gt;h(ii(al 2 ( )S si u 2 ( )"&gt; 



Figures 

congruent, 15, 17 , in plane per 
spective, 9 obtained as pro 
jeotions of a third figure, 10 
constructed from given eondi 
tions, 18, 21, 23 particular 
cases of, 15, in space per 
spective, 1, 8, projeefave, 17, 
similar, 15, 18 

Focal 

axis of a conic, 146, chord of 
curvature of parabola, 165, 
chords of a conic, 159, 219 , 
conies of a quadnc, 378 , 
distances, 150, 155 equally 
inclined to rectangular conjugate 
lines, 150 , lines of a cone, 308 , 
perpendiculars on tangent, 161, 
218 , properties of sphero conic, 
309, 313 , spheres, 331 

Foci 

* four m number, 181 , not more 
than two real, 145 , on an axis, 
145 , of a conic, 145, 181, 183 , 
of a sphero conic, 308 , their 
distances from the centre, 154 

Focus and directrix property 
of conic, 151 , of sphero conic, 
310 

Forms 

co basal 34, 35 , constructed from 
corresponding triads, 35 , ele 
mentary geometric, 32 , har 
monic 39 116, homographic, 
189 191, 193 231 236, 23S 332 
m, incident *5 231 235,239 
oi suond oichr 115 117 US, 
2J1 2*3 235 23 ( ) 240 247,296 
J02 i J2 , pfojccfciu ind per 

HJ)((tlV(, M, \ r &gt; JS 

l&lt;oui cd#( (omplc ti 2 ( H 
Iat( conipl( i&lt; 2 ( )4 
( / f)oini I J7 
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&lt;n\&lt;lop( uid lodiH 24&lt;- in lies in 
in involution 1 J r &gt; P l i s () 1 
nnt&lt; s in hoino^i iphu involu 
1 ions 2-1 i ))&lt; fS[&gt;(( tiv&lt; , 20 J 
piojx i&lt; \ ol &lt; omplc 1( (\\\ idi ui^l&lt; 
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^ or a come, 
of eigh^point and eight 
356, 357, sets of four 
116 



in a eomc, 89 , circum 
scribed to a conic, 90 



forms, 189, 191, 193 are equi 
aaiharmomc, 190, forms of 
Second order, 193, 213, in 
volutions, 242, 243, 244, 245, 
pla/ne fields, 196, ranges and 
pencils of comes, 255, reguh, 
, 332 , spaee fields, 343 , spherical 
, Adds, 298 , star fields, 295 



, 347 , determined in plane 

, , ~j two corresponding tetrads, 
193, geo-BEekical evidence of, 
19? r identical with protective 
transformation, 200, umaxal, 

- 346 

Homology, 9 

Bhmerbola, 52, 92, 93, 105, 107, 120, 
133, 146, 150, 152, 154, 155, 156, 
162 , conjugate, 107 , construe 
tion of from given conditions, 
93, rectangular, 108, 121, 137, 
145, 179, 181, 269, 271 

Eyperboloid, 328 
of one or two sheets, 330 

Imaginary elements, 173, etc 
Incidence preserved by projection, 4 
Incident 

elements, 2, 139, 209 in homo 

graphic forms, 235, 239 , 
forms, 35, 231, 235, 239 , 
pomts and lines of two reciprocal 

fields, 208 
Indicates: 

absolute, 382, relative, 380, 

spherical, 325 
Infinity 

circle at, 303 , circular points at 
177 , elements at, 5 , tangents 
at, 52 
Intercepts 

on a chord between conic and 
asymptotes, 92, on a great 
circle between sphero conic and 
cyclic arcs, 315 on a tangent 
between asymptotes and point 



trix and point of contact, 156, 
219 , on two fixed tangents by 
a variable tangent to a parabola, 
56 , of tangent and normal on 
axes, 150, 160 

Intersections 

of circle and conic, 101 , of cone 
and spherical cone, 315, of 
quadnc and twisted cubic, 342 , 
of straight line and conic given 
by five points, 119 , of three 
straight bnes and a plane cubic, 
258, of two comes, 263, of two 
quadrics, 341 , of two tangents 
to a conic with a variable 
tangent, 56, 157 , of two twisted 
cubics, 343 

Inversion 

is a conformal transformation, 225 , 
of concentric into coaxal circles, 

226 , preserves homography on 
circular bases, 224 , transforms 
a circle into a circle, 222 and 
inverse fields into inverse fields, 

227 , with respect to a sphere, 
352 

Involution 

determined by coaxal circles, 140 
by pencil of conies, 253 by 
range of conies, 2 r &gt;4 , determined 
by two pairs of mates, 120 , 
elliptic or hyperbolic 132 135 
140, of conjugitc tit meats for 
a come, 137, of linen of i 
rogulus, 333 , ot orthogonal 
pomts on an axiH J 1-7 ol 
pi me s through ma\m 1 ( )1 ot 
points on a Jnx JS ( ) , of points 
or tan#&lt; nlH ot i&lt;om&lt; 12 ( ) 1)1 
ot ravs thioiitfh a point M)0 
rcctan^ulu, Mo H!V&lt; \\ {1 ( ) 

Involutory Hp i&lt; ( hoinoj_i iph\ {17 

Joachimsth il H I IK on in 21 J 

1 uniting points of &lt; o i\ il &lt; n&lt; 1&lt; s I 10 
1 uu pin and point pin r l !&gt;&lt;) 7s 
Lines ot cinv it UK J7 ( ) 
Locus 

C(&gt;ri(Iltl\( to (M\(Iopn "&gt; i 1) il 

nionic 241 of &lt; &lt; ftf K s &lt;&gt;f &lt; OIIK s 
of a pencil 01 a ian_,&lt; 270 of 
ccntns of quuliKS of i p&lt; n&lt; il 
J7() ot i r n\f( {77 of i 
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range, 270 , of incident points 
in a correlation, 208 , of vertex 
of projection during rabatment, 
14 

Mates in an involution, 125, 132, 135 
harmonic with respect to double 
elements, 126 , common to two 
cobasal involutions, 134, har 
monic pairs of, in an involution, 
135 in oobasal homographic 
involutions, 243 

Menelaus Theorem, 48 

Meumer s Theorem, 383 

Net 
of comes, 288 , of quadnos, 385 

Newton s Theorem on product of 
segments of chords, 98 

Normal 

at a point on a conic, 137, 150, 272 
on a quadric, 376, 379 , bisects 
angles between focal distances, 
150 , inversely proportional to 
central perpendicular on tangent, 
162 , its intercept on focal axis, 
150, 1 60 , principal to a t\\ isted 
curv&lt; 321 

Normal piano to a curvo, J21 

Normals fiom a point 

to a (onic, 272, to a quadnt, 
376 

Notation 

fordumntH 2 f) J) ioi projodw 
arid howojjjraphic ioiniH, J4 
]% ioi 
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122 270 
Orthogonal points on an axis of a 

(oni( 117 
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2SS 
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Osculating 

cuxsle, 64 , cone for twisted curve, 
324, 325, curves, 64, sphere 
for twisted curve, 324 
Outpolar and mpolar 
cones of second order, 303, 
comes, 279, 286, 287 , envelopes 
and loci for two quadncs, 389 , 
quadrics, 388 



Parabola, 52, 56, 64, 82, 94, 95, 96, 
101, 110, 120, 147, 150, 153, 155, 
162-165, 183, 219 
constructed from given conditions, 
57, 94-96, 120, special focal 
properties of, 162, 219 

Paraboloid, 328 

elliptic or hyperbolic, 330, of 
revolution, 367 

Parallelogram 

conjugate for ellipse, 103, on 
chord of hyperbola as diagonal, 
with sides parallel to asymptotes, 
92 , pseudo conjugate for hyper 
bola, 106 

Parameter 

of parabola, 155 , of paiallel 
chords, 101, 111, 164 

Pascal s Theorem, 89 

1 \ncil 

of comes, 252, 255 conjugate 
points ior, 259 construction 
of, 2(&gt;4 of quadrics, 371, 372 
(onjugato Imo of a point for, 
M2, common st If polar tctra 
hhon Ioi -J7* 

I*&lt; nc I!H 

axial 172 lolwsal piiHptctive 
&lt; &lt;jiial H U &lt; OIIK it 302 
(onjinrntt 7J (lit $2 homo 
HI iphi&lt; I ( M ol H&lt; &lt; on&lt;l oi&lt;l( i 

ir&gt; i7 r &gt; 

P&lt; lKp( ( tlV( 

h ninoiiK 20 \ p( UK ( ) &gt;n 
HttiK lion ol IS 21 2? id it inn 
h&lt; t\v( ( n tv\o ( om&lt; M r ) ( ) space 
I S H&lt;&gt; split IK al 2 ( )S st u 
2&lt;) r ) 2&lt;)&lt;) 

IMarx ol |&gt;&lt; iH}) dv( U(&gt; 
1 laiK s of &lt; IK ulai H( ( t ion 

of a &lt; on&lt; il r ) ol i qn idtK 367 
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*ote$e w*tb Wpeot to a cubic, 260 , 
&lt;*abie of a plane for a pencil of 
guadrics, 373 , lines with respect 
to a quadrio, 337 , quadrangle 
for a conic, 282 , quadric of a 
hue for a pencil of quadrics, 
374 , quadrilateral for a conic, 
283 

Polar pencil equi anharmomc with 
range of poles, 74 

Pole and polar 

construction for, 73 , for a circle, 
76 , for a conic, 9 , for a hne 
pair aa4 poir^war, 78 , for a 
* -i^eiFQ-ecmie, 302 , when pole is 
on conic or polar is a tangent, 
71 

Pole and polar plane 

* fcs?s cone, 301 , &s? a quadnc, 337 

PoJe of perspective 
in the plane, 10, in space, 346, 
on the sphere, 297 

Poncelet s Porism, 281 

Principal 

normal to twisted curve, 321 , 
planes of a quadric, 366 

Product of 

directly equal pencils, 55 , form 
of second order homographic 
with form of first order, 236, 
238, homographic involutions, 
245, involution and homo 
graphic simple form, 246 , pro 
jective ranges and pencils of 
first order, 57, 58, 333, of 
second order, 240, 247 , three 
homographic axial pencils, 339 , 
two homographic axial pencils, 
300, 333, complementai v roguli 
334 

Projection, 1 

central or conical, 13 const UK 
tion of figures in 9 18 20 2] 22 
23 , cylindrical 13 , imaginary 
183 , of circle into a conic 52 
of one conic into another 59 
of quadrilateral into a squ ut 
23 , of two comes into circles 
183 coaxial comes 274 of 
two tetrads into one another 
200, orthogonal 13, 102 
particular cases of 15 17 , 
plane and vertex of 1 



Quadrangle 

base of pencil of conies, 252 , 
complete, 42 its sides meet any 
line in three pairs of an involu 
tion, 254 , inscribed in a conic, 
72 , polar for a conic, 282, and 
inscribed in another, 284 

Quadric, 328 

degenerate, 335 , determined by 
rune points, 328 

Quadncs of curvature, 384 

Quadrilateral 

base of range of comes, 252 , 
complete, 42 , its vertices join 
to any point by three pairs of an 
involution, 254, circumscribed 
to a conic, 73 , mid points of 
sides he on a conic, 270 , polar 
for a conic, 283, and circum 
scribed to another, 285 

Quartic 

plane, 223, 246, 247, 256 , twisted, 
341, 371, 373 

Rabatment, 9, 13 

of vertex of projection to obtain 
pole of perspective, 14 

Radical 
axis, 138, 221 269 , plant, 374 

Range 

of comes, 252, 253, 256 260 
conjugate lines tor, 260 , of 
quadncs 377 

Ranges 

cobasal col linear ptispcctw pro 
jective, feimilir ami cquil, 3J 
34, &lt;on)ii&lt;rutc 74 homo 
graphic 1H ( ) of (onus 2% 
of second order II r &gt; 117 2$1 
233 2*S 2JO sk&lt;\v JH 
split IK 1 1 2% 

Ratio of s( Annuls loiind t (nui^K 
4(&gt; 

Re c ipiot tl 

fields in a pi UK 207 in i si u 
2 ( H in spm &lt; { &gt;0 of a ( OIIK 
7 ( ) polurs 7S tr msfomi (dons 
207 20S 210 212 27 &gt; T&gt;0 

R( ( ipiot if ion 7s 

of iconic uilhnsjxil ton lotus 
2I r &gt; of ( o i\ il ( m I&lt; s into &lt; on 
fo( il &lt; OIIK s 220 2l&gt; ( ) of &lt; \\o 
(onus 27^) 01 two &lt;piidn&lt;s 
$S7 into on&lt; mot IK i v\ if h 
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Reciprocity, 208 
Bectifying plane, 321 
Regulus, 331 

complementary, 3*w 
Relation between 

curvature and torsion of twisted 
curve, 325, six elements in 
involution, 128, 129 

Self conjugate 

three edge for a quadric, 363, 
for a range of quadrics, 377, 
triangle for a quadric, 363, for 
a pencil of quadrics, 372 
Self corresponding elements, 33, 35, 
118, 119, 202, 214, 233, 243, 344 
Self polar 

tetrahedron for a quadnc, 363, 
for two quadrics, 369, for a 
pencil of quadrics, 373, for a 
range of quadrics, 377 , three 
edge for a cone, 301 , triangle 
for a conic, 72, for two comes, 
263, for a pencil or range of 
comes, 253, 259, 263 , triangles 
for the same conic, 276 
Semi latus rectum, 153 
is a harmonic mean between seg 

ments of a focal chord, 159 
Sheaf, 293 
Similar 

comes, 289, figure* l r &gt;, 1H 



cncks cm, 29(), 298, 319, 
325, focal *U oithoptic 
390, osculatmK *2* small 
circle* on 299 307 *12 
Spheric a 1 

OOIK WJ }&gt;&lt; &lt; 297 
Spheioconu 299 )&lt;)&lt;&gt; 
Sphc ioid, M&gt;7 
Star 1 171 29 J 

itH K I&gt;KH&lt; lit it 1011 Oil th( Hplie 1&lt; 

29() 
Stretch, H) 10 J 



at the loin int( is&lt; &lt; lions ()l lu() 
comes 1SI 2H hoin i point 
to a (oiiic r &gt;2 122 HI &lt;o" 
Htiuctl \\li&lt;M &gt;ni&lt; H tf iv( n V 
live taints 122 luiinoiiK 
with i&lt;spt to 



through the point, 72 subtend 
equal or supplementary aiagies 
at a focus, 156, 218 
Tetrahedron 

self corresponding in a space tomo 
graphy, 344 , self polar for it 
quadric, 363, for a penal or 
range of quadncs, 373, 377 
Three edge 
self conjugate for a quadnc, 363 , 

self polar for a cone, 301 
Torsion 

radius of, 324, relations wifcb 
principal and spherical eurva&gt;- 
ture, 326, 327 

Trace of a line or plane on a plane, 3 
Transversals 

of a pencil, 31 , of a regulus, 332 
Triangle 

circumscribing a parabola, 164, 
formed by tangent and 
asymptotes, 93 , inscribed aa 
rectangular hyperbola, 121 , 
self corresponding in a correk 
tion, 214, m a homography, 
202, self polar for a conic, 
72, for a pencil or range of 
comes, 253, 263 
Triangles 

circumscribed to, 278, juuu^ 
277, 278, self polar for, 
the same conic 

Triangularly or polygonally mscribeu 
and circumscribed comes, 280 , 
286 

Twclu face eight point, 353, 373 
Jvvclvc point eight face 355 

Ultimate intersections md joins, 318, 

122 
Umbilus ol i qindnc, 367, 380 

Vanishing points lines and planes, 

(&gt;, 199 34* 
Vertex 

o( c cnt nl conic S5, of pinbola 

S r &gt; of pu iboloid, 309, oi 

j)ioj(( tion, 1 

W&lt; I) 

ol c oni( s 2SS of qindncs, 387 
Wiaj) ol second oiclci, 302 
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